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ABSTRACT

A schema mapping is a high-level specification that describes how data from a source
schema is to be mapped to a target schema. In the last few years, a lot of attention has
been paid to the specification and subsequent manipulation of schema mappings, a problem
which is of fundamental importance in metadata management. In the metadata manage-
ment context, schema mappings are first class citizens, and high-level algebraic operators

are used to manipulate them.

In this dissertation, we present several contributions in the formalization and the the-
oretical study of schema-mapping algebraic operators. We begin our study by considering
the inverse operator that has been identified as one of the most fundamental operators in
schema mappings. We propose a new semantics for inverting mappings, present algorithms

for computing inverses and study expressiveness issues. We also generalize the previous
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notion to a family of inverses that allows us to solve the problem of finding a mapping-
specification language that is closed under inversion. Inversion together with the composi-
tion operator for schema mappings play a fundamental role in several data-interoperability
tasks. Thus, we also explore the issues that arise by combining these operators, and we
propose a mapping language that has good properties for inverting and composing schema
mappings. We then abstract away from studying particular operators, and we embark in
the analysis of the fundamental notions that all the proposals for the semantics of different
schema-mapping operators share. In this respect, we propose the notions of information
and redundancy in schema mappings and prove that they can provide a powerful unifying
framework for schema mapping management. In particular, we show that they are funda-

mental in the study of the inverse, the extract and the merge operators.
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RESUMEN

Las correspondencias entre esquemas de bases de datos son especificaciones de alto
nivel que describen como mapear datos desde un esquema fuente a un esquema de destino.
En los ultimos afios, mucha atencién se ha puesto en la especificacion y subsiguiente ma-
nipulacién de correspondencias entre esquemas, problema que ha provado ser fundamental
en el drea de manejo de metadatos. En esta drea, las correspondencias entre esquemas son
ciudadanos de primera categoria, y operadores algebrdicos de alto nivel son usados para

manipularlas.

En este documento de tesis presentamos contribuciones en la formalizacién y estudio
tedrico de operadores sobre correspondencias entre esquemas. Comenzamos con el op-
erador de inverso, proponiendo una nueva semantica para invertir correspondencias entre
esquemas, presentando algoritmos para computar inversas y estudiando problemas de ex-

presividad. También generalizamos la anterior nocion a una familia de inversas que nos

vi



permite solucionar el problema de encontrar un lenguaje cerrado bajo inversion. Inversion
en conjunto con composicion son fundamentales en la solucion de variados problemas de
interoperabilidad. Por esto, estudiamos también las problemaéticas que surgen al considerar
ambos operadores en conjunto, y proponemos un lenguaje con buenas propiedades para in-
version y composicion. Luego nos abstraemos del estudio de operadores particulares y nos
embarcamos en el estudio de las propiedades fundamentales que los operadores comparten.
En este punto proponemos las nociones de informacion y redundancia y mostramos como
estas pueden ser aplicadas para proveer una infraestructura unificadora para el problema de
manejo de correspondencias entre esquemas. En paticular, mostramos que estas nociones

son fundamentales en el estudio de la inversa y los operadores de extraccion y mezcla.
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1. INTRODUCTION

A schema mapping is a specification that describes how data from a source schema
is to be mapped to a target schema. Schema mappings are of fundamental importance in
data management today. In particular, they have proved to be the essential building block
for several data-interoperability tasks such as data exchange, data integration and peer data

management.

In the relational-database context, schema mappings are usually specified by using
a logical language considering the set of relation names (or table names) of the database
schemas as vocabulary. For example, consider two independent database schemas A and B
containing relations Emp(name, lives_in,works_in) and Shuttle(name,dest), respec-
tively. Relation Emp in schema A is used to store employees names and the places where
they live in and work in. Relation Shuttle in schema B is intended to store names of em-
ployees that must take the shuttle bus to reach the places where they work in (destination).
A possible way of relating schemas A and B is by using the following first-order logic
formula:

VaVz( Jy(Emp(z,y,2) Ay # z) — Shuttle(z, z) ). (L.1)

The above formula essentially states that if relation Emp stores an employee that lives in a
place different from which she/he works in, then the employee name and the place where
she/he works in should be stored in relation Shuttle. Formula (1.1) describes a mapping
between schemas A and B and states how data should be transformed or exchanged from
one schema to the other. The left-hand side of the formula (left of the implication symbol
—) is called the premise, and the right-hand side is called the conclusion. Formula (1.1) is
an example of what is called a source to target tuple-generating dependency (st-tgd) with
inequalities in the premise. The language of st-tgds is one of the most popular mapping

languages.

The research on the schema mapping area has mainly focused on performing data-
interoperability tasks using schema mappings. However, as Bernstein (2003) pointed out,

many information-system problems involve not only the design and integration of complex



application artifacts, but also their subsequent manipulation. Notice that the creation of
a schema mapping may imply a considerable work by an expert who needs to know the
semantics of the schema components. Only an expert can establish a meaningful high-
level correspondence between those components. Thus, a schema mapping reflects the
knowledge of the expert about the relationship between the schemas. This knowledge
could, in principle, be reused beyond the interoperability tasks for which the mapping
was initially created. Driven by these considerations, Bernstein (2003) proposed a general
framework for managing schema mappings. In this framework, schema mappings are first

class citizens, and high-level algebraic operators are used to manipulate and reuse them.

An example of mapping reuse that is conceptually easy to understand, is the compo-
sition of schema mappings. Consider three independent schemas A, B, and E, and the
schema mappings M g and M gg that describe how data from A should be mapped to B,
and how data from B should be mapped to E, respectively. Assume that a new application
needs to exchange data between A and E. Creating a mapping between A and E could
imply a considerable work since, among other requirements, one needs to know the mean-
ing of every component of both schemas and how these components are related. Then we
would like to use Mg and Mpg to automatically build a mapping M g between A and
E. Intuitivelly, M ag should be the result of a composition operation between M g and
Mgg, and the new mapping M s g should be semantically consistent with the relationships

previously established by M g and Mpg.

There are several questions that immediately arise. What does it mean to compose in
this context? That is, what is the semantics of composing schema mappings? Notice that
schema mappings are given by logical formulas thus, it is no immediately clear what is
the meaning of composing this kind of specifications. Another important question is what
kind of mappings are needed to specify the composition, that is, how expressive a mapping
language should be in order to define the composition? Once a semantics for composition
is proposed, one would also want to device algorithms (ideally, efficient algorithms) to

automatically compute the composition of two mappings.



The composition of schema mapping has received a lot of attention (Madhavan &
Halevy, 2003; Fagin, Kolaitis, Popa, & Tan, 2005; Nash, Bernstein, & Melnik, 2005; Are-
nas, Pérez, Reutter, & Riveros, 2009a; Arocena, Fuxman, & Miller, 2010), and almost all
the questiones discussed above have been answered for this operator. Nevertheless, several
other operations between schema mappings have been identified as important, among them
the inverse, the merge and the extract operators (Bernstein, 2003; Fagin, 2007; Bernstein &
Melnik, 2007), and for every one of these operations, the same aforementioned questions
arise. This dissertation presents several contributions on the formalization and the theoret-
ical study of schema mappings operators. In particular, we propose a new semantics for
inverting mappings, present algorithms for computing inverses and study expressiveness
issues. We also generalize the previous notion of inverse to a family of inverses that allows
us to solve the problem of finding a mapping-specification language that is closed under
inversion. We also explore the issues that arise by combining inversion and composition,
and we propose a mapping language that has good properties for inverting and compos-
ing schema mappings. We then abstract away from studying particular operators, and we
embark in the analysis of the fundamental notions that all the proposals for the semantics
of different schema-mapping operators share. In this respect, we propose the notions of
information and redundancy in schema mappings and prove that they are essential to build
a general framework to study some fundamental properties of existing mapping operators
as well as to formalize new operators. In particular, we show that they are fundamental in

the study of the inverse, the extract and the merge operators.

Before going into the details of our contributions, let us exemplify some application
scenarios for the notions studied in this thesis. Regarding the inverse operator, in a data
exchange context (Fagin, Kolaitis, Miller, & Popa, 2005), if a mapping M is used to ex-
change data from a source to a target schema, an inverse of M can be used to exchange the
data back to the source, thus reversing the application of M. Another application is schema
evolution, where the inverse together with the composition play a crucial role (Bernstein
& Melnik, 2007; Fagin, Kolaitis, Popa, & Tan, 2011). Consider a mapping M between

schemas A and B, and assume that schema A evolves into a schema A’. This evolution



can be expressed as a mapping M’ between A and A’. Thus, the relationship between
the new schema A’ and schema B can be obtained by inverting mapping M’ and then

composing the result with mapping M.

This dissertation also formalizes the notions of information and redundancy of schema
mappings. The former notion essentially measures the amount of information that can
be transferred by a schema mapping, while the latter measures how efficient is the map-
ping in terms of the resources used to store the information being transferred. In practical
scenarios, schema mappings may be generated automatically, either by applying mapping
operators, or by automatic tools performing schema matching techniques. Thus, it would
be desirable to have some tools to compare schema mappings in order to choose the one that
better satisfies certain criteria. The amount of information and redundancy of a mapping
can be useful criteria to discriminate between competing mappings. As an application sce-
nario, consider the extract operator that intuitively captures the idea of upgrading a legacy
database. Consider a database with schema S that stores legacy data, and an application
that consumes data from S by means of a mapping M. In general, not all the information
of S participates in the mapping and, thus, it is natural to ask whether one can upgrade the
legacy schema S into a new schema S’ that stores only the information that is being mapped
by M. Thus, in S’ one should store the same amount of information that is transfered by
M. Moreover, we would also want to be non redundant in the way that we store the in-
formation in S’ since we do not want to store information from S that is not needed by the
application. One can readily see that the abstract notions of information and redundancy

are in the core of the extract operator.

1.1. Contributions of this Dissertation

This dissertation presents contributions on schema mapping management, in particular,
in the formalization and the theoretical study of schema mappings operators. Below we

describe the contributions of this dissertation.



1.1.1. Inverting mappings

One of the most fundamental operators in schema mapping management is the inver-
sion of schema mappings. Given a mapping M from a schema A to a schema B, an inverse

of M is a new mapping that describes the reverse relationship from B to A.

As our first contribution in this dissertation, we study the semantics of the inverse op-
erator. Fagin (2007) proposes a first formal definition for what it means for a schema map-
ping M’ to be an inverse of a schema mapping M. Roughly speaking, Fagin’s definition is
based on the idea that a mapping composed with its inverse should be equal to the identity
schema mapping. More formally, Fagin (2007) introduces an identity schema mapping Id,
suitably adapted for the case of mappings specified by source-to-target tuple-generating
dependencies (st-tgds). Then he says that M’ is an inverse of M if M composed with M’
coincides with the mapping Id. This notion turns out to be rather restrictive, as it is rare that
a schema mapping possesses an inverse. In view of this limitation, in a subsequent work,
Fagin, Kolaitis, Popa, and Tan (2008) introduce the notion of a quasi-inverse of a schema
mapping. The idea of the quasi-inverse is to relax the notion of inverse by not differenti-
ating between source instances that are equivalent for data exchange purposes. Although
numerous non-invertible schema mappings possess natural and useful quasi-inverses (Fa-
gin, Kolaitis, Popa, & Tan, 2008), there are still simple mappings specified by st-tgds that
have no quasi-inverse. Moreover, the notions of inverse and quasi-inverse are defined by
considering identity mapping Id, that is only appropriate for mappings that are closed down
on the left (Fagin, 2007) and, in particular, for mappings specified by st-tgds. This leaves

out numerous mappings of practical interest.

This dissertation revisits the problem of inverting schema mappings. Although our
motivation is similar to that of previous work, we follow a different approach to study this
problem. In fact, our main goal is to give an intuition for what it means for a schema
mapping M’ to recover sound information with respect to a schema mapping M. We
call such an M’ a recovery of M. Given that, in general, there may exist many possible

recoveries for a mapping, we introduce an order relation on recoveries. This naturally gives



rise to the notion of maximum recovery, which is a mapping that brings back the maximum

amount of sound information.

As a motivating example, let Mg g be the mapping specified by the dependency (1.1).

An example of a reverse mapping M, that recovers sound information w.r.t. Mg is
VaVz( Shuttle(w, z) — JudvEmp(z,u,v) ). (1.2)

The idea is that it is correct to bring back to relation Emp every employee name in relation
Shuttle. Notice that variables u and v are existentially quantified, and thus, this mapping
is only giving information about the names of the employees but not about the places where
they work in and live in. As another example, it is also correct to assume that if an employee
name and a destination appears in relation Shuttle, then the destination place is exactly

the place where the employee works in. Thus, mapping M, defined by
Vx‘v’z( Shuttle(z, z) — JuEmp(z,u, z)) (1.3)

is also a correct way of recovering information w.r.t. Mg . In this dissertation we propose
the notion of recovery of a schema mapping M that captures the intuition of bringing back
correct information that have been exchanged by using M. Under our definition, both M;

and M, are recoveries of Mg

Being a recovery is a sound but mild requirement. Then it would be desirable to have
some criteria to compare alternative recoveries. In our motivating example, if one has to
choose between M and M, as a recovery of M, then one would probably choose M,
since this mapping says not only that every employee that takes a shuttle bus works and
lives in some place, but also that the place where the employee works in is the destination
place of the shuttle bus. Intuitively, My is more informative than M, w.r.t. Mgs. Is there
a mapping that is better than M, for recovering correct information w.r.t. Mgg? If we

consider the mapping M, defined by dependency:

VaVz( Shuttle(z, z) — Ju (Emp(z,u, z) A u # 2)) (1.4)



then M, is a recovery of Mg that is more informative than Ms; M, additionally states
that although we do not know exactly the place where the employee lives in, if that em-
ployee was brought back from table Shuttle then the place where the employee lives in
must be different from the place where the employee works in. We formalize these intu-
itions by defining an order relation on recoveries that compares when a recovery is more
informative than another recovery. This order on recoveries naturally gives rise to the no-
tion of maximum recovery, which is the best way of bringing correct information back
to the source schema. In our example, it can be shown that mapping M, is a maximum

recovery of Mgg.

In Chapter 3, we study in detail the notions of recovery and maximum recovery, and
some of our main contributions include the following. We first formalize the notions of re-
covery and maximum recovery in Section 3.1, and in Section 3.2 we show how the notion
of maximum recovery can be applied to study the schema evolution problem. In Sec-
tion 3.3, we present algorithms to compute maximum recoveries for mappings specified in
a language that extends the language of st-tgds, and we study several related problems. In
particular, in Section 3.3.1 we present an algorithm that given a mapping M specified by
st-tgds, returns a set of tgds that use disjunctions and equalities in the conclusion of de-
pendencies, and a special predicate C(-) in the premises of dependencies. In Section 3.3.2,
we show that the language used in the output of the algorithm is optimal as all its features
are necessary to specify maximum recoveries of mappings given by st-tgds. The set ob-
tained as output of our algorithm is of size exponential in the size of the input mappings.
In Section 3.3.2, we also show that this exponential blow-up is unavoidable. Furthermore,
in Section 3.3.3 we present a special algorithm to compute maximum recoveries of full
dependencies which are dependencies that do not use existential quantification in the con-

clusions. For this case our algorithm works in polynomial time.

In Section 3.4 we study the complexity of some decision problems related to the notion
of recovery. In particular, we settle the complexity of the problem of verifying, given
mappings M and M’, whether M’ is a recovery of M, for the cases in which M is
specified by full st-tgds and M’ is specified by either full or non-full st-tgds. We show that



if M’ is specified by full tgds then the problem is coNP-complete, and if M’ is specified

by (general) st-tgds then the problem is I1{'-complete.

Finally, in Section 3.5 we present a relaxed notion of maximal recovery. We prove
that the notion maximal recovery is a strict relaxation of the notion of maximum recovery
by showing that the existence of maximal recoveries is guaranteed for a wider class of

mappings.

Some of the result presented in Chapter 3 were published in PODS (Arenas, Pérez, &
Riveros, 2008) and in TODS (Arenas, Pérez, & Riveros, 2009).

1.1.2. Query language-based inverses and closure properties

In the framework proposed by Bernstein (2003) schema mappings are first class cit-
izens, and high-level algebraic operators are used to manipulate and reuse them. In this
algebraic context, a natural question is whether a logical language for specifying mappings
is closed under the application of some operator; given schema mappings specified in a
language £ and an algebraic operator, can the result of the operator be also specified in £?
Furthermore, complex transformations of schema mappings can be obtained by combining
several operators. Thus, one may wonder whether a closure property holds for a set of
operators. Such a closure property would ensure that the output of some operator can be
used as the input for subsequent operators. This has been raised as a “prominent issue” in

metadata management (Kolaitis, 2005).

The main goal of Chapter 4, is to find a mapping-specification language that is closed
under inversion. This goal amounts to (1) first choose a particular semantics for the inverse
operator, and then (2) prove that under this semantics, there exists a mapping language £
such that every schema mapping specified in £ has an inverse also specified in £. Thus, we
have to deal with two parameters: the semantics for inverting mappings, and the language
used for specifying mappings. As a desiderata, we would like to have a natural and useful

semantics, and a mapping-specification language expressive enough to contain the class of

8



st-tgds. We show in Chapter 4 that the notions of Fagin-inverse (Fagin, 2007) and quasi-
inverse (Fagin, Kolaitis, Popa, & Tan, 2008) could not meet our requirements. We also
explain why the notion of maximum recovery that we introduce in Chapter 3 does not
admit a closed mapping language. Thus, necessarily, we need to look for a weaker notion

of inverse to obtain our desired closure result.

To this end, we first introduce in Section 4.1 a unifying framework that gives us a range
of natural and useful notions of inverse, that characterizes previous notions and allows us
to reach our goal. Our framework is based on the following idea. Intuitively, any natural
notion of inverse should capture the intuition that, if M describes how to exchange data,
its inverse must describe how to recover the initial data (or, at least, part of it). Moreover,
there is a soundness requirement; we would like to recover only sound information, that is,
information that was already present before the exchange. But, what does it mean to recover
sound information? By answering this simple yet fundamental question, we uncover a rich
theory. We measure the amount of information that can be recovered by considering classes
of queries. This gives rise to the notion of C-recovery of a mapping M, that is a mapping
that recovers sound information for M under a query language C. We further introduce
an order relation on C-recoveries, that leads to the notion of C-maximum recovery, which
is a mapping that recovers the maximum amount of information according to C. In fact,
we prove that there is a bound on the amount of information that can be recovered for a
given mapping M, that depends only on M and the query language C. We then prove that

a C-maximum recovery is a mapping that reaches that bound.

We study several other properties about C-maximum recoveries, and develop a set of
tools that play a central role in finding mapping languages closed under inversion. Among
others, in Section 4.1.1 we provide necessary and sufficient conditions for the existence
of C-maximum recoveries, for any given query language C. In Section 4.2 we also show
that this new notion is general enough to include the previously proposed notions of in-
verse (Fagin, 2007; Fagin, Kolaitis, Popa, & Tan, 2008), and that it is related to the recently
raised topic of schema-mapping optimization (Fagin, Kolaitis, Nash, & Popa, 2008).



Let CQ be the class of conjunctive queries. The main result of Chapter 4 is that, when
we consider the notion of CQ-maximum recovery as our semantics for inversion of map-
pings, there exists a language that contains the class of st-tgds and is closed under inversion.
More specifically, in Section 4.3 we show that the language of CQ®7-1T0-CQ dependen-
cies, that is, st-tgds extended with inequalities and predicate C(-) in the premises, satisfies
this property. Moreover, we provide an algorithm that, given a mapping M specified by
a set of CQ®7-10-CQ dependencies, returns a mapping specified by CQ%7-10-CQ de-
pendencies that is a CQ-maximum recovery of M. In Sections 4.3.2 and 4.3.3 we prove
several results that show that our choice of CQ-maximum recovery as the semantics for in-
version and CQ®7-10-CQ as the mapping-specification language is, in a precise technical

sense, optimal for obtaining a mapping language closed under inversion.

Some of the result presented in Chapter 4 were published in VLDB 2009 (Arenas,
Pérez, Reutter, & Riveros, 2009b). Some results in Chapter 4 are reported for the first time
in this dissertation, in particular, the result about the closure property for CQ-maximum

recovery and the language of CQ®7-T0-CQ dependencies.

1.1.3. On the relationship between composition and inversion

Fagin, Kolaitis, Popa, and Tan (2005) show that the language of st-tgds does not have
good properties regarding composition. In view of this, Fagin, Kolaitis, Popa, and Tan
(2005) propose an extension of st-tgds with second-order existential quantification (the
language of SO-tgds) with good properties for composition. In particular, they show that
this language is closed under composition, and they also prove several results that show that
the language of SO-tgds is the right language to compose mappings. However, none of the
notions of inverse proposed for schema mappings (Fagin, 2007; Fagin, Kolaitis, Popa, &
Tan, 2008) have been applied to the case of SO-tgds. Studying the invertibility of mappings
specified by SO-tgds is a first step to understand the difficulties in combining inversion and

composition of schema mappings.
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In Chapter 5 we show that, unfortunately, SO-tgds are not appropriate for our study;
we show that there exist mappings specified by SO-tgds that have no Fagin-inverse, quasi-
inverse and maximum recovery. In fact, we show that there exist mappings that do not
even admit CQ-maximum recoveries. Thus, although the language of SO-tgds is the right

language for composition, it has a bad behavior regarding inversion.

To overcome this limitation, we borrow the notion of composition w.r.t. conjunctive
queries (CQ-composition), introduced by Madhavan and Halevy (2003). Then in Sec-
tion 5.1 we propose a language called plain SO-tgds (which is a restriction of SO-tgds)
such that: the language of plain SO-tgds is closed under CQ-composition, and every map-
ping given by plain SO-tgds has a CQ-maximum recovery. In fact, we prove something
stronger, namely that every mapping specified by plain SO-tgds has a maximum recovery.
To prove this last property we provide a polynomial-time algorithm that given a mapping
M specified by a set of plain SO-tgds, returns a maximum recovery of M specified in a
language that extends the class of plain SO-tgds. This result is interesting in its own since
our algorithm is the first general polynomial-time algorithm to compute inverses of schema
mappings specified by st-tgds. However, the gain in efficiency comes with the price of a

stronger and less manageable mapping language for expressing inverses.

Besides the mentioned results, we prove some other interesting properties of mappings
specified by plain SO-tgds. More importantly, we show in Section 5.2.1 that plain SO-tgds
can be used to provide a negative answer to an open question posed by ten Cate and Kolaitis

(2009, 2010).

Some of the results presented in Chapter 5 were published in VLDB 2009 (Arenas,
Pérez, Reutter, & Riveros, 2009b) and in SIGMOD Record (Arenas, Pérez, Reutter, &
Riveros, 2009a). Some results in Chapter 5 are reported for the first time in this dissertation,

in particular, the relationship with the work by ten Cate and Kolaitis (2009, 2010).

11



s -

s M

T -_—

(- =

%@ \\\ : %//‘:Ai/l;‘\\\ -
7 .

Mll / s - @

s’ @ (c) Invertivility
(a) Extract

(b) Merge

FIGURE 1.1. Examples of schema mapping operators

1.1.4. Information and redundancy of schema mappings

Schema mapping management is an area of active research, where there had been many
achievements in the recent years. In fact, different proposals for several schema mapping
management operators are being studied and implemented. Nevertheless, little research has
being pursued towards understanding the fundamental notions that all these proposals seem
to share. In particular, abstract notions of information, redundancy and minimality are part
of almost every proposal for the semantics of schema mapping operators (Bernstein, 2003;
Pottinger & Bernstein, 2003; Melnik, 2004; Fagin, 2007; Arenas, Pérez, & Riveros, 2009;
Pottinger & Bernstein, 2008). Let us exemplify this with three operators: extract, merge,

and inverse.

— Extract (Melnik, 2004; Melnik, Bernstein, Halevy, & Rahm, 2005): Consider a
database with schema S that stores legacy data, and an application with schema
T that consumes data from S by means of a mapping M from S to T. In general,
not all the information of S participates in the mapping and, thus, it is natural
to ask whether one can upgrade the legacy schema S into a new schema S’ that
stores only the information that is being mapped by M. This is the intended
meaning of the extract operator over M. A solution for extract is composed of
two mappings, M from S to S’ to drive the migration from the old to the new
schema, and M from S’ to T to relate the new schema with T. A diagram of the

complete process is shown in Figure 1.1(a) (the gray part represents the portion
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of the schema that participates in the mappings). Intuitively, M should transfer
to S’ the same amount of information that is transfered by M. Moreover,
mapping M should also be non redundant in the way that it stores information
in S’ since we do not want to store information from S that is not needed by T.

— Merge (Melnik, 2004; Melnik et al., 2005): Consider two independent schemas
S; and S, and a mapping M between them, and assume that both schemas have
materialized data that is being queried by several applications. Mapping M de-
scribes how data in these schemas is related, and, thus, the relationship stated
by M leads to some redundancy of storage: there are corresponding pieces of
data stored twice in these schemas. Thus, it is natural to ask whether one can
have a single global schema S that simultaneously stores the data of S; and S,
(and no more than that), but that is not redundant in the storage of the shared
information. This is the intended meaning of the merge operation over M. In a
solution for merge one also needs two mappings M; and M that describe the
relationship between the new global schema and the initial schemas. These map-
pings ensure that an application that has used the initial schemas independently,
would also be able to obtain the required data from the new global schema. A
diagram of the complete process is shown in Figure 1.1(b).

— Inverse (Fagin, 2007): Consider a mapping M that is used to exchange data from
S to T and assume that after exchanging data one needs to undo the process.
That is, one needs to recover from T the initial information stored in S. An
inverse of M is a new mapping M’ that describes how to exchange data back
from T to S. A diagram of the inverse is shown in Figure 1.1(c). As described
by Fagin (2007), invertibility for a mapping M should intuitively coincide with

no loss of information.

In Chapter 6, we address the problem of providing foundations for schema mapping
management by focusing on the abstract notions of information and redundancy that, as
the previous examples show, lie in the core of schema mapping operators. The formaliza-

tion of these notions in a general setting would play an essential role in providing a unifying
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framework for metadata management. The work by Melnik (2004) could be considered a
first effort towards the development of a general framework for the area. In Chapter 6, we

go a step further in this direction.

We develop theoretical tools to compare schema mappings in terms of the abstract no-
tions of information and redundancy, providing characterizations to deal with these criteria,
and showing their usefulness in defining and studying complex metadata management op-

erators.

As an example to motivate our notions, consider the following two mappings given by

st-tgds:

M : ‘v’mVsz( Alz,y,z) — JuP(x,u) )

My VaVyVz( Az,y,2) — R(z)AS(z,y))
Intuitively, M transfers more information than M since the first and second components
of tuples in A are being transferred to the target under M, while only the first component
is being transferred under M. In fact, notice that the information transferred by M, can
be obtained from the target of My by means of the mapping Vz(R(z) — FJu P(x,u)).
However, the opposite is not true; we cannot obtain the information transferred by Mo

from the target of M. Consider now the mapping M3 given by:
Ms V:L“v’yv,z( Alz,y,z) — T(z,y) )

Intuitively, mapping M3 transfers the same amount of information as M. Nevertheless,
M is more efficient in the way that it structures the target data, as M, stores redundant
information in table R. In this paper, we formalize the previous notions, that is, we develop
notions to compare mappings in terms of their ability to transfer source data and avoid
storing redundant information in its target schema, as well as the symmetric notions of
covering target data, and storing redundant information in the source schema. In fact, we
prove the usefulness of the proposed notions by showing that they can play a central role

in the study of complex metadata management operators.
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More precisely, we start our investigation in Section 6.1 by defining a set of natural
conditions that an order on the amount of information transferred by a schema mapping
should satisfy. We then propose the order <, that is provably the strictest relation satisfying
these conditions. Under our definition, the mappings in the above example satisfy that
M =<y My but My Ag M;. We study some fundamental properties of <y and, in
particular, we provide a characterization based on query rewriting that gives evidence of the
naturalness of our notion. We also contrast our proposal with previous work on comparing
mappings. Fagin, Kolaitis, Popa, and Tan (2009) propose a notion of information loss
for schema mappings specified by st-tgds, which gives rise to an order on this type of
mappings. In Section 6.1.1, we show that our notion coincides with the proposal of Fagin
et al. for the class of mappings defined by st-tgds. Moreover, we also prove that beyond
st-tgds, Fagin et al.’s notion does not satisfy the natural conditions that we impose over an

order to compare the amount of information transferred by mappings.

As shown in the previous example, there may exist multiple ways to transfer the same
information from a source schema. Thus, one also needs a way to distinguish between
different alternatives. In particular, if schemas are designed together with mappings, it is
desirable to use schemas that are optimal in the way they handle data. To deal with this
requirement, we introduce in Section 6.4.2 the notion of target redundancy, and show that it
captures the intuition of using the exact amount of resources needed to transfer information
using a schema mapping. In fact, our notion formally captures the intuition in the previous

example, as M, is target redundant while M3 is not.

Furthermore, to complement our information framework, we devise two additional
concepts that allow us to compare mappings that share the same target schema. Symmet-
rically to the definition of <y, we introduce in Section 6.4.1 the order <., that intuitively
measures the amount of information covered by a mapping, as well as a notion of source
redundancy in Section 6.4.3. We provide characterizations and tools for all the proposed
notions, and show that together they can be used as a powerful framework to study metadata

management operators.
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As a proof of concept, in Section 6.3 we show how the machinery developed can be
used to study some metadata management problems in the context of data exchange. In
particular, we provide simpler proofs for some fundamental results regarding the inverse
operator proposed by Fagin (2007), and we also study the well-known schema evolution

problem (Melnik, 2004; Kolaitis, 2005; Fagin et al., 2011).

Some of the results presented in Chapter 6 were published in PODS 2010 (Arenas,
Pérez, Reutter, & Riveros, 2010).

1.1.5. The extract and merge operators

The extract and merge operators are considered as two of the most fundamental op-
erators to develop a general framework for schema mapping management (Melnik, 2004;

Melnik et al., 2005; Bernstein & Melnik, 2007).

In Section 7.1, we use all the machinery for the concepts of information and redun-
dancy developed in Chapter 6 to revisit the semantics of the extract operator (Melnik, 2004;
Melnik et al., 2005), that intuitively captures the idea of upgrading a legacy schema. We
formalize this operator in terms of the notions developed in Chapter 6. We also provide
in Section 7.1.1 an algorithm for computing it for a class of mappings that includes the
mappings specified by st-tgds, and we compare our proposal with previous proposals for

the same operator in Section 7.1.2.

Moreover, in Section 7.2 we also study the merge operator, that intuitively captures the
idea of constructing a global schema that simultaneously stores the data that is replicated
among several schemas but that it is not redundant in the storage of the shared informa-
tion. Finally, in Section 7.2.1 we provide an algorithm to compute the merge operator for

mappings specified by full st-tgds.

Some of the result presented in Chapter 7 were published in PODS 2010 (Arenas,
Pérez, Reutter, & Riveros, 2010).
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2. NOTATION AND PRELIMINARIES

In this Chapter we present the notation that is used in this dissertation. A schema R is
a finite set { Ry, ..., Ry} of relation symbols, with each R; having a fixed arity n;. Let D
be a countably infinite domain. An instance / of R assigns to each n-ary relation symbol
R of R a finite n-ary relation R C D". The domain dom(I) of instance I is the set of
all elements that occur in any of the relations R’. If a tuple @ belongs to k! we say that
R(a) is a fact in I. We sometimes describe an instance as a set of facts. The set Inst(R) is
defined to be the set of all instances of R.. Given instances I, J € Inst(R), we write I C .J

to denote that, for every relation symbol R of R, it holds that R C R’.

As is customary in the data exchange literature, we consider instances with two types
of values: constants and nulls (Fagin, Kolaitis, Miller, & Popa, 2005; Fagin, 2007; Fagin,
Kolaitis, Popa, & Tan, 2008). More precisely, let C and N be infinite and disjoint sets of
constants and nulls, respectively, and assume that D = C U N. An instance [ is ground
if it is composed only by constant values (elements from C), and is non-ground if it is
composed by constant and null values (elements from C U N). If we refer to a schema
R as a ground schema, then we assume that Inst(R) is the set of all ground instances of
R. Moreover, if we refer to a schema S as a source schema, then we assume that S is a
ground schema, and if we refer to a schema T as a farget schema, then we assume that T
is a general schema, that is, Inst(T') contains instances with constants and null values. In
this paper, we usually use S to refer to a generic source schema and T to refer to a generic

target schema.

2.1. Schema mappings

Given schemas R; and Ry, a schema mapping (or just mapping) from R; to R, is a
nonempty subset of Inst(R;) x Inst(Ryz). If M is a mapping and (1, .J) € M, then we
say that J is a solution for I under M. The set of solutions for / under M is denoted
by Soly (). The domain of M, denoted by dom(M), is defined as the set of instances /
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such that Solx(I) # (), and the range of M, denoted by range(M) is defined as the set
of instances J that are a solution for some instance / € dom(M). Furthermore, given a

mapping M, we denote by M~ the mapping {(J,I) | (I, J) € M}.

Some of our results are focused on a special class of mappings that we call source-to-
target mappings (st-mappings). Recall that we assume that a schema R is a source schema
if its instances are constructed by using only constants (elements from C), and a target
schema if its instances are constructed by constants and nulls (elements from CUN). Thus
if we refer to M = (R4, Ry, Y) as an st-mapping, then we assume that R, is a source
schema (that is, instances of R, are constructed using only elements from C) and R, is a

target schema (that is, instances of R are constructed by using elements from C and N).
Composition of mappings

Since general mappings are simply binary relations on sets of instances, the composi-
tion of mappings can be defined by considering the classical definition of composition of
binary relations. Given mappings M5 from R, to Ry and M3 from R, to R3, the com-
position of M, and M3, denoted by M5 0 Mys is defined as My 0 Moz = {(I1, I3) |
Al : (I, 1y) € Mygand (I, I3) € Myz} (Melnik, 2004; Fagin, Kolaitis, Popa, & Tan,
2005).

2.2. Queries and definability of mappings

A k-ary query () over a schema R, with £ > 0, is a function that maps every instance
I € Inst(R) into a k-relation Q(/) € dom(I)*. Notice that if £ = 0 (Q is a Boolean
query), then the answer to () is either the set with one O-ary tuple (denoted by true), or the
empty set (false). Thus, if @) is a Boolean query, then Q)(I) is either true or false. As is

customary, we assume that queries are closed under isomorphisms.

We use CQ to denote the class of conjunctive queries and UCQ to denote the class
of unions of conjunctive queries. If we extend these classes by allowing equalities or in-

equalities, then we use superscripts = and #, respectively. Thus, for example, CQ~ is the
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class of conjunctive queries with equalities and UCQ? is the class of union of conjunctive
queries with inequalities. FO is the class of all first-order formulas with equality. Slightly
abusing notation, we use C(-) to denote a built-in unary predicate such that C(a) holds if
and only if @ is a constant, that is, a € C. If £ is any of the previous query languages,
then L€ is the extension of £ allowing predicate C(-). For example, CQ®” is the class of

conjunctive queries with inequalities and predicate C(-).
Dependencies

Let £, L5 be query languages and R, Ry be schemas with no relation symbols in
common. A sentence ® over Ry U Ry U {C(-)} is an £;-TO-L, dependency from R to
R, if ® is of the form

vz (p(2) — ¥(2)),
where

(1) z is the tuple of free variables in both ¢ (Z) and ¥ (Z);

(2) ¢(z) is an L;-formula over Ry U {C(+)} if C(-) is allowed in £;, and over R,
otherwise, and

(3) ¥(z) is an Lo-formula over Ry U {C(+)} if C(-) is allowed in Ly, and over Ry

otherwise.

We call ¢(Z) the premise of @, and 1)(Z) the conclusion of ®. If S is a source schema and
T is a target schema, an £,-TO-L, dependency from S to T is called an £;-TO-L, source-
to-target dependency (L,-TO-L, st-dependency), and an £,-TO-L, dependency from T to

S is called an £,-TO-L target-to-source dependency (L,-TO-L, ts-dependency).

Three fundamental classes of dependencies for data exchange, and in particular for in-
verting schema mappings, are source-to-target tuple-generating dependencies (st-tgds), full
source-to-target tuple-generating dependencies (full st-tgds) and target-to-source disjunc-
tive tuple-generating dependencies with inequalities and predicate C(-) (Fagin, Kolaitis,
Miller, & Popa, 2005; Fagin, Kolaitis, Popa, & Tan, 2008). The former corresponds to
the class of CQ-T0-CQ st-dependencies, and the latter to the class of CQ”C-10-UCQ

ts-dependencies. An FO-TO-CQ dependency is full if its conclusion does not include
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existential quantifiers and, thus, the class of full st-tgds corresponds to the class of full

CQ-10-CQ st-dependencies.

Semantics of dependencies, safeness

Let  be an instance of a schema R = { Ry, ..., R,,}. Instance [ can be represented as
an (RU{C(-)})-structure 2; = (A, R{, ..., R2 C#), where A = dom([) is the universe
of A;, R = R! fori € [1,m] and C* = AN C. This representation is used to define the
semantics of FO over source and target instances (here we assume familiarity with some

basic notions of first-order logic).

LetR; = {51,..., 5.} beaschemaand I an instance of R;. If ¢(z) is an FO-formula
over Ry U {C(-)} and a is a tuple of elements from dom(/), then we say that I satisfies
p(a), denoted by I |= ¢(a), if and only if ; = ¢(a). Whenever it holds that I = ¢(a),
we say that @ is an answer for o over instance I. Furthermore, let Ry = {T3,...,T,} be
a schema with no relation symbols in common with R4, and J an instance of R,. Then
K = (I,J) is an instance of Ry U Ry defined as S/ = S} and T = T/, for i € [1,m]
and j € [1,n]. Notice that dom(K) = dom(/) U dom(J). If p(Z) is an FO-formula over
R, UR, U {C(-)} and a is a tuple of elements from dom(/) U dom(./), then we say that
(1, J) satisfies p(a), denoted by (I, J) |= ¢(a), if and only if A, |= ¢(a). As usual, we say
that an instance satisfies a set Y. of dependencies if the instance satisfies each dependency
in 2.

We impose the following safety condition on £;-TO-L, dependencies. Recall that
an FO-formula () is domain-independent if its answer depends only on the database
instance but not on the underlying domain (Fagin, 1982). Let R; and R be schemas with
no relation symbols in common and ¢ = Vz (¢(Z) — (Z)) an £,-TO-Ly dependency
from R; to Ry. Then we say that ® is domain-independent if both () and ¢ (Z) are
domain-independent. The following strategy can be used to evaluate ®: Given instances
I, J of R; and Ry, respectively, we have that (I, J) = @ if and only if for every tuple

a of elements from dom(/), if I = ¢(a), then every component of tuple a is in dom(.J)
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and J = 1(a). We note that this strategy cannot be used for non domain-independent

L1-TO-L, dependencies.
Definability of mappings

Let R, and R5 be schemas with no relation symbols in common and . a set of FO-
sentences over R; U Ry U {C(-)}. We say that a mapping M from R, to Ry, is specified
by ¥, denoted by M = (R, Ry, X), if for every (I, J) € Inst(R;) x Inst(Ry), we have
that (I, .J) € M if and only if (1, J) = .

In this dissertation we assume that every set > of dependencies is finite, and if > is
a set of £1-TO-L- dependencies, then we assume that every dependency in X is domain-
independent (as defined above). Furthermore, we usually omit the outermost universal
quantifiers from £;-TO-L, dependencies and, thus, we write p(Z) — 1(Z) instead of
Vz (¢(Z) — 1(z)). Finally, for the sake of readability, we usually write o (Z,y) — ¥ ()

instead of (3y ¢(z,y)) — 1 (Z) in some examples, as these two formulas are equivalent.

2.3. Homomorphisms and universal solutions

The class of universal solutions for st-mappings was identified as a class of solutions
that have good properties for data exchange (Fagin, Kolaitis, Miller, & Popa, 2005). To
formally introduce this concept, we first review the notion of homomorphism that will be

used in several proofs of this dissertation and that is also used to define universal solutions.

Let J; and J; be instances of the same schema R. A homomorphism h from .J; to J,

is a function A : dom(.J;) — dom(.J;) such that,

(1) his the identity on C, that is, for every constant value a € dom(J;) N C we have
that h(a) = a, and
(2) forevery R € R and every tuple (ay, ..., a;) € R7,itholds (h(a1),...,h(ax)) €
R”.
Notice that a homomorphism may map a null value to either a constant or another null

value, but preserves all the constant values.
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Let M be an st-mapping, / a source instance and .J a solution for / under M. Then J
is a universal solution for I under M, if for every solution .J’ for I under M, there exists a
homomorphism from .J to .JJ’. One of the important properties of universal solutions proved
by Fagin, Kolaitis, Miller, and Popa (2005) is that for every st-mapping M = (S, T, )
with 3 a set of st-tgds and for every instance / of S, there always exists a universal solution
for I under M. Moreover, it can be shown that the same property holds for st-mappings
specified by FO-T0O-CQ dependencies. In both cases, the chase procedure (Maier, Mendel-
zon, & Sagiv, 1979) can be used to construct a universal solution (see the next section for

the definition of the chase for mappings specified by FO-TO-CQ dependencies).

2.4. Certain answers, query rewriting and the chase

Let M be a mapping from R, to R, and @) a query over schema R5. Given an instance
I of Ry, the set of certain answers of () over I under M is the set of tuples that belong
to the evaluation of () over every possible solution for / under M. We denote this set by

certain (@, I). Thus,
certainy(Q, I) = ﬂ QJ).

JeSola (1)

Given a mapping M from S to T and a query @ over T, we say that a query ()’ is a
rewriting of Q) over the source if ()’ is a query over S such that for every / € Inst(S), it
holds that Q'(I) = certain(Q, I). That is, to obtain the set of certain answers of () over
I under M, we just have to evaluate its rewriting ()’ over instance /. We usually call )’ a

source rewriting of () under M.

Similarly, given a mapping M from S to T and a query )’ over S, we say that a query
Q is a rewriting of () over the target if () is a query over T such that for every I € Inst(S),
it holds that QQ'(I) = certainy(Q, I). We call Q) a target rewriting of ()’ under M.

As it is evident by the definitions, )’ is a source rewriting of () under M if and only if

is a target rewriting of (' under M.
g g
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The chase

Another notion that would be used in this document is the notion of chase (Maier et al.,
1979). This notion is tightly related with certain answers and rewriting of queries (Fagin,

Kolaitis, Miller, & Popa, 2005; Arenas, Barceld, Fagin, & Libkin, 2004).

Assume that M = (S, T, ¥) is an st-mapping, where X is a set of FO-T0-CQ depen-
dencies. Let I be an instance of S, and let .J; be an instance of T constructed as follows.
For every dependency o € X of the form ¢(z) — 3¢ (z,y), with T = (x1,...,Zn),
g = (y1,--.,ye) tuples of distinct variables, and for every m-tuple a of elements from
dom([) such that I |= ¢(a), do the following. Choose an /-tuple 7 of distinct fresh values
from N, and include all the conjuncts of ¢(a,n) as facts in J;. We call instance J; the
chase of I with ¥, and write J; = chasex (). It is easy to see that chasex () is unique

up-to renaming of null values.

The instance chasey,(I) has several desirable properties (Fagin, Kolaitis, Miller, &
Popa, 2005; Arenas et al., 2004). In particular, if M = (S, T, ) is an st-mapping with X
a set of FO-TO-CQ dependencies, then for every I it holds that chasex (/) is a universal
solution for I under M. We call chasex,(1) the canonical universal solution of I under M.
Fagin, Kolaitis, Miller, and Popa (2005) showed that if .J is a universal solution for / under
a mapping M, then for every conjunctive query () it holds that certainn (@, ) = Q(J),
where (), denotes the set of tuples obtained from (Q(J) by eliminating all the tuples
that mention null values. In particular, if M = (S, T, ) is an st-mapping with > a set
of FO-T0-CQ dependencies, and () is a conjunctive query over T, then for every instance
I we have that certainy (@, ) = (Q(chasex(I)),. This gives us an effective procedure
to compute the certain answers for conjunctive queries under an st-mapping specified by
FO-T10-CQ dependencies (Fagin, Kolaitis, Miller, & Popa, 2005; Arenas et al., 2004).
Moreover, notice that if ()’ is a rewriting over the source of a conjunctive query (), then
it holds that Q'(/) = ((chasex(/)),. This last property is used in several proofs of this

dissertation.
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Disjunctive chase

We next introduce the notion of disjunctive chase defined by Fagin, Kolaitis, Popa,
and Tan (2008). Let ¥ be a set of FOC-10-UCQ dependencies from schema R to schema
R,. For every I € Inst(R4), let J; be an instance of Ry constructed with the following

procedure. For every dependency o € ¥ of the form
o(®) — Iy br(T,91) V- -+ V gk Bi (T, U

with Z = (z1,...,x,,) a tuple of distinct variables, and for every m-tuple @ of elements
from dom(7) such that [ = ¢(a), do the following. Choose an index i € {1,...,k}.
Assume that g; = (y1,...,ys), then choose an ¢-tuple 7 of distinct fresh values from N,
and include all the conjuncts of 3;(a,n) in J;. We call J; a chase of I with 3. Notice that
different instances are obtained by different choices of indexes in the process. Consider the
set J; = {J},..., 7} of all the instances that correspond to a chase of I. Then we say that
J1 is the (disjunctive) chase of I with ¥, and write [J; = chasey,(I) (Fagin, Kolaitis, Popa,
& Tan, 2008). It is easy to see that J; = chasex([/) is finite and unique up-to renaming
of null values. As for the non-disjunctive chase, the disjunctive chase satisfies several
desirable properties. In particular, it can be shown (Fagin, Kolaitis, Popa, & Tan, 2008), that
for every pair of instances 7, J, if (1, J) = X, then there exists an instance K € chasex (/)
and a homomorphism from K to J. By using the results in (Fagin, Kolaitis, Miller, & Popa,
2005), it is also straightforward to prove that, if / is an instance composed only by constant
values and () is a union of conjunctive queries, then the set of certain answers of / under

¥, equals the set of tuples that belongs to Q)(K), for all K € chasex(]).

Chase of the chase

Fagin, Kolaitis, Popa, and Tan (2008) extend some of the above mentioned results of
the chase procedure. Let ¥ be a set of FOC-T0-CQ dependencies from R to Ry, and
>/ a set of CQ®7-T0-UCQ dependencies from R; to Rs. Further assume that for every
inequality x # ' that occurs in the premise of a dependency in ¥, predicates C(x) and

C(a') also occurs in the premise of the same dependency (these kind of dependencies are
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called disjunctive tuple-generating dependencies with constants and inequalities among
constants). Fagin, Kolaitis, Popa, and Tan (2008) showed the following property of the
successive application of the chase procedure with 33 and 3. Let [ be an instance composed
only by constant values, J = chasex (/) and V = chasesy (/). Let K’ be an instance such
that there exists JJ’ with (I, J’) = ¥ and (J', K’) = ¥’. Then there exists an instance
K €V and a homomorphism from K to K.

Considering mappings, let M = (S, T, ¥) be a source-to-target mappings with ¥ a set
of FO®-10-CQ dependencies, and M’ = (T, S, ¥') a target-to-source mapping with ¥’ a
set of CQ®7-10-UCQ dependencies (fulfilling the above mentioned restriction). Let I be
a source instance, J = chasex () and V = chasey(.J). Notice that, the instances in V' are
not necessarily valid source instances since they may contain null values. That is, although
(I,J) =Y and (J, K) = ¥’ forevery K € V, we have that (/, K') not necessarily belongs
to M o M'’. Nevertheless, we know that for every pair of source instances I, I’ such that

(I,I') € M o M, there exists an instance KX € ) and a homomorphism from K to I'.

2.5. Previous notions of inverse of schema mappings

In this section we introduce the two notions of inverse previously proposed in the

literature. These notions will be used in several parts of this dissertation.

We start by recalling the definition of inverse proposed by Fagin (2007), that we call
here Fagin-inverse'. A mapping M is closed-down on the left if whenever (I,J) € M
and I’ C I, it holds that (I’, J) € M. Fagin (2007) defines a notion of inverse focusing on
mappings that satisfy this condition. More precisely, let S be a source schema. Fagin first

defines an identity mapping Id as

Id = {(I;,1,) | (I}, I5) € Inst(S) x Inst(S) and I; C I},

!Fagin (2007) named his notion just as inverse of a schema mapping. In this dissertation we reserve the term
inverse to refer to this operator in general, and use the name Fagin-inverse for the notion proposed by Fagin
(2007).
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which is appropriate for closed-down on the left mappings (Fagin, 2007). Then Fagin

propose the following definition for an inverse of a mapping.

DEFINITION 2.5.1 (Fagin, 2007). Let M be a mapping from S to T. A mapping M’
from T to S is a Fagin-inverse of M if and only if M o M’ = 1d.

Since it is rare that a schema mapping possesses a Fagin-inverse (Fagin, 2007; Fagin,
Kolaitis, Popa, & Tan, 2008), Fagin, Kolaitis, Popa, and Tan (2008) introduce the notion
of a quasi-inverse of a schema mapping. The idea behind quasi-inverses is to relax the
notion of inverse of a mapping by not differentiating between source instances that are
data-exchange equivalent. Let M be a mapping from a source schema S to a target schema
T. Instances I; and I, of S are data-exchange equivalent w.r.t. M, denoted by I} ~
Iy, if Solpy(I1) = Solp([2). Furthermore, given a mapping M; from S to S, mapping
M|~ ~ ] s defined as {(1h, I5) € Inst(S) x Inst(S) | I(], 1) : I} ~pq 11, I ~pmq
ILand (I7, I}) € My}.

DEFINITION 2.5.2 (Fagin, Kolaitis, Popa, & Tan, 2008). Let M be a mapping from S

to T. A mapping M' is a quasi-inverse of M if (M o M')[~ 1, ~pm] = Id[~p1, ~ M)

26



3. THE MAXIMUM RECOVERY OF A SCHEMA MAPPING

In this chapter we present the notions of recovery and maximum recovery for schema
mappings, and study several related problems including how to compute maximum recov-
eries, the language needed to express maximum recoveries and the complexity of some
associated decision problems. We also introduce the relaxed notion of maximal recovery

and report our initial results about this notion.

3.1. Recoveries and Maximum Recoveries

Let M be a mapping from a schema R; to a schema R, and Id the identity schema
mapping over Ry, thatis, Id = {(/,I) | I € Inst(R4)}. When trying to invert M, the ideal
would be to find a mapping M’ from R to R; such that, M o M’ = Id. If such a mapping
exists, we know that if we use M to exchange data, the application of M’ gives as result
exactly the initial source instance. Unfortunately, in most cases this ideal is impossible to
reach. For example, it is impossible to obtain such an inverse if M is specified by a set of
st-tgds (Fagin, 2007). The main problem with such an ideal definition of inverse is that,
in general, no matter what M’ we choose, we will have not one but many solutions for a

source instance under M o M’.

If for a mapping M, there is no mapping M, such that M o M; = Id, at least we
would like to find a schema mapping M, that does not forbid the possibility of recovering
the initial source data. That is, we would like that for every instance I € dom(M), the
space of solutions for [ under M o M, contains [ itself. Such a schema mapping M is

called a recovery of M.

DEFINITION 3.1.1. Let Ry and Ry be two schemas, M a mapping from R; to Ry and
M'" a mapping from Ry to Ry. Then M’ is a recovery of M iff (I,1) € M o M’ for every

instance I € dom(M).

Being a recovery is a sound but mild requirement. Indeed, a schema mapping M from

R, to Ry always has as recoveries, for example, mappings M; = Inst(Rz) x Inst(R,)
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and My = Mt ={(J,I)| (I,J) € M}. If one has to choose between M; and M, as a
recovery of M, then one would probably choose M, since the space of possible solutions
for a source instance [ under M o M is smaller than under M o M. In fact, if there
exists a mapping M3 such that M o M3 = Id, then one would definitely prefer M3 over
M and M. In general, if M’ is a recovery of M, then the smaller the space of solutions
generated by M o M’, the more informative M’ is about the initial source instances. This

notion induces an order among recoveries:

DEFINITION 3.1.2. Let M be a mapping and M’', M" recoveries of M. We say that
M is at least as informative as M” for M, and write M" <y M, iff MoM' C MoM".

Moreover, we say that M’ and M" are equally informative for M, denoted by M’ =,
M7 if M L M and M < M.

Example 3.1.3. Let M be an st-mapping specified by st-tgd:
P(z,y) N R(y, z,u) — T'(z,y, 2).

Then the ts-mapping M, specified by 7'(z,y,2) — JvP(x,v) is a recovery of M, as
well as the ts-mapping M, specified by T'(x,y, z) — P(z,y) A Ju R(y, z,u). Intuitively,
both M7 and M recover sound information given the definition of M. Furthermore, it
can be shown that M; <\, M., which agrees with the intuition that M, recovers more

information than M. O

If for a mapping M, there exists a recovery M’ that is at least as informative as any
other recovery of M, then M’ is the best alternative to bring exchanged data back, among
all the recoveries. Intuitively, such a mapping M’ recovers the maximum amount of sound

information. Such a mapping M’ is called a maximum recovery of M.

DEFINITION 3.1.4. Let M’ be a recovery of a mapping M. We say that M’ is a

maximum recovery of M if for every recovery M" of M, it is the case that M" <, M.
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Notice that if M; and M, are maximum recoveries of a mapping M, then they are

equally informative for M, that is, M = M.

Example 3.1.5. Consider st-mapping M and ts-mapping M from Example 3.1.3. Intu-
itively, M, is doing the best effort to recover the information exchanged by M. In fact, it

can be shown that M is a maximum recovery of M. O

3.1.1. Tools for studying recoveries and maximum recoveries

In this section, we present some theoretical tools for studying maximum recoveries.
These tools include characterizations of when a mapping is a maximum recovery of another
mapping and a general necessary and sufficient condition for the existence of maximum re-
coveries. These results were previously reported by Riveros (2008) and we state them here
for completeness of this dissertation. The proofs of these results can be found in (Riveros,

2008; Arenas, Pérez, & Riveros, 2009).

Characterizing maximum recoveries

We first present characterizations of when a mapping M’ is a maximum recovery of a
mapping M. For doing this, we need the notion of reduced recovery. A mapping M’ is a
reduced recovery of M if M is arecovery of M and for every ([, I5) € Mo M, it holds
that /; € dom(M). It is easy to see that whenever M’ is a recovery of M, one can extract
from M’ a reduced recovery M” of M by discarding all the pairs of instances (.J, ) of
M’ such that I ¢ dom(M). The obtained reduced recovery M” is at least as informative
as M’ for M since Mo M"”" C Mo M.

The following proposition shows two alternative conditions for checking whether a
mapping M’ is a maximum recovery of a mapping M, and that only depend on the struc-
ture of mappings M and M’. The proof of the proposition can be found in (Riveros, 2008;
Arenas, Pérez, & Riveros, 2009)

PROPOSITION 3.1.6 (Arenas et al., 2008; Riveros, 2008). Let M and M’ be mappings.

Then the following conditions are equivalent:
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(1) M’ is a maximum recovery of M.

(2) M’ is a reduced recovery of M and M = M o M' o M.

(3) M’ is a recovery of M and for every (I1,1,) € M o M, it is the case that
0 & Solam (1) € Soly(Ih).

On the existence of maximum recoveries

The following definition introduces the notion of witness, that is used to provide a

necessary and sufficient condition for the existence of a maximum recovery for a mapping

M.

DEFINITION 3.1.7 (Arenas et al., 2008; Riveros, 2008). Let M be a mapping from a
schema Ry to a schema Ry and I € Inst(Ry). Then instance J € Inst(Ry) is a witness
for [ under M if for every I' € Inst(Ry), if J € Solap(I"), then Solp (1) C Solp(1").

A witness for an instance / under a mapping M is not necessarily a solution for /
under M. An instance J is a witness solution for I if .J is both a witness and a solution for
1. A witness solution can be considered as an identifier for a space of solutions as if .J is a

witness solution for instances /; and I, then Sola(1;) = Sola(13).

The following theorem provides a necessary and sufficient condition for the existence
of maximum recoveries. The proof of the theorem can be found in (Riveros, 2008; Arenas,

Pérez, & Riveros, 2009)

THEOREM 3.1.8 (Arenas et al., 2008; Riveros, 2008). A mapping M has a maximum

recovery iff for every I € dom(M), there exists a witness solution for I under M.

Fagin, Kolaitis, Miller, and Popa (2005) identifies the class of universal solutions for
st-mappings as a class of solutions that has good properties for data exchange. Recall that
J is a universal solution for I under a mapping M, if J € Solx(/) and for every solution

J' for I under M, there exists a homomorphism from J to .J'.

It is known that for st-mappings specified by FO-T0O-CQ st-dependencies, universal

solutions exist for every source instance (Fagin, Kolaitis, Miller, & Popa, 2005; Arenas
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et al., 2004). Moreover, st-mappings specified by FO-T0O-CQ st-dependencies are closed
under target homomorphisms (ten Cate & Kolaitis, 2009). That is, if M is an st-mapping
specified by a set FO-T0-CQ dependencies, (I,.J) € M and there is a homomorphism
from J to J', then (I, J') € M. With this last property it is straightforward to prove that
if M is an st-mapping specified by a set of FO-TO-CQ dependencies, then every universal
solution for I under M is a witness solution for [ under M. Thus, we obtain the following

important result regarding the existence of maximum recoveries.

THEOREM 3.1.9 (Arenas et al., 2008; Riveros, 2008). If M is an st-mapping specified

by a set of FO-T0-CQ st-dependencies, then M has a maximum recovery.

Notice that the previous result implies that every st-mapping specified by st-tgds has a

maximum recovery.

Comparison with previous notions

In this section we report some results on the comparison of maximum recoveries and
the previous notions of Fagin-inverse and quasi-inverse (see Section 2.5 for the formaliza-

tion of Fagin-inverses and quasi-inverses).

Recall that a mapping M is total if dom(M) is the set of all source instances. The
definitions of Fagin-inverse and quasi-inverse are only appropriate for total mappings,
since if a mapping M is not total, then M is neither Fagin-invertible nor quasi-invertible.
Moreover, the definitions of Fagin-inverse and quasi-inverse are appropriate for closed-
down on the left mappings (see Section 2.5). In fact, some counterintuitive results are
obtained if one removes this restriction. For example, let S = {P(-)}, T = {R(-)}
and M be a mapping from S to T specified by dependency Vz (P(z) < R(x)). In
this case, mapping M’ specified by Vz (R(z) < P(x)) is an ideal inverse of M since
MoM' =1d ={(I,I) | I € Inst(S)}. However, M’ is neither a Fagin-inverse nor a

quasi-inverse of M (although it is a maximum recovery of M).

From the discussion in the previous paragraph, to compare the notions of maximum re-

covery, Fagin-inverse and quasi-inverse, we need to focus on the class of total st-mappings
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that are closed-down on the left. This class includes, for example, the st-mappings speci-
fied by UCQ7-T0-CQ st-dependencies. The following result establishes the relationship
between Fagin-inverses, quasi-inverses and maximum recoveries. The proof can be found

in (Riveros, 2008; Arenas, Pérez, & Riveros, 2009).

THEOREM 3.1.10 (Arenas et al., 2008; Riveros, 2008).

(1) Let M be a total st-mapping that is closed-down on the left, and assume that
M is Fagin-invertible. Then M’ is a Fagin-inverse of M iff M’ is a maximum
recovery of M.

(2) Let M be a total st-mapping that is closed-down on the left, and assume that M
is quasi-invertible. Then M has a maximum recovery and, furthermore, M’ is a

maximum recovery of M iff M is a quasi-inverse and a recovery of M.

It was shown in (Fagin, Kolaitis, Popa, & Tan, 2008) that there are mappings speci-
fied by st-tgds (even by full st-tgds) that has no quasi-inverse. Thus, the notion of max-
imum recovery has a clear advantage over quasi-inverses as a relaxation of the notion of
Fagin-inverse, since maximum recoveries coincide with Fagin-inverses for Fagin-invertible

mappings, and every mappings specified by st-tgds has a maximum recovery.

Example 3.1.11. Fagin, Kolaitis, Popa, and Tan (2008) showed that the schema mapping

M specified by full st-tgd E(x, z) AE(z,y) — F(x,y)A\M/(z) has neither a quasi-inverse

nor a Fagin-inverse. It is possible to show that the schema mapping M’ specified by:
F(z,y) — Ju(E(x,u) AN E(u,y)),

M(z) — Fodw(E(v,z) A E(z,w)),

is a maximum recovery of M. O

3.1.2. Comparison with inverses for the extended solutions semantics

Fagin et al. (2009) made the observation that almost all the literature about data ex-

change and, in particular, the literature about inverses of schema mappings, assume that
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source instances do not have null values. Although our definition of recovery and max-
imum recovery do not need this assumption, most of our results regarding inverses are
proved for the case of st-mappings, that is, mappings in which the source instances contain
only constant values while target instances may contain constant and null values. Fagin et
al. (2009) go a step further and propose new refined notions for inverting mappings that
consider nulls in the source. In particular, they propose the notions of extended inverse,
and of extended recovery and maximum extended recovery. In this section, we review the
definitions of the latter two notions and compare them with the previously proposed notions

of recovery and maximum recovery.

The first observation to make is that since null values are intended to represent missing
or unknown information, they should not be treated naively as constants (Imielinski &
Lipski, 1984). In fact, as shown by Fagin et al. (2009), if one treats nulls in that way, the

existence of a maximum recovery for mappings given by st-tgds is no longer guaranteed.

Example 3.1.12. Consider a source schema {S(-,-)} where instances may contain null
values, and let M be a mapping specified by st-tgd S(z,y) — =z (T(x,2) A T(z,y)).
Then M has no maximum recovery if one considers a naive semantics where null elements

are used as constants in the source (Fagin et al., 2009). [

Since nulls should not be treated naively when exchanging data, Fagin et al. (2009)
proposed a new way to deal with null values. Intuitively, the idea is to close mappings under
homomorphisms. This idea is supported by the fact that nulls are intended to represent
unknown data, thus, it should be possible to replace them by arbitrary values. Formaly, the

authors introduce the following concept.

DEFINITION 3.1.13 (Fagin et al., 2009). Let M be a mapping. The homomorphic
extension of M, denoted by e(M), is the mapping

e(M)={(I,J)| 3", J) : (I',J) € M and there exist

homomorphisms from I to I' and from J' to J}.
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The idea is that for a mapping M that has nulls in source and target instances, one
does not have to consider M but (M) as the mapping to deal with for exchanging data
and computing mapping operators since e(M) treats nulls in a meaningful way (Fagin et
al., 2009). The following result shows that with this new semantics one can avoid anomalies

as the one shown in Example 3.1.12.

THEOREM 3.1.14 (Fagin et al., 2009). For every mapping M specified by a set of

st-tgds and with nulls in source and target instances, e(M) has a maximum recovery.

As mentioned above, Fagin et al. (2009) go a step further by introducing new notions
of inverse for mappings that consider nulls in the source. More specifically, the authors

introduce the following definitions

DEFINITION 3.1.15 (Fagin et al., 2009). Let M be a mapping from R, to Ry. Mapping
M’ is an extended recovery of M if (I,1) € e(M) o e(M’), for every instance I of R;.
Then given an extended recovery M’ of M, the mapping M’ is a maximum extended
recovery of M. if for every extended recovery M" of M, it holds that e(M) o e(M') C
e(M) oe(M").

At a first glance, one may think that the notions of maximum recovery and maximum
extended recovery are incomparable. Nevertheless, the next result shows that there is a
tight connection between these two notions. In particular, it shows that the notion proposed
by Fagin et al. (2009) can be defined in terms of our notion of maximum recovery. In the
theorem we focus on mappings M from R, to R, such that e(M) is a total mapping, that
is, dom(e(M)) = Inst(R;). Notice that the notion of extended recovery of a mapping
M from R; to Ry is defined only for the case when in which e(M) is total, since if there
exists an instance / of R, such that I ¢ dom(e(M)), then for every mapping M’ we have
that (1, 1) ¢ e(M) o e(M’) and thus, M does not have an extended recovery.

THEOREM 3.1.16. Let M be a mapping such that e(M) is total. Then M has a

maximum extended recovery if and only if e(M) has a maximum recovery. Moreover, M’
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is a maximum extended recovery of M if and only if e(M') is a maximum recovery of

e(M).

PROOF. We first introduce some notation to simplify the exposition. Let /; and I be
instances of the same schema R with values in C U N. Recall that a homomorphism from
I, to I is a function h : dom([;) — dom(/3) such that, for every constant value a € C,
it holds that h(a) = a, and for every R € R and every tuple (ay,...,a;) € R, it holds

(h(ay),...,h(ax)) € R™. Consider a binary relation — defined as follows:
— = {(/1, 1) | there exists a homomorphism from /; to I5}.

Fagin et al. (2009) introduced relation — to simplify the definition of the extended seman-

tics of a mapping. In fact, given a mapping M, we have that
e( /\/l) = —woMo—.

Notice that the relation — is idempotent, that is, it holds that (— o —) = —. In particular,

we have that

—oe(M) = eM), (3.1)
e(M)o— = e(M). (3.2)

Thus, if I3, I, J are instances such that (I;, ;) € — and ([, J) € e(M), then (I, J) €
e(M). Hence, if (I1,1,) € —, then it holds that Sol.r)(/2) € Sole(aq)(11). We use this
property in this proof.

Before proving the theorem, we make an additional observation. Let M be the map-
ping in the statement of the theorem. Recall that we are assuming that e(M) is a total
mapping, thus from Proposition 3.1.6 we have that M’ is a maximum recovery of e(M) if
and only if M’ is a recovery of e¢(M) and for every (11, I5) € e(M) o M/, it holds that
Solea) (12) € Sole(amy(11). We extensively use this property in this proof.

Now we are ready to prove the theorem. Let M be a mapping from a schema S to a

schema T', and assume that source instances are composed by null and constant values. We
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first show that e(M) has a maximum recovery if and only if M has a maximum extended

recovery.

We show now that if e(M) has a maximum recovery then M has a maximum extended
recovery. Thus, assume that ¢(MM) has a maximum recovery, and let M’ be a maximum
recovery of e(M). We show next that M’ is also a maximum extended recovery of M.
Since M’ is a recovery of e(M), we have that (I,1) € e(M) o M’ for every instance
I of S. Moreover, from (3.2) we have that e(M) o M’ = ¢(M) o — o M’ and, thus,
(I,I) € e(M) o — o M’ for every instance I of S. Thus, given that (I, ) € — for every
instance [ of S, we obtain that (/, /) € ¢(M) o — o M' 0 — = ¢(M) o e(M’) for every

instance I of S, which implies that e(M’) is a extended recovery of e(M).

Now, let M” be an extended recovery of M. Then, as above, we obtain that (1,1) €
e(M)oe(M”) for every instance I of S. Thus, we have that e(M”") is a recovery of e(M).
Recall that M’ is a maximum recovery of ¢(M) and, hence, we have that e(M) o M’ C
e(M)oe(M"), which implies that e(M)oM’'oc — C e(M)oe(M”) o —. Therefore, given
that e(M) = e(M) o — and e¢(M") o — = e¢(M”) by (3.2), we have that ¢(M) o —
o M o — Ce(M)oe(M”), which implies that e(M) o e(M') C e(M) o e(M”"). Thus,
we have shown that M’ is an extended recovery of M, and that for every other extended
recovery M” of M, it holds that e(M) o e(M’) C e(M) o e(M"), which implies that M’

is a maximum extended recovery of M, and thus, M has a maximum extended recovery.

We prove now the opposite direction, that is, we prove that if M has a maximum
extended recovery then e(M) has a maximum recovery. Thus, assume that M has a max-
imum extended recovery, and let M’ be a maximum extended recovery of M. Next we
show that e(M’) is a maximum recovery of e(M). Given that M’ is an extended recovery
of M, we have that (I,]) € e(M) o e(M’) for every instance [ of S, which implies that
e(M') is a recovery of e(M). Thus, by Proposition 3.1.6, to prove that e(M’) is a max-
imum recovery of e(M), it is enough to show that Sol(q)(Z2) € Solea)(11) for every
(I1,15) € e(M) o e(M’). Let (I1,15) € e(M) o e(M’). To prove that Soler)(f2) C
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Sole(my (1), we make use of the following mapping M* from T to S:

M* = {(J,I)|Iisaninstance of S and (I, J) ¢ e(M)} U

{(J,I)| (I, J) € e(M) and Soler)(I) € Soleagy(11)}-

We show first that M* is an extended recovery of M, that is, we show that for every
instance / of S, it holds that (/,/) € e(M) o e(M*). First, assume that Sol.x)(I) C
Sole(a)(£1), and consider an arbitrary instance J* such that (I, J*) € e(M). Notice that
(I, J*) € e(M) since Solea) (1) € Soleagy(£1). Thus, we have that (J*,I) € M* and,
hence, (J*,I) € e(M*). Therefore, given that (I, J*) € e(M) and (J*,I) € e(M*), we
conclude that (1,1) € e(M) o e(M*). Second, assume that Sol.r) (1) € Solea)(11).
Then there exists an instance J* such that (I, J*) € e(M) and (I, J*) ¢ e(M). By
definition of M*, we have that (J*,I) € M* and, thus, (J*,I) € e(M*). Thus, we also
conclude that (I, ) € e(M) o e(M?*) in this case.

We are now ready to prove that for every ([1,15) € e(M) o e(M’), it holds that
Solea)(I2) € Soleaqy(11). Let (11, I5) € e(M) o e(M’). Given that M’ is a maximum
extended recovery of M and M* is an extended recovery of M, we have that e(M) o
e(M') C e(M) o e(M*) and, therefore, (I1,5) € e(M) o e(M*). Thus, given that
e(M) o e(M*) = e(M) o M*o — by (3.2), we conclude that there exist instances .J of
T and [} of S such that (I1,J) € e(M), (J,I}) € M* and (15, I,) € —. Hence, by
definition of M*, we have that Sol.rq)(15) € Solem (£1) (since (11, J) € e(M)). But we
also have that Sol.rq)(12) € Solea)(13) since (I3, 1) € —, and, therefore, we conclude

that Solc(aq)(I2) € Sole(a)(£1), which was to be shown.

Up to this point, we have shown that e(M) has a maximum recovery if and only if M

has a maximum extended recovery. In fact, from the preceding proof, we conclude that:

(a) if (M) has a maximum recovery M’, then M’ is a maximum extended recovery
of M, and
(b) if M has a maximum extended recovery M, then e(M’) is a maximum recovery

of e(M).
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Next we prove the second part of the theorem, that is, we prove that a mapping M’ is a
maximum extended recovery of M if and only if e(M) is a maximum recovery of e(M).
It should be noticed that the “only if” direction corresponds to property (b) above and,
thus, we only need to show that if e(M) is a maximum recovery of e(M), then M’ is a

maximum extended recovery of M.

Assume that e(M') is a maximum recovery of e(M). Then we have that e(M’) is
a recovery of e(M) and, thus, M’ is an extended recovery of M. Now let M” be an
extended recovery of M. Then we have that e(M") is a recovery of ¢(M) and, hence,
e(M)oe(M’) C e(M)oe(M”) since e(M’) is a maximum recovery of e(M ). Therefore,
we conclude that M’ is an extended recovery of M, and for every extended recovery M”
of M, it holds that (M) o e(M’) C e(M) o e(M”"), which means that M’ is a maximum

extended recovery of M. This completes the proof of the proposition. 0

It was proved by Fagin et al. (2009) that every mapping specified by a set of st-tgds and
considering nulls in the source has a maximum extended recovery. It should be noticed that
this result is also implied by Theorems 3.1.14 and 3.1.16. Finally, another conclusion that
can be drawn from the above result is that all the machinery presented in this section for
the notion of maximum recovery, in particular, Proposition 3.1.6 and Theorem 3.1.8, can
be applied over maximum extended recoveries, and the extended semantics for mappings,

thus giving a new insight about inverses of mappings with null values in the source.

3.2. An Application of Maximum Recoveries: Schema Evolution

One of the main reasons for the study of the issues of composing and inverting schema
mappings is to solve the schema evolution problem (Bernstein, 2003; Bernstein & Melnik,
2007; Kolaitis, 2005; Fagin et al., 2011). Two main scenarios have been identified for this
problem, which are shown in Figure 3.1. In scenario (a), a mapping M from a schema S to
a schema T has already been constructed, and it has been decided that target schema T will
be replaced by a new schema U. In particular, the relationship between schemas T and U

has been given through a mapping M’. The schema evolution problem is then to provide a
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(a) (b
FIGURE 3.1. The schema evolution problem.

mapping from S to U, considering the metadata provided by M and M’. As pointed out
by Kolaitis (2005), the process of constructing a schema mapping is time consuming and,
thus, one would like to solve the schema evolution problem by automatically reusing the
metadata that is given. In scenario (a), it is possible to do this by using the composition op-
erator (Fagin, Kolaitis, Popa, & Tan, 2005; Kolaitis, 2005); the mapping M o M’ correctly

represents the relationship between schemas S and U.

Scenario (b) in Figure 3.1 is similar to scenario (a), but in this case it has been decided
to replace source schema S by U. As in (a), the relationship between S and U is given
by a mapping, that is again called M’. The natural question at this point is whether a
combination of mappings M and M’ could be used to provide the right mapping, or at
least a good mapping, from U to T according to the metadata provided by M and M’. It
has been argued that the combination of the inverse and composition operators can be used
for this purpose, and the mapping inv(M’) o M has been proposed as a solution for the
schema evolution problem (Fagin, 2007), where inv(M’) represents an inverse of mapping
M. But, unfortunately, it has not been formally studied to what extend inv(M’) o M is the
right solution for the schema evolution problem. In this section, we address this issue for
the common case of mappings given by st-tgds, and show that if inv(M’) is the maximum
recovery of M, then inv(M’) o M is the best solution in a precise sense for the schema

evolution problem.

For the rest of this section, let S be a source schema, T, U target schemas, M =
(S,T,>) and M’ = (S,U,Y’), where ¥ and ¥’ are sets of st-tgds. If M* is a mapping

from U to T, what properties should it satisfy in order to be considered a good solution

39



for the schema evolution problem? Or, in other words, what properties should M™* satisfy
to be considered a good representation of the metadata provide by M and M’? Assume
that [ is an instance of S, and let .J be a solution for I under M’. If J properly represents
the information in /, then one would consider M* a good representation of the metadata
provided by M and M’ if the space of solutions for / under M is the same as the space
of solutions for .J under M*, that is, Soly(I) = Solp«(J). Or, at least, one would expect
that none of the instances in Sol () is ruled out by M* when mapping data from .J, that
is, Soly (1) C Solp+(J). In this section, we use this simple criterion to compare different

solutions for the schema evolution problem.

To formalize the criterion described above, for every instance [ of S, we first need
to choose a particular solution J under M’. A natural candidate for this is the canonical
universal solution chasesy (/) which has been identified in the database literature as a so-
lution with several desirable properties (Fagin, Kolaitis, Miller, & Popa, 2005). Thus, the
criterion mentioned above is formalized as follows: A mapping M* from U to T is said to
be a solution for the schema evolution problem for M and M if for every instance [ of S,

it holds that:
Solp(I) € Solpay«(chasesy(1)).

The previous criterion also suggests a way to compare alternative solutions for the schema
evolution problem; the closer the space of solutions Sol v+ (chaseyy (1)) is to Soly (1) the
better is M* as a solution for the schema evolution problem. In the following proposition,
we show that under this criterion, the notion of maximum recovery can be used to obtain

the best solution for the schema evolution problem.

PROPOSITION 3.2.1. Let S be a source schema, T, U target schemas, M = (S, T, )

and M' = (S,U,Y), where ¥ and ¥’ are sets of st-tgds. Then there exists a maximum
recovery N of M' such that:

(1) N o M is a solution for the schema evolution problem for M and M', and
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(2) for every solution M* for the schema evolution problem for M and M', and for

every instance I of S, it holds that:
Solyonm(chasesy (1)) € Solp«(chasesy(1)).

PROOF. Let N' = {(chasesy/(I),I) | I € Inst(S)}. It is straightforward to see that \/
is a recovery of M’. Moreover, given that dom(M’) = S, we have that N is a reduced
recovery of M’. Assume that (11, ;) € M’ o N. Thus, we have that chases/(I) €
Solry (I1). Now, we know that chasesy (15) is a universal solution for I, under M’ (Fagin,
Kolaitis, Miller, & Popa, 2005; Arenas et al., 2004). Moreover, since M’ is specified by st-
tgds we know that M’ is closed under target homomorphisms. From these two properties
and the fact that chasey/(l3) € Solay (1), we obtain that for every J € Solyy (o) it
holds that J € Solay(I7). We have shown that for every (11, I5) € M’ o N we have that
Solyy(I3) € Sol (1) which by Proposition 3.1.6 implies that NV is a maximum recovery

of M. Next we show that \ satisfies the two conditions of the proposition.

(1) For every instance I of S, we have that (chaseysy (), ) € N and, thus, we conclude
that Soly(I) C Solpyoa(chasesy(I)). Thus, we have that A/ o M is a solution for the

schema evolution problem for M and M.

(2) Let M* be a solution for the schema evolution problem for M and M’, and [ an

instance of S. We need to show that Solyoa(chasesy (1)) € Sola (chasesy(1)).

Assume that J € Solyoa(chasesy(I)). Then there exists an instance I’ of S such
that (chasesy(I),I') € N and (I’,J) € M. Given that M* is a solution for the schema
evolution problem for M and M’, we have that Soly(I") C Sola(chases/(I’)) and,
hence, J € Soly-(chasesy(I')). But, by definition of A/, we have that chases, (I') =
chaseysy (I) since (chaseyy (1), I') € N. Thus, we have that J € Sola-(chasesy(I)). This

concludes the proof of the proposition. 0J

Notice that an ideal solution for the schema evolution problem for mappings M and
M’ is a mapping M* such that Sol (1) = Sol(chases/ (1)), for every source instance

I. The following corollary of Proposition 3.2.1 shows that if such a solution exists, then
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one can focus on the solutions constructed by using maximum recoveries in order to find

an ideal solution.

COROLLARY 3.2.2. Let S be a source schema, T, U target schemas, M = (S, T, X)
and M' = (S,U, %), with %, 3 sets of st-tgds. If there exists an ideal solution for the
schema evolution problem for M and M, then there exists a maximum recovery N of M’

such that N o M is an ideal solution for the schema evolution problem for M and M.

From Proposition 3.2.1 and the previous corollary, we conclude that the combination
of the maximum recovery and the composition operator is appropriate to provide a solution
for the schema evolution problem shown in Figure 3.1 (b). We also note that maximum
recovery can be replaced neither by Fagin-inverse nor by quasi-inverse in Proposition 3.2.1,
as it is known that even for full st-tgds, Fagin-inverses and quasi-inverses are not guaranteed

to exist (Fagin, 2007; Fagin, Kolaitis, Popa, & Tan, 2008).

3.3. Computing Maximum Recoveries

Up to this point we know that every st-mapping specified by a set of FO-T0-CQ dependen-
cies has a maximum recovery, but we have not said anything about the language needed to
express it. In this section, we show that every st-mapping specified by a set of FO-T0O-CQ
dependencies has a maximum recovery specified by a set of CQ€-T0-FO dependencies.
In fact, we provide an algorithm that computes maximum recoveries for st-mappings spec-
ified by FO-TO-CQ dependencies. Our algorithm runs in exponential time when mappings
are given by sets of FO-TO-CQ dependencies, and can be adapted to run in quadratic time

when the input is a mapping specified by a set of full FO-T0-CQ dependencies.

Before presenting our algorithm we introduce some basic terminology, and we also

present some results that are important in the formulation of the algorithm

Our algorithm is based on query rewriting. Let M = (S, T, ¥) be an st-mapping such
that X is a set of FO-TO-CQ dependencies, and let () be a query over schema T. Recall

that a (' is said to be a rewriting of () over the source if )’ is a query over S such that
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for every I € Inst(S), it holds that Q)’'(I) = certainy (@, I). That is, to obtain the set
of certain answers of () over I under M, we just have to evaluate its rewriting )’ over

instance I (see Section 2.4).

The computation of a rewriting of a conjunctive query is a basic step in the algorithm
presented in this section. This problem has been extensively studied in the database area
(Levy, Mendelzon, Sagiv, & Srivastava, 1995; Abiteboul & Duschka, 1998) and, in partic-
ular, in the data integration context (Halevy, 2000, 2001; Lenzerini, 2002). In particular,
the class of CQ-T0O-CQ dependencies corresponds to the class of GLAV mappings in the
data integration context (Lenzerini, 2002), and, as such, the techniques developed to solved

the query rewriting problem for GLAV mappings can be reused in our context.

For the sake of completeness, in this dissertation we present an exponential-time al-
gorithm that given a mapping M specified by a set of FO-TO-CQ st-dependencies and a
conjunctive query () over the target schema, produces a rewriting of () over the source of
M. This algorithm is presented in Appendix A. For computing maximum recoveries we

only need the following lemma (the proof of the lemma can be found in Appendix A.1.1).

LEMMA 3.3.1. There exists an algorithm QUERYREWRITING that given an st-mapping
M = (S, T, %), with ¥ a set of FO-10-CQ dependencies, and a conjunctive query @) over
schema T, computes a domain-independent FO query ()’ that is a rewriting of () over the
source. The algorithm runs in exponential time and its output is of exponential size in the

size of X2 and Q).

Another notion that would be used in the proof of correctness of our algorithm for
computing maximum recoveries is the notion of chase that we introduced in Section 2.4.
3.3.1. Computing maximum recoveries in the general case

In this section, we propose an algorithm that given a mapping M specified by a set of

FO-10-CQ dependencies, returns a maximum recovery of M.

It is known that the simple process of “reversing the arrows” of source-to-target de-

pendencies does not necessarily produce inverses as conclusions of different dependencies
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may be related (Fagin, 2007); a conclusion of a dependency may be implied by the conclu-
sions of other dependencies. The algorithm presented in this section first searches for these
relations among conclusions of dependencies, and then suitably composes the premises
of related dependencies and “reverses the arrows” to obtain a maximum recovery. Let us

give some intuition with an example. Consider a mapping M specified by the FO-T0O-CQ

dependencies:
o1(x1,22) — Fu(P(x1,v) A R(v, 22)), (3.3)
<p2(y1,y2) - P(y17y2)7 (3.4)
@3(217 2'2) - R(Zh 2’2)7 (3.5)

where 1, o, and 3 are arbitrary FO formulas with two free variables. In this case,
the conjunction of the conclusions of (3.4) and (3.5) implies the conclusion of (3.3) when
Yo 18 equal to z; and both are existentially quantified. The idea behind the algorithm is
to make explicit these types of relationships. For instance, we could replace (3.3) by the

dependency:

o1(ur, uz) vV FyaTzr (pa(ur, y2) A ps(z1,u2) Ay = 21) —

Fu(P(uy,v) A R(v,uz)). (3.6)

It can be proved that the set of dependencies obtained by replacing formula (3.3)
by (3.6) is logically equivalent to the initial set of dependencies. After making explicit
these types of relationships between dependencies, the algorithm “reverses the arrows” to
obtain a maximum recovery. When “reversing the arrows”, we also need to impose an ad-
ditional constraint. In the above example, given that (3.3) is a non-full dependency, when
reversing (3.4) the algorithm needs to force variable ys in P(y;, y2) to take values only from
the set C, that is, we have to use dependency P(y1,v2) A C(y2) — 2(y1,y2) instead of
P(y1,y2) — ¢2(y1,y2). This is because, given a source instance [ such that I = ¢1(a,b),
dependency (3.3) could be satisfied by including a tuple of the form P(a,n) in a target

44



instance, where n € N, and value n should not be passed to a source instance by a re-
covery (see Theorem 3.3.4 for a formal justification for the use of predicate C(-)). In fact,
as a safety condition, the algorithm presented in this section uses predicate C(-) over each
variable that passes values from the target to the source. Summing up, the following set of

dependencies defines a maximum recovery of the mapping M above:

P(y1,y2) NC(y1) ANCly2) —  w2(y1,42),
R(z1,22) NC(21) NC(z2) — ¢3(21, 22),
Fu(P(u1,v) A R(v,uz)) A C(ur) A Cluz) —  ¢1(u1,u2) V

Fy23z1 (p2(ur, y2) A @3(z1,u2) Aya = 21).

The following algorithm uses a query rewriting procedure to find the types of relation-

ships between dependencies described above. In fact, in the above example, the formula:

e1(ur, uz) V JyoTzr (@2(ur, y2) A sz, u2) Ayo = 21), (3.7)

that appears as the premise of (3.6), makes explicit the relationship between the conclusion
Ju(P(u1,v) AR(v,us2)) of FO-TO-CQ dependency (3.3) and dependencies (3.3), (3.4) and
(3.5). But not only that, it can be shown that (3.7) is a rewriting of Jv(P(u1,v) A R(v,us))

over the source schema (according to dependencies (3.3), (3.4) and (3.5)).

In the algorithm, if z = (xy, ..., z}), then C(Z) is a shorthand for C(z1)A- - - AC(xy).

Algorithm MAXIMUMRECOVERY (M)

Input: An st-mapping M = (S, T, X), where ¥ is a set of FO-T0O-CQ dependencies.
Output: A ts-mapping M’ = (T, S,Y’), where X' is a set of CQ®-T0-FO dependencies

and M’ is a maximum recovery of M.

(1) Start with ¥ as the empty set.

(2) For every dependency o € 3 of the form ¢(z) — 3y (Z, y), do the following:
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(a) Let @ be the conjunctive query defined by 3y (z, 7).
(b) Use QUERYREWRITING(M, Q) to compute an FO formula «(Z) that is a
rewriting of 3y (z, y) over the source.
(c¢) Add dependency 3y (z,y) A C(Z) — «(Z) to X'.
(3) Return M’ = (T, S, ). [

THEOREM 3.3.2. Let M = (S, T, X)) be an st-mapping, where ¥. is a set of FO-TO-CQ
dependencies. Then MAXIMUMRECOVERY (M) computes a maximum recovery of M in

exponential time in the size of ¥, which is specified by a set of CQC-T0-FO dependencies.

PROOF. From Lemma 3.3.1, it is straightforward to conclude that the algorithm runs in
exponential time. Assume that M" = (T, S, ¥') is the output of MAXIMUMRECOVERY (M).
We first show that M’ is a recovery of M, that is, we show that for every instance [ of S,

it holds that (1,1) € M o M'.

We show now that (chasex(/),/) € M’ and, thus, since (/,chasex(l)) € M, we
obtain that (/,I) € Mo M'. Let ¢’ € ¥, we need to show that (chasex(/),I) | o'
Assume that ¢ is of the form 3y (z, y) AC(Z) — «(Z), and that a is a tuple of values such
that chasex (/) = Jyv(a,y) A C(a). We have to show that / |= «(a). Now, consider the
conjunctive query (), defined by formula 3y (z, y). Since C(a) holds and chasex,(I) =
dyy(a,y), we obtain that a € () (chasex(/)),. Thus, by the properties of the chase, we
know that a € certainy(Qy, ). Consider now the query (), defined by formula a (7).
By the definition of MAXIMUMRECOVERY, we know that (), is a rewriting of (),, over
schema S, and then certainy(Qy, ) = Qq(I). Thus, we have that a € @, (I), and then
I = a(a) which was to be shown.

To complete the proof, we show that if (I;,1;) € M o M, then O & Soly(l2) C
Solp(I7). Thus, by Proposition 3.1.6 and since M’ is a recovery of M, we obtain that
M’ is a maximum recovery of M. Let (I;,l5) € M o M’, and J* an instance of T

such that (I, J*) € M and (J*, I,) € M’. Notice first that dom(M) = Inst(S), and
then ) & Solx(I3). Therefore, we only have to prove that Soly(I2) C Solny(I7). Let
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J € Solpm (1), we need to show that J € Soly([1). Let o € ¥ be a dependency of the
form ¢(z) — 3y (z,y), and assume that I; | ¢(a) for some tuple a of constant values.
We show next that J = 3y (a, y). Since I; = p(a) we know that for every J' € Soly (1),
it holds that J' |= 3y1(a, y). In particular, it holds that J* |= Jy1(a, y). By the definition
of the algorithm, we know that there exists a dependency 3yi)(z,y) A C(Z) — «a(z) in ¥,
such that () is a rewriting of 3y (z, y) over S. Then since J* |= Jyi(a, y), a is a tuple
of constant values, and (J*, I5) = ¥/, we know that I, = a(a). Now consider the queries
Q)y and (), defined by formulas 3y (Z,y) and a(Z), respectively. Since I, = a(a), we
know that @ € (), (/). Furthermore, we know that (), (/3) = certainp(Qy, I2), and then
a € certainy(Qy, I2). In particular, since J € Soly(/2), we know that a € @Qy(J), from
which we conclude that J |= Jyi)(a, y). We have shown that for every o € ¥ of the form
o(z) — 3y (z,y),if I, = p(a) for some tuple a, then J |= Iyi)(a, y). Thus, we have that
(I, J) = X and therefore J € Soly(/;). This concludes the proof of the theorem. O

From Theorem 3.1.10, we have that if Y is a Fagin-invertible (quasi-invertible) set of
st-tgds, then MAXIMUMRECOVERY computes a Fagin-inverse (quasi-inverse) of .. Fa-
gin, Kolaitis, Popa, and Tan (2008), proposed algorithms for computing Fagin-inverses and
quasi-inverses for the case of mappings given by st-tgds. It is important to notice that our
algorithm works not only for st-tgds but also for the larger class of FO-T0O-CQ dependen-
cies. For the latter class, it is not clear how to extend the algorithms from (Fagin, Kolaitis,
Popa, & Tan, 2008) to produce Fagin-inverses and quasi-inverses, as the notion of genera-
tor used in these algorithms (Fagin, Kolaitis, Popa, & Tan, 2008, Definition 4.2) becomes
undecidable for FO-TO-CQ dependencies.

The next lemma shows that when the input of algorithm MAXIMUMRECOVERY is
a mapping M specified by a set of st-tgds, then its output is a maximum recovery of
M specified by a set of CQ€-T0-UCQ™ dependencies. The proof of the lemma follows

directly from the proof of Lemma 3.3.1.
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LEMMA 3.3.3. Let M = (S, T,X) be an st-mapping such that 3. is a set of st-tgds,
and ) a conjunctive query over schema T. Then algorithm QUERYREWRITING(M, Q) in

Lemma 3.3.1 has as output a query Q" in UCQ~ that is a rewriting of () over the source.

Thus, if the input of our algorithm is a mapping given by a set X of st-tgds, it computes

a maximum recovery given by a set ¥ of CQ®-10-UCQ~ dependencies.

3.3.2. Justification for the output of the algorithm

In this section we prove provide justification for both the size of the output of algo-
rithm MAXIMUMRECOVERY and the mapping language used when the input is a set of
st-tgds. More precisely, we have shown that when the input mapping M is specified by
a set of st-tgds, algorithm MAXIMUMRECOVERY produces as output a mapping specified
by CQ€-10-UCQ™ dependencies that is of size exponential with respect to the size of the
input mapping. We show in this section that the output of the algorithm is optimal in the
sense that the language used in the output of MAXIMUMRECOVERY is, in a precise sense,
minimal for expressing maximum recoveries of st-tgds, and that the exponential blow-up

in the size of the output cannot be avoided.

We show first that the three distinctive features of the language of CQ®-10-UCQ™
dependencies, namely, predicate C(-) in the premises, disjunctions in the conclusions, and
equalities in the conclusions, are needed to specify maximum recoveries of mappings given

by st-tgds.
Necessity of predicate C(-)

A first question about the output of MAXIMUMRECOVERY is whether predicate C(-) is
really needed. Fagin, Kolaitis, Popa, and Tan (2008) proved that C(-) is needed when com-
puting quasi-inverses of st-mappings specified by st-tgds, if quasi-inverses are expressed
using st-tgds with inequalities in the premises and disjunction in the conclusions. Here we
show that C(-) is needed when computing maximum recoveries for st-mappings specified

by st-tgds, even if we allow the full power of FO to express maximum recoveries.
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THEOREM 3.3.4. There exists an st-mapping M = (S, T, X) specified by a set ¥ of
st-tgds that has no maximum recovery specified by a set of FO-sentences over S U T not

using predicate C(-).

PROOF. Let S = {P(-),R(:)}, T = {T(-)} and X be the following set of st-tgds:

P(r) — JyT(y),

R(x) — T(x).

Assume that M’ is a recovery of M that is specified by a set of FO-sentences over S U T.

Next we show that M’ is not a maximum recovery of M.

On the contrary, assume that M’ is a maximum recovery of M. Let I be an instance
of S such that P! = {a} and R! = (), where a is an arbitrary element of C. Since M’ is a
recovery of M, there exists an instance J of T such that (/,.J) € M and (J,I) € M'. We

consider two cases.

o First, assume that J mentions an element b € C, that is not necessarily distinct
from a. Then we have that (I’,J) € M, where I’ is an instance of S such
that P = () and R" = {b}. Thus, given that (J,I) € M'’, we have that
(I',I) € M o M’, which implies that ) & Solx,(I) € Solx(I") by Proposition
3.1.6. Let J' be an instance of T defined as 7" = {n}, where n is an arbitrary
element of N. We have that (/,.J’) € M and (', J") ¢ M, which contradicts
the fact that Solx (1) C Soly(1').

e Second, assume that J does not mention any element from C. Assume that
dom(J) = {nq,...,nx}, and let f be a function defined as f(n;) = b;, where
each b; is an element of C that is distinct from @ and b; # b; for ¢ # j. Let J* be
the target instance that results from replacing every value n; by b;. It is easy to
see that (1, J*) € M. Let g be a function with domain {a, ny,...,ns} defined

as g(a) = a and g(n;) = f(n;). We have that ¢ is an isomorphism from (.J, I)
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to (J*,I) when we consider these instances as structures over S U T!. Thus,
given that M’ is specified by a set of FO-sentences over SUT, we conclude that
(J*,I) € M. Therefore, there exists an instance .J* of T such that (1, J*) € M,
(J*,1) € M’ and J* mentions elements of C. This leads to a contradiction, as

we show in the previous case. This concludes the proof of the theorem.

As a corollary we obtain our desired result.

COROLLARY 3.3.5. There exists an st-mapping M = (S,T, X)) specified by a set 3. of

st-tgds that has no maximum recovery specified by a set of CQ-TO-UCQ™ dependencies.

Necessity of disjunctions

The following result shows that disjunctions in the conclusion of dependencies are

strictly needed to specify maximum recoveries of mappings given by st-tgds.

THEOREM 3.3.6. There exists an st-mapping M = (S, T,X) specified by a set of

st-tgds that has no maximum recovery specified by a set of CQ€-10-CQ~ dependencies.
PROOF. Let S = {A(-), B(:)}, T = {P(-)} and X be the following set of st-tgds:

A(z) — P(x),

B(z) — P(x).

To obtain a contradiction assume that M’ is a maximum recovery of M that is specified
by a set ¥’ of CQ€-T0-CQ~ dependencies. We first make a simple observation about the
equalities in X'. Every dependency in ¥’ is of the form ¢(z) — Jy((Z,y) A 6(Z, 7)),
where ¢(Z) is a query in CQ€ over T, ¢(Z, ) is a conjunction of relational atoms over S,
and 0(z,y) is a conjunction of equalities over variables in (Z, 7). It is not difficult to see
that we can assume that the equalities in (Z, y) are all of the form z = x’ with x and 2’
Notice that if we consider (J, I) and (J*, I) as structures over SUT U{C(-)}, then g is not an isomorphism

from (J,I) to (J*, I).
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variables in Z. To see this, notice that an equality of the form y = 3’ with y and ¢’ variables
in g can be eliminated by replacing every occurrence of y in 1 (Z,y) by v'. Similarly, an
equality of the form x = y with z a variable in Z and y a variable in ¢ can be eliminated
by replacing every occurrence of y in ¢(z,y) by z. Thus, from now on we assume that
dependencies in Y’ are of the form p(z) — 3y (z,y) A 0(x), with §(Z) a conjuntion of

equalities over the variables in 7.

To continue with the proof, let a be an element in C and consider the instance /; of
S such that A" = {a} and B"* = (), and the instance I, of S such that A> = () and
B2 = {a}. Let J be the instance of T such that P/ = {a}.

We show now that Solyion (I1) = Solye(J). Since J € Soly (1) then it is straight-
forward that Soly¢(J) C Solaporr(11). To show the opposite containment, let K €
Solporr(I1). Then there exists an instance J' € Solp(1;) such that K € Soly(J').
We prove now that K € Solxy (/). First notice that by the construction of M and 3 it
holds that J C J'. Now, let o be a dependency of the form ¢(z) — Iy(z,y) A 0(Z)
in ¥'. We need to prove that (J, K) = o. Thus, assume that J = ¢(a) for some tuple
a. Since dom(J) = {a} we have that all the values in a are equal to a, and thus, 6(a)
holds. Now, since J C .J, the formula ¢(Z) is in CQC and a is a tuple of elements in C,
we have that J' = ¢(a). From the fact that (J', K) = o we have that K |= 3y (a,y).
Thus we obtain that if J = ¢(a) then #(a) holds and K = 3y (a,y), which implies
that (J, K) = 0. We have shown that (J, K') |= o for every o € ¥’ which implies that
K € Solpy(J). This concludes the proof that Solyope (1) € Solyy(J). Similarly as we
proved that Solys (J) = Solpoar (11), it can be proved that Solas (J) = Solpopr (I2).

Now, since M’ is a recovery of M we know that I; € Solyore (I1) and Is € Solponr (12),
which implies that I;, I, € Solpy(J). Let o be a dependency in ¥’ of the form p(z) —
Jiab(z, ) AO(). It is not difficult to see that since (z) is a query in CQ® over the schema
{P(-)} and J only contains the fact P(a) with a € C, then .J |= ¢(a) where a is a tuple
of values a. Moreover, since [; belongs to Solx (), we have that I; = Jyi(a, y) which,

since Bt = (), implies that (@, 7) does not mention the relational symbol B(-). On the
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other hand, since I, € Solyy(J) we have that I, = 3y1(a, ) which cannot be the case
since 1)(a, i) does not mention the relational symbol B(-) and B2 = {a} # (. This is our

desired contradiction. ]

Necessity of equalities

The necessity of equalities follows directly from a result by Fagin, Kolaitis, Popa, and
Tan (2008). Fagin, Kolaitis, Popa, and Tan (2008, Theorem 4.15) proved that there exists a
mapping specified by st-tgds that is Fagin-invertible but that does not have a Fagin-inverse
specified by a set of CQ€-10-UCQ dependencies. Thus from Theorem 3.1.10 we directly

obtain the following.

COROLLARY 3.3.7. There exists an st-mapping M = (S,T,Y) specified by a set of

st-tgds that has no maximum recovery specified by a set of CQ€-10-UCQ dependencies.

The size of the output

Notice that in general, the set X' computed by our algorithm could be of exponential
size in the size of Y even if X is a set of st-tgds. The following result shows that this

exponential blow-up could not be avoided.

THEOREM 3.3.8. There exists a family of st-mappings {M,, = (S,, Tpn, )} n>1,
such that ¥, is a set of st-tgds of size linear in n, and every set ¥’ of CQ€-T0-UCQ™

ts-dependencies that specifies a maximum recovery of M., is of size Q(2").
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PROOF. Let S,, = {R(-), A1(:), B1(*),..., A.(*), Bo()}, T, = {Pi(5),..., Pu(-)}s
and X2, the set of st-tgds:

R(x) — Jy(Pi(y) A--- A Pu(y)),

An((L’) - Pn(ZE),

B.(x) — P,(z).

Let M,, = (S,,T,,%,) and assume that M’ = (T,,,S,,,%’) is a maximum recovery of
M,,, where ¥/ is a set of CQ®-T0-UCQ™ ts-dependencies. We first prove some facts
about >'. Through the proof, we let a be a fixed element in C, and Iy a source instance
such that R’ = {a} and A/® = B/® = () forevery i € {1,...,n}. Since M’ is a recovery
of M,,, we have that (Ig, Ig) € M, o M’. Thus, there exists an instance J* such that
(Ir,J*) |E X, and (J*, Ig) = ¥'. We show first that the domain of J* is composed only
by null values. On the contrary, assume that there exists a constant element b € C such
that b € dom(J*). Then it holds that b € P/" for some k € {1,...,n}. Consider a
source instance I’ such that Al = B' = {b}, R" = (), and Al = BI" = {) for every
i € {1,...,n} with i # k. The target instance .J' where P;" = {b} and P/’ = () for every
i€ {l,...,n} with i # k, is such that (I’, J') € M,,. Notice that J' C J*. Now since ¥,
is a set of st-tgds, we know that M,, is closed-up on the right, obtaining that (I, J*) € M,,.
Thus, given that (J*, Ir) € M’ we have that (I, Ig) € M,, o M'. This last fact contradicts

Proposition 3.1.6 since M’ is a maximum recovery of M,, and Solp,, (Ig) € Soln, (I').

We claim now that it must exist a dependency o € ¥’ such that J* satisfies the premise
of o. Assume that this is not the case. Then since X is a set of CQ€-T0-UCQ~ formulas,
it would be the case that (J*, [y) = X', where [ is the empty source instance. Thus, we

have that (Ig, I) € M, o M’ which, by Proposition 3.1.6, contradicts the fact that M’
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is a maximum recovery of M,, since Sols, (Ip) € Soln, (Ir). Assume now that o is a
dependency in >’ whose premise is satisfied by J*. We show next that the premise and the
conclusion of o must be Boolean formulas. On the contrary, assume that o is of the form
©(Z) — (), where T is a tuple of m variables with m > 0. Since we are assuming that
J* satisfies the premise of o, there exists an m-tuple b such that J* = ((b). We know
that (z) is a domain independent formula, then it holds that every component of b is in
dom(J*). We have shown before that dom(.J*) is composed only by nulls and, thus, every
component of b is a null value. Now, since (J*, Iz) = o and J* |= o(b), it must be the case
that I |= +(b). We also know that /() is domain independent, then every component of
b must be in dom(/z), which leads to a contradiction since dom(/z) = {a} and a € C.
In the rest of the proof, we let 3" C ¥’ to be the set of all the dependencies o of the form
© — 1 such that J* = ¢, where ¢ and 1 are Boolean formulas. Notice that ¥.” = ().

We have the necessary ingredients to show that ¥’ is of size 2(2"). Consider for every
n-tuple d = (di, . ..,d,) € {0,1}", the set of source relation symbols S; = {U,(-), ..., U,(-)}
such that U; = A; if d; = 0 and U; = B; if d; = 1. We now show that for each of the
2" tuples d, there must exist a dependency o € X" of the form ¢ — 1 such that v/ has a
disjunct that mentions exactly the relation symbols in S;. This is enough to show that ¥’ is
of size (2"). Fix a tuple d and consider a source instance I; such that for every U € S,,,
if U € S;then Uli = {a}, otherwise Ula = (). Since M’ is a maximum recovery of M,,,
there exists a target instance .J; such that (13, J;) = X, and (Jz, [;) = ¥'. Let Jp be a tar-
get instance such that P/* = {a} forevery i € {1,... n}. Itis straightforward to see that
Jp C Jy. Itis also easy to see that, if 6 is a boolean query in CQ€ over T,,, then Jp = 6.
To see this just take a homomorphism A from the conjunctions of 6 to the facts in Jp such
that h(x) = a for every existential variable in 6, and note that C(h(x)) holds for every vari-
able since a € C. Thus, given that queries in CQC are monotone and Jp C J;, we have
that .J; |= 6 for every CQ€ boolean query 6 over T,,. In particular, we have that for every
p — 1 € X", it holds that J; = . Then it must hold that I; = 1) for every ¢ — ¢ € .
This last fact implies that for every ¢ — 1) € X’ there exists a formula « such that « is

one of the disjunctions of ¢ and I; = « (recall that ¢ is a query in UCQ7™). Let I be a set
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containing all such formulas «, that is,  is a formula in I' if and only if there exists a de-
pendency ¢ — 1 € X" such that « is a disjunction in ¢ and /; |= a.. Note thatevery a € I'
is a CQ™ Boolean query, and since I; = a, it could not be the case that &« mentions relation
symbols of S,, outside S;. We now show that one of the queries in I' mentions exactly the
relation symbols in S;. On the contrary, assume that for every a € T, it is the case that «
mentions a proper subset of the relation symbols of S;. Consider for every o € I a fresh
constant value c,, and a source instance I, such that for every U € S,,, we have U’> = {ca}
if the relation symbol U is mentioned in o, and U’> = () otherwise. It is clear that I, = «
for every a € I'. Let It = |J,r Lo Notice that for every a € T, it holds that It |= «.
Recall that for every ¢ — 1 € 3, there exists a formula o € T" such that « is one of the
disjunctions of ). Hence, we obtain that I = 1) for every ¢ — 1 € ¥”. We also know that
J* |= ¢ for every ¢ — 1) € ¥, obtaining that (J*, Ir) |= ¥". Notice that ¥ contains all
the dependencies of ¥’ such that J* satisfies their premises and, thus, (J*, It) = ¥’. Then
since (Ig, J*) E 3, and (J*, It) = Y/, we have that (I, It) € M,, o M’. We show now
that Soln, (Ir) € Solay, (Ir), which contradicts Proposition 3.1.6. Notice first that for
every target instance JJ € Sol, (/r), there exists an element ¢ € dom(.J) such that c € P/
forevery i € {1,...,n}. We prove that there exists an instance in Sol,, (Ir) that does not
satisfy this last property. Consider for every « € I the target instance J, = chasey, (1),
and let Jp = |, Ja- Itis easy to see that Jp € Sol, (Ir). Notice that since every a € T’
mentions a proper subset of the relation symbols of S, there exists an index i € {1,...,n}
such that A/* = B/* = (), and then there exists an index i € {1,...,n} such that P/~ = ().
Moreover, since dom(.J, ) Ndom(J,/) = () for every pair of distinct elements «, o’ of I', we
obtain that there is no element ¢ € dom(.Jp) such that ¢ € P/ for every i € {1,...,n}.
Thus, Jr ¢ Solum, (Ir) implying that Soly, (Ir) Z Sola, (Ir) which leads to the contra-
diction mentioned above. We have shown that there exists a formula o € I' such that «
mentions exactly the relation symbols in S;. Thus, there exists a dependency o € X" C ¥
such that the conclusion of ¢ has a disjunct that mentions exactly the relation symbols in
S,. This last property holds for every one of the 2" distinct tuples d, which implies that >/

is of size exponential in the size of >3,,. 0]
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3.3.3. Computing maximum recoveries in the full case

Recall that a full FO-T0-CQ dependency does not include any existential quantifiers
in its conclusion. In this section, we show that for mappings given by full FO-T0O-CQ
dependencies, maximum recoveries can be computed in polynomial time. This result is
based in the fact that given a query composed by a single atom and with no existentially
quantified variables, one can compute a rewriting of that query in quadratic time. This is
formalized in the following lemma, where ||3|| denotes the size of . The proof of the

lemma is given in Appendix A.1.2.

LEMMA 3.3.9. There exists an algorithm QUERYREWRITINGATOM that given an st-
mapping M = (S, T, X)), with ¥ a set of FO-T0-CQ dependencies, and a conjunctive
query ) over schema T composed by a single atom and with no existential quantifiers,
computes in time O(||2||?) a domain-independent FO query Q' that is a rewriting of Q
over the source. Moreover, if Y. is a set of full FO-TO-CQ st-dependencies where each

dependency has a single atom in its conclusion, then the algorithm runs in time O(||X||).

By using algorithm QUERYREWRITINGATOM, we can compute in quadratic time a

maximum recovery for mappings given by full dependencies.

Algorithm MAXIMUMRECOVERYFULL(M)

Input: An st-mapping M = (S, T, X)), where X is a set of full FO-T0O-CQ dependencies,
each dependency with a single atom in its conclusion.
Output: A ts-mapping M’ = (T, S,>’), where ¥’ is a set of CQ-TO-FO dependencies

and M’ is a maximum recovery of M.

(1) Start with X/ as the empty set.
(2) For every atom R(Z) that is the conclusion of a dependency in ¥, do the follow-
ing:
(a) Let ) be the conjunctive query defined by R(7).
(b) Use QUERYREWRITINGATOM(M, ) to compute an FO formula «(7) that

is a rewriting of R(Z) over the source.

56



(c) Add dependency R(z) — «(Z) to ¥'.
(3) Return M’ = (T, S, ¥’). O

THEOREM 3.3.10. Let M be an st-mapping specified by a set X of full FO-TO-CQ
st-dependencies in which each dependency has a single atom in its conclusion. Then al-
gorithm MAXIMUMRECOVERYFULL(M) computes a maximum recovery of M in time

O(||2||?), which is specified by a set of CQ-TO-FO dependencies.

PROOF. Since X is a set of full FO-T0-CQ st-dependencies, each dependency with a
single atom in its conclusion, algorithm QUERYREWRITINGATOM(M, (J) runs in linear
time. Thus, it is straightforward to see that algorithm MAXIMUMRECOVERYFULL runs in
quadratic time. The correctness of the algorithm follows from the proof of Theorem 3.3.2.
We only notice here that the output of algorithm MAXIMUMRECOVERYFULL does not
include predicate C(-). Since X is a set of full dependencies, chasex,() is composed only

by constant values and, thus, C(-) is not needed in the proof of Theorem 3.3.2. O

Notice that in Theorem 3.3.10, we assume that every dependency has a single atom
in its conclusion. Nevertheless, this theorem can be extended to the general case; from a
set X of arbitrary full FO-T0-CQ st-dependencies, one can obtain as follows an equivalent
set ' of full FO-T0-CQ st-dependencies having a single atom in the conclusion of each
constraint. For every dependency ¢ (z) — ¢(Z) in ¥ and atom R(y) in ¢(Z), where g C Z,
the dependency p(z) — R(y) is included in ¥'. Thus, to apply Theorem 3.3.10 to X,
we first construct ¥’ from X and then apply procedure MAXIMUMRECOVERYFULL. It is
important to notice that >’ could be of quadratic size in the size of X and, hence, by the fact
that algorithm QUERYREWRITINGATOM runs in linear time and the definition of procedure
MAXIMUMRECOVERYFULL, it follows that a maximum recovery for a mapping specified

by an arbitrary set of full FO-T0O-CQ st-dependencies can be computed in cubic-time.

As for the general case, from Theorem 3.1.10, we know that this algorithm computes
a Fagin-inverse (quasi-inverse) if > is a Fagin-invertible (quasi-invertible) set of full st-

tgds. The algorithm presented by Fagin, Kolaitis, Popa, and Tan (2008) for computing
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a Fagin-inverse of a set & of full st-tgds returns a set ¥’ of CQ”-T0-CQ dependencies
of exponential size in ||X||. The algorithm in (Fagin, Kolaitis, Popa, & Tan, 2008) for
computing a quasi-inverse of a set ¥ of full st-tgds returns a set ¥’ of CQ7-10-UCQ
dependencies which is also of exponential size in ||X||. In both cases, our algorithm works
in quadratic time and returns a set >’ of CQ-T0-UCQ™ dependencies which is of quadratic

size in |||

Notice that in Theorem 3.3.6 we use a mapping given by a set of full st-tgds to show
that disjunctions in the conclusion of dependencies are needed to specify maximum recov-
eries of st-tgds. Similarly, Fagin, Kolaitis, Popa, and Tan (2008, Theorem 4.15) also use
a mapping specified by a set of full st-tgds, and thus, from Corollary 3.3.7 we know that
equalities in the conclusion are needed to specify maximum recoveries of mappings given
by full st-tgds. Thus we obtain the following corollary that justify the language used in the

output of MAXIMUMRECOVERYFULL.

COROLLARY 3.3.11.

(1) There exists an st-mapping M = (S, T, X) specified by a set of full st-tgds that
has no maximum recovery specified by a set of CQ-TO-CQ~ dependencies.
(2) There exists an st-mapping M = (S, T, X)) specified by a set of full st-tgds that

has no maximum recovery specified by a set of CQ€-10-UCQ dependencies.

3.4. Complexity Results

Fagin (2007) identified two problems as important decision problems for the notion
of Fagin-inverse: (1) to check whether a mapping M is Fagin-invertible, and (2) to check
whether a mapping M is a Fagin-inverse of a mapping M. These questions are consid-
ered in the context of st-tgds in (Fagin, 2007), where they are also relevant for the notion
of quasi-inverse (Fagin, Kolaitis, Popa, & Tan, 2008). In this context, the problem of veri-
fying whether a mapping M has a maximum recovery becomes trivial, as every mapping
specified by this type of dependencies admits a maximum recovery. In fact, this question is

also trivial for the larger class of mappings specified by FO-T0-CQ dependencies. In this
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section we study the complexity of verifying, given mappings M and M’, whether M’
is a recovery of M. Notice that we only study the problem of verifying whether M’ is a
recovery but not a maximum recovery of M. We leave the study of the complexity of this

last problem for future work.

We note that the problem of checking wether M’ is a recovery of M becomes undecid-
able if M is specified by a set ¥ of full FO-T0O-CQ dependencies (this is a straightforward
consequence of the undecidability of the problem of verifying whether an FO sentence is
finitely satisfiable (Libkin, 2004)). Thus, in this section we focus on the case in which the

mapping M is specified by st-tgds.

We begin with a simple technical lemma that will allow us to use some of the complex-
ity results proved by Fagin (2007) for Fagin-inverses (see Definition 2.5.1 for the definition

of Fagin-inverses).

LEMMA 3.4.1. Let M be an st-mapping specified by a set of st-tgds. Assume that M’
is a ts-mapping such that whenever (I, Iy) € M o M/, it holds that I, C I5. Then M’ is
a Fagin-inverse of M iff M' is a recovery of M

PROOF. The direction (=) is trivial by the definition of Fagin-inverse and recovery.
To prove the other direction, assume that M’ is a recovery of M. We must show that
(I, I5) € Mo M'ifandonly if I; C I,. By hypothesis, it holds that if (I, I5) € Mo M’
then I; C I,. Now, assume that /; C [5. Since M’ is a recovery of M, we know that
(I3, I5) € M o M’ and then, there exists a target instance .J such that (5, J) € M and
(J, Iy) € M'. Now, given that M is specified by a set of st-tgds, M is closed-down on the
left and then (1, J) € M. We have that (I;,J) € M and (J, ;) € M’, which implies
that (I, Is) € M o M’. This was to be shown. O

Before stating our complexity results we also need to introduce some terminology and
prove a technical lemma. Let X be a set of CQ-T0O-CQ dependencies from a schema R; to
a schema R, and [ an instance of R;. We denote by kyx, the maximum, over all members

¢ € 3, of the number of conjuncts that appear in the premise of ¢, and by |/| the total
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number of tuples in I, that is, |I| = >, g |R'|, where |R'| is the number of tuples in
R!. Moreover, we define the notion of [ being N-connected as follows. Let G; = (V7, Ey)
be a graph such that: (1) V; is the set of all tuples t € R!, for some R € Ry, and (2) a
tuple (t1,%2) € Ey if and only if there exists a null value n € N that is mentioned both
in t; and t5. Then [ is N-connected if the graph G is connected. An instance [; is an
N-connected sub-instance of I, if I, is a sub-instance of [ and /; is N-connected. Finally,

I; is an N-connected component of I, if I is an N-connected sub-instance of / and there

is no N-connected sub-instance /5 of [ such that /; is a proper sub-instance of /.

LEMMA 34.2. Let M = (S,T,X) and M' = (T, S,Y') be schema mappings, where
Y is a set of full st-tgds and X' is a set of ts-tgds. Then M’ is a recovery of M if and only
if for every source instance I such that |I| < kyx, - ks and N-connected component K of

chaseyy (chasex (1)), there exists a homomorphism from K to I that is the identity on C.

PROOF. We first prove direction (=). From (Fagin, Kolaitis, Popa, & Tan, 2005), we
know that M o M’ can be specified by a set of st-tgds. Now, from (Fagin, 2007) (Proposi-
tion 7.2) we know that chasey (chases (7)) is a universal solution for I under M o M’, and
then (7, 1) € MoM' if and only if there exists a homomorphism from chaseyy (chasex (1))
to [ that is the identity on C. The (=) direction of the proposition follows from the latter

condition.

We now prove (<). Without loss of generality, assume that each st-tgd in > has a
single atom in its right-hand side. For the sake of contradiction, suppose that M’ is not a
recovery of M and for every source instance [ such that || < ky, - ks and N-connected
component K of chasey (chasex (7)), there exists a homomorphism from K to / that is the

identity on C.

Given that M’ is not a recovery of M, there exists an instance /; of S such that
(I, I,) ¢ Mo M. Let I be an instance of S. Given that chaseyx;(/) is a universal solution
for I under M and chases, (chaseys;(/)) is a universal solution for chasey (/) under M, it
is straightforward to prove that if (I, ') € M o M/, then there exists a homomorphism

from chasesy(chasex (1)) to I’ that is the identity on C. Furthermore, if there exists a
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homomorphism from chasey, (chases (7)) to an instance I’, then one can conclude that
(chasex(I),I") € M’ since (chasex(I),chasesy(chasex(I))) € M’ and chasex(I) does
not mention any null values as X is a set of full st-tgds. Thus, we have that if there exists
a homomorphism from chasesy (chasex (1)) to an instance /', then (/,1’) € M o M’. In
particular, from the previous properties, we conclude that (/,7) € M o M’ if and only
if there exists a homomorphism from chasey, (chasex (7)) to I that is the identity on C.
Thus, given that (I, [;) ¢ M o M/, there is no homomorphism from chasey; (chasex (1))
to /; that is the identity on C, which implies that there exists an N-connected component
K of chasesy(chasex (7)) such that there is no homomorphism from K to I; that is the
identity on C. Given that K is an N-connected component and ¥ is a set of full st-
tgds, there exists a dependency «(Z) — 3y 3(Z, ) in ¥’ and a tuple a of elements from
C such that chasex(l;) = «(a) and K; is generated from 3y 3(a,y) when computing
chaseyy (chasex,(11)). Assume that a(a) is equal to Ty(ay) A - - - A T,,(ay,). Then for every
i € {1,...,n}, there exists a full st-tgd ~;(Z;) — T;(Z;) such that [; = 7,(a;). Let I,
be a sub-instance of I; given by the union of all the tuples in the formulas ~;(a;) (¢ €
{1,...,n}). Then we have that K is an N-connected component of chases, (chases(/3))
and there is no homomorphism from K to I, that is the identity on C. But by definition of

I, we know that |I5| < ky, - ksy, which contradicts our initial assumption. O
We are now ready to state our first complexity result.

THEOREM 3.4.3. The problem of verifying, given mappings M = (S, T, %) and M' =
(T, S,Y), where 3 is a set of full st-tgds and Y’ is a set of full ts-tgds, whether M’ is a

recovery of M is coNP-complete.

PROOF. First, we assume that >’ is a set of full ts-tgds, and we show that the problem
of verifying whether M’ is not a recovery of M is NP-complete. From Lemma 3.4.2 and
the fact that ' is a set of full ts-tgds, we have that M’ is not a recovery of M if and
only if there exists a source instance [ such that |/| < ky - ks and there exists a tuple in
chasesy (chasex (7)) which is not in /. The latter is an NP property; to check whether it

holds, it is enough to guess an instance [ such that |/| < ky, - ksv, and then guess the chase
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steps that produce a tuple which is not in /. Thus, we have that the problem of verifying

whether M’ is not a recovery of M is in NP.

To show that the problem is coNP-hard we use a result by Fagin (2007). Fagin (2007,
proof of Theorem 14.9) showed that given a propositional formula ¢, one can construct
two mappings M = (S, T, Y) and M’ = (T, S, ') with ¥ and > sets of full st-tgds and
full ts-tgds, respectively, such that M’ is an inverse of M if and only if ¢ is not satisfiable.
Moreover, the mappings constructed in that proof were such that if (11, I5) € M o M’ then
I, C I,. Then from Lemma 3.4.1, we know that M’ is an inverse of M if and only if M’
is a recovery of M. We have that, M’ is a recovery of M if and only if ¢ is not satisfiable.
Thus, the hardness results follows then from the well known fact that, testing whether a

propositional formula is satisfiable is an NP-complete problem. U

Theorem 3.4.3 is in sharp contrast with the results presented by Fagin (2007), where
it is shown that the problem of verifying, given schema mappings M = (S, T,Y) and
M = (T,S,Y), with ¥ a set of full st-tgds and >’ a set of full ts-tgds, whether M’ is a
Fagin-inverse of M is DP-complete®. The lower complexity for the case of the recovery is

not surprising as the notion of recovery is much weaker than the notion of inverse.

Our next result settles the complexity for the case in which M is specified by a set of

full st-tgds while the dependencies specifying M’ are not necessarily full.

THEOREM 3.4.4. The problem of verifying, given mappings M = (S, T, %) and M’ =
(T, S,Y), where X is a set of full st-tgds and Y’ is a set of ts-tgds, whether M’ is a recovery
of M is TIY -complete.

PROOF. From Lemma 3.4.2, we have that M’ is a recovery of M if and only if
for every source instance [ such that |I| < ky - ks and N-connected component K of
chaseyy (chasex,(1)), there exists a homomorphism from K to [ that is the identity on C.
Given that the size of I, as well as the size of K, is polynomial in the size of M and M’, and

that the homomorphism problem is in NP, we have that the problem of verifying whether

2A problem is in DP if it is the intersection of an NP problem and a coNP problem (Papadimitriou, 1994).
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M’ is a recovery of M is in I}, To prove that this problem is indeed I1{'-complete, we

give a reduction from the problem of verifying whether a quantified propositional formula:
0 = Yuy---Vupdvy - Ju, Y, (3.8)

is valid, where v is a 3-CNF propositional formula. This problem is known to be I1%-

complete (Du & Ko, 2000).

LetS = {TV ("), Ro(-,-,"), Ri(-,+, "), Ro(-,+,*), R3(+,+,-)} and T = {U1(+,-,-), ..,
Ui(-,-,-)}. Next we define schema mappings M = (S, T,X) and M’ = (T, S,¥’) such
that, ¢ is valid if and only if M’ is a recovery of M. The first argument of predicate 7'V is
used to store the truth value true, while its second argument is used to store the truth value
false. Predicate Ry is used to store the truth assignments that satisfy the clauses of the form
u VvV w (clauses without negative literals). Assuming that variables x, y store values true

and false, respectively, the following formula is used to define Ry:

¢0(x7y) - RO(x7x7I) A Ro(x,x,y) A R()(I,y,I) A Ro(y,flf,x) A

Ro(z,y,y) A Ro(y,x,y) A Ro(y, y, ).
Similarly, predicate R; is used to store the truth assignments that satisfy the clauses of the
form v VvV —w, predicate 75 is used to store the truth assignments that satisfy the clauses

of the form u VV —v V —w, and predicate R is used to store the truth assignments that satisfy

the clauses of the form —u V —v V —w. Again assuming that variables x, y store values true
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and false, respectively, the following formulas are used to define 1?1, Rs and Rs:

e1(z,y) = Ry(x,z,z) AN Ri(x,z,y) A Ri(x,y, x)A
Ry(y, @, x) A Ri(z,y,y) A Ri(y, z,y) A Ri(y, y,9),
wo(z,y) = Ro(x,z,x) AN Ra(x,z,y) A Ra(x,y,x)A
Ry(x,y,y) N Ra(y, 2, y) A\ Ra(y,y, 2) A Ra(y,,y),
ws3(z,y) = Rs(x,z,y) A Rs(z,y,z) A R3(y, z, z)A
Rs(x,y,y) A Rs(y,2,y) A Rs(y,y,2) A Rs(y, . y).
Finally, the first argument of predicate U; is used to store the truth value of propositional

variable u;, for every i € {1,...,¢}. We include two extra arguments in U; for a technical

reason that will become clear when we prove that the reduction is correct.

Set X of full st-tgds is given by the following dependency:

T(z,y) Aoz, y) Nr(z,y) A pa(z,y) A ps(z,y) —

Ur(@,z,y) AUy, 2, y) Ao AUe(@,2,9) AUy, 2,y). (3.9)
Set Y/ of ts-tgds is given by the following dependency:
Up(up, z,y) A ANUp(ug, x,y) — Fog - oy, O(ug, ..o ug, 01,00, 0), (3.10)

where 6(u1, ..., upv1,...,0y,) is defined as follows. If 3-CNF formula ¢ in (3.8) is equal
to Cy A+ - - ANC}, where each C; is a clause, then 6 = 0 A - - - A 0., where 6, is obtained from
C; as follows. Without loss of generality, we assume that in C;, the positive literals appear
before the negative literals (if C; has at least one positive literal). Then if C; = u V v V w,
we have that 0; = Ry(u,v,w), if C; = w V v V —w, we have that §; = R;(u,v,w), if
C; =uV —wV —w, we have that 0; = Ry(u, v, w), and if C; = —u V —v V —w, we have

that 0; = R3(u, v, w). For example, if ¢ = Yu;Yus3vy ((ug V o1 V —ug) A (ug V ug V vy)),
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then

Y = {TV(z,y) Aoz, y) Api(z,y) A pa(z,y) Aps(z,y) —
Ur(z,z,y) AU (y, z,y) A Us(z, z,y) AUs(y, z,y)},

¥ = {Ui(w, 2, y) AUs(ug, z,y) — Jor (Ry(ur, v, us) A Ro(ur, us, v1))}

Next we show that ¢ is valid if and only if M’ is a recovery of M.

(=) Assume that ¢ is valid. From Lemma 3.4.2, to show that M’ is a recovery of
M, it is enough to prove that for every instance / of S and N-connected component K of
chaseyy (chasex (1)), there exists a homomorphism from K to [ that is the identity on C.

Next we show that this is the case.

Let /; be an instance of S. By definition of ¥ and ¥, and in particular because of
the inclusion of the two extra arguments in each U;, we have that if K is an N-connected
component of chaseyy (chases(/;)), then there exists a pair of values a, b in dom(/;) such
that: (1) Iy = T'(a,b) A po(a,b) A p1(a,b) A pa(a,b) A ps(a,b), (2) chasex(l;) =
Ui(c1,a,b) A+ ANUg(eg, a,b), where each ¢; is either a or b, and (3) K is generated from
Juy -+ Fvuy 0(eq, .., o, 01, . .., V) When computing chasesy(chasex(I7)). Assume that
in the construction of K, variable v; is replaced by value n; € N, forevery i € {1,...,m}.
Given that ¢ is valid, we know that for the truth assignment o; such that oy (u;) = ¢;, for
every i € {1,...,(}, there exists a truth assignment o, such that oy U 05 satisfies proposi-
tional formula ¢ in (3.8). From this we conclude that function & defined as h(n;) = o4(v;)
(1€ {1,...,m})and h(c) = c (c € C) is a homomorphism from K to I that is the identity
on C.
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(<) Assume that M’ is a recovery of M, and let / be an instance of S such that

TT = {(a,b)}, where a and b are two distinct elements from C, and

R) = {(a,a,a),(a,a,b),(a,b,a),(b,a,a),(a,bb),(bab),(bba)},
Rl = {(a,a,a),(a,a,b),(a,b,a),(b,a,a),(a,bb),(ba,b), (bbb},
RY = {(a,a,a),(a,a,b),(a,b,a),(a,bb),(ba,b),(bba), (bbb},

R = {(a,a,b),(a,b,a), (b, a,a),(a,b,b), (b a,b), (bba), (bbb}

Given that M’ is a recovery of M, we have that (I,1) € M o M’. Thus, for every
tuple (c1,...,¢c;) € {a,b}’, there exists a tuple (dy,...,d,,) € {a,b}™ such that I }=
O(ci,...,co,dy,...,dy,). Hence, by the definitions of 6, R}, RI, RL and RL, we conclude

that ¢ is a valid formula. This concludes the proof of the theorem. 0

In an unpublished manuscript, Arenas (2006) showed that the problem of verifying,
given mappings M and M’ specified by st-tgds and ts-tgds, respectively, whether M’ is a
Fagin-inverse of M, is undecidable. Arenas et al. (2008) adapted this result to show that for
the notion of recovery this problem is also undecidable. The following theorem formalizes

this result. The proof can be found in (Arenas, Pérez, & Riveros, 2009).

THEOREM 3.4.5 (Arenas, 2006; Arenas et al., 2008). The problem of verifying, given
mappings M = (S, T, %) and M’ = (T, S,Y), where ¥ is a set of st-tgds and ¥ is a set
of ts-tgds, whether M’ is a recovery of M is undecidable.

Interestingly, Arenas et al. (2008) obtain as a corollary of the proof of the previous
result that the problem is also undecidable for the notion of maximum recovery. The proof

of this result can be found in (Arenas, Pérez, & Riveros, 2009).

COROLLARY 3.4.6 (Arenas et al., 2008). The problems of verifying, given mappings
M= (S, T,Y)and M’ = (T,S,Y), where 3 is a set of st-tgds and X' is a set of ts-tgds,

whether M’ is a maximum recovery of M is undecidable.
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It is an interesting open problem whether one can obtain decidability results for the

case of maximum recovery when M is given by a set of full st-tgds.

3.5. Maximal Recovery

Although maximum recoveries exist for a large class of mappings, as the following
result shows there are classes of practical interest for which the existence of maximum
recoveries is not guaranteed. This result was previously reported by Riveros (2008) and the

proof can be found in (Riveros, 2008; Arenas, Pérez, & Riveros, 2009)

PROPOSITION 3.5.1 (Arenas et al., 2008; Riveros, 2008). There exist st-mappings
specified by (1) CQ-10-CQ7 and (2) CQ-T0-UCQ st-dependencies, that have no maxi-

mum recoveries.

To overcome this limitation, one has to look for a weaker notion. A straightforward
relaxation is to consider not maximum but maximal recoveries. In this section, we report
our initial results about maximal recoveries, providing a necessary and sufficient condition
for the existence of maximal recoveries, and showing that the notion of maximal recovery
strictly generalizes the notion of maximum recovery. In fact, we show that maximal recov-
eries exist for the larger class of st-mappings specified by FO-T0-UCQ” dependencies.
This result shows that the notion of maximal recovery is a promising direction for further

research.

Recall that for two recoveries M’ and M” of a mapping M, we say that M’ is at
least as informative as M” for M, and write M" <, M, it Mo M C Mo M". If
M" <y M’ and M’ £ 4 M”, then we say that M’ is more informative than M" for M,

and we write M" <, M.

DEFINITION 3.5.2. Let M’ be a recovery of a mapping M. We say that M’ is a

maximal recovery of M, if there is no recovery M" of M such that M’ <4 M".

That is, M’ is a maximal recovery of M if there is no other recovery that is more

informative for M than M’. In Section 3.1, we show that the notion of witness can be

67



used to characterize the existence of maximum recoveries. In the following lemma, we
provide an alternative description of the notion of witness for an instance. We later relax
this description to characterize the existence of maximal recoveries (see Definition 3.5.4).

Recall that M ™! denotes the mapping {(J,I) | (I,J) € M}.

LEMMA 3.5.3. Let M be a mapping from Ry to Ry and I € Inst(Ry). Then J €
Inst(Ry2) is a witness for I under M iff for every J' & Soly(I), it is the case that
SOIM—1<J) Q SOlM—l(J/).

PROOF. (=) Assume that .J is a witness for instance / under M. We need to prove that
for every J' € Solp (1), it is the case that Soly-1(J) C Soly-1(J"). Let I’ € Soly-1(J).
Then we have that J € Solxy(I’) and, thus, Soly(I) € Soly(I’) since J is a witness
for I under M. Given that J' € Solx(I), we conclude that .J* € Solx(I’) and, hence,
I' € Soly-1(J").

(<) Assume that for every instance J' € Sola(/), it is the case that Soly-1(J) C
Solrg-1(J"). We need to prove that J is a witness for [ under M, that is, given an instance
I' of Ry such that J € Soly(I’), we need to prove that Soly, (/) C Soly(I). Let J' €
Solaq(1). Then we have that Soly-1(J) C Solpy-1(J’). Thus, given that I” € Soly-1(J),
we conclude that I” € Sol-1(J'), thatis, J" € Soly(I'). O

3.5.1. Characterizing Maximal Recoveries

In the following definition, we introduce a relaxation of the notion of witness based on

the alternative description in Lemma 3.5.3. We called this relaxed notion partial-witness.

DEFINITION 3.5.4. Let M be a mapping. Instance J is a partial-witness for I under
M iff for every J' € Sola (1), it is not the case that Solp-1(J") & Soly-1(J).

Notice that a partial-witness for an instance / is not necessarily a solution for /. If
J is both a partial-witness and a solution for / under M, then we say that .J is a partial-
witness solution for I under M. The notion of partial-witness solution can be used to

provide a necessary and sufficient condition for the existence of maximal recoveries (see
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Theorem 3.5.7). It can also be used to provide a characterization of when a mapping M’ is
a maximal recovery of a mapping M (see Theorem 3.5.6). But before stating these results,

we nee to introduce some notation and prove a lemma.

Recall that a recovery M’ of a mapping M is reduced if for every ([, I5) € Mo M/,
it is the case that I, € dom(M).

LEMMA 3.5.5. If M is a maximal recovery of M, then M’ is a reduced recovery of
M.

PROOF. By contradiction, assume that M’ is a maximal recovery of M and M’ is not

a reduced recovery of M. Then there exists (1, I[5) € M o M’ such that I, ¢ dom(M).

Define mapping M” C M"as M" = {(J,I) € M’ | I € dom(M)}. Given that M’
is a recovery of M, we have that M” is a recovery of M. Moreover, M o M” & Mo M’
since M” C M’ and (I1,I5) ¢ M o M”. Thus, we have that M' <, M”", which

contradicts the fact that M’ is a maximal recovery of M. O

Let M be a mapping from a schema R, to a schema R, and M’ a recovery of M.
Recall that range(M’) denotes the set {I € Inst(R;) | there exists J € Inst(Rxs) such
that (J,1) € M’}. We say that a mapping M* is a contraction of M’ if M* C M’
and for every instance / € range(,M’), there exists a unique instance J of Ry such that
(J,I) € M*. We note that M* is a recovery of M, since M’ is a recovery of M, and
M’ <, M*. The notion of contraction together with the notion of partial-witness is used
in the following theorem to characterize when a mapping M’ is a maximal recovery of a
mapping M.

THEOREM 3.5.6. Let M be a mapping from a schema R4 to a schema Ry, and M' a
recovery of M. Then the following conditions are equivalent:

(1) M’ is a maximal recovery of M,
(2) M’ is a reduced recovery of M, and there exists a contraction M* of M’ such
that M =, M* and for every (I,,J) € M and (J, 1,) € M*, J is a partial-

witness for Iy under M.

69



PROOF. (1) = (2) Assume that M’ is a maximal recovery of M. Then by Lemma
3.5.5, we know that M’ is a reduced recovery of M and, thus, we only need to show that
the second part of (2) holds. Let M* be an arbitrary contraction of M. Since M’ is a
maximal recovery of M and M’ <, M*, we have that M’ =,, M*. Next we show that
for every (11, J) € M and (J, I,) € M*, J is a partial-witness for /5 under M.

For the sake of contradiction, assume that there exist (I;,.J) € M and (J, I5) € M*
such that J is not a partial-witness for /5 under M. Then there exists an instance J* of R,
such that J* € Solx(I2) and Soly-1(J*) & Solp-1(J). Let M” be a mapping defined
as follows. Let (J*, I5) be the only tuple in M"” where [, appears as the second argument.
Moreover, for every instance / of Ry such that [ # 5, choose an arbitrary J € Sol(I)
such that (J, I) € M*, and let (J, I) be the only tuple in M” where I appears as the second
argument. Given that [, € Soly,-1(J*) and M* is a recovery of M, we have that M" is a
recovery of M. Next we show that M o M" ¢ M o M*.

First, we show that M o M” C M o M*. Assume that (I3, 1) € M o M”. Then
there exists an instance J; of Ry such that (I3, J;) € M and (J1,14) € M". If I, # I,
then by definition of M” we have that (J;, [;) € M* and, hence, (I3,1;) € M o M*. If
I, = I, then by definition of M” we have that .J; = J*. Thus, we have that (I3, J*) € M
and, hence, I3 € Solp-1(J*). Thus, given that Soly-1(J*) & Soly-1(J), we have that
I3 € Soly-1(J). We conclude that (I3, 1,) € M o M* since I, = I, (I3,J) € M and
(J, 1) € M*. Second, we show that M o M* Z M o M”. Given that Soly-:(J*) &
Solp-1(J), there exists I5 € Soly-1(J) such that I5 & Soly-1(J*). Then we conclude
that (I, I,) € M o M* since (I5,J) € M and (J, 1) € M*. Furthermore, we also
conclude that (15, Iy) & M o M" since (I, J*) &€ M and (J*, I5) is the only tuple in M”

where [, appears as the second argument.

From the previous paragraph, we conclude that M o M” ¢ M o M* and, thus,
M <y M since M* <y M” and M’ =, M*. Given that this contradicts the

maximality of M’, we conclude that our initial assumption does not hold and, therefore,
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for every (1, J) € M and (J, I,) € M?*, it should be the case that J is a partial-witness
for I under M.

(2) = (1) Assume that M’ is a reduced recovery of M and M* is a contraction of
M’ such that, for every (I;,J) € M and (J, I5) € M*, J is a partial-witness for /5 under
M. Next we show that M* is a maximal recovery of M. Given that M’ is a recovery of
M, we have that M* is a recovery of M. Thus, to prove that M* is a maximal recovery
of M, we only need to show that for every recovery M” of M, if M* <, M”, then

* =\ M”. This condition is equivalent to:
if M"” £ M*, then M* £y M.

Thus, we assume that M o M* & M o M”, and we show that this implies M o M"” &
Mo M*. Let (I, I5) € M o M* such that (I, I) ¢ M o M”. Then we have that there
exists a partial-witness J* for I, under M such that (/;,J*) € M and (J*, ) € M*.
Given that M’ is a reduced recovery of M and M’ =,; M*, we have that M* is a
reduced recovery of M and, therefore, I € dom(M). Thus, given that M” is a recovery
of M, there exists an instance .J € Sol(l5) such that (J, I5) € M”". Thus, given that J*

is a partial-witness for /5 under M, it is not the case that Sol -1 (J) & Soly—1(J*%).

Given that (I1,Iy) ¢ Mo M"” and (J, I;) € M”", we have that I; & Soly,-1(J) and,
therefore, Soly-1(J*) & Solpy-1(J) since Iy € Soly-1(J*). Thus, from the fact that
Solyg-1(J) & Solpg-1(J*) does not hold, we conclude that Sol y-1(J) € Sol -1 (J*) and,
hence, there exists /3 € Soly-1(J) such that I3 & Solp-1(J*). We have that (I3, I) €
Mo M", since (J, Iy) € M”, and (I3, I5) ¢ M o M*, since (I3, J*) & M and (J*, ) is
the only tuple in M* where I, appears as the second argument (since M* is a contraction

of M’). We conclude that M o M” & M o M* and, hence, M* £ s M".

From the previous paragraph, we have that M* is a maximal recovery of M. Thus,

given that M* =, M’, we conclude that M’ is a maximal recovery of M. O

‘We can now state our characterization of the existence of maximal recoveries.
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THEOREM 3.5.7. M has a maximal recovery iff for every I € dom(M), there exists

a partial-witness solution for I under M.

PROOF. (=) Assume that M’ is a maximal recovery of M. Then by Theorem 3.5.6,
there exists a contraction M* of M such that M" =), M* and for every ([, J) € M and
(J, 1) € M*, J is a partial-witness for / under M.

Let I € dom(M). Given that M* is a contraction of M, we have that M* is a
recovery of M and, hence, (I,1) € M o M*. Thus, there exists an instance .J such that
(I1,J) e M, (J,I) € M*and J is a partial-witness for  under M. We conclude that there

exists J € Solr(I) such that J is a partial-witness for / under M.

(<) Assume that for every instance / € dom(M), there exists J; € Solr(I) such
that .J; is a partial-witness for / under M, and let M* be a mapping defined as {(J;, ) |
I € dom(M)}. Tt is easy to see that M* is a reduced recovery of M. Furthermore, given
that the only contraction of M* is M* itself, and that for every (J, I) € M*, J is a partial-
witness for [ under M, we conclude from Theorem 3.5.6 that M* is a maximal recovery

of M. O

3.5.2. Existence of maximal recoveries beyond FO-T10-CQ

The following theorem identifies an important class of st-mappings for which the ex-
istence of maximal recoveries is guaranteed, and also shows that the notion of maximal

recovery strictly generalizes the notion of maximum recovery (see Proposition 4.3.10).

THEOREM 3.5.8. If M is an st-mapping specified by a set of FO-10-UCQ7 st-

dependencies, then M has a maximal recovery.

To prove theorem, we need some technical results. We start with two simple lemmas.

LEMMA 3.5.9. Let M be an st-mapping specified by a set of FO-TO-FO dependencies.
Let J be a target instance and h a bijection that has as domain the set dom(J) and is
the identity over dom(J) N C. If for a source instance I we have (I,J) € M, then
(I,h(J)) € M.
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PROOF. Let M = (S, T, ) with ¥ a set of FO-TO-FO dependencies, and assume
that (1, .J) = X. By the safety condition imposed on FO-TO-FO dependencies, to prove
the lemma we have to show that, for every dependency ¢(z1,...,xx) — ¥(x1,...,Tk)
in ¥ and tuple @ € dom(I)*, if I = ¢(a) then a € dom(h(J))* and h(J) & ¢(a) .
Assume that I |= o(a). Since @ € dom(7)* we know that a is a tuple of elements from
C, and then, since @ € dom(.J)* and h is the identity over dom(J) N C, we obtain that
a € dom(h(J))*. Note that & is an isomorphism from J to (/) such that h(a) = a. Thus,
given that J = (a), we obtain that h(.J) = ¢(a). O

LEMMA 3.5.10. Let M be an st-mapping specified by a set of FO-T10-UCQ7” depen-
dencies. Let J be a target instance and h a bijection that has as domain the set dom(.J)

and is the identity over dom(J) N C. If h(J) C J', then Solp-1(J) C Solp-1(J").

PROOF. Let (I, J) € M, we have to show that (I, .J’) € M. From Lemma 3.5.9 and
since (1, J) € M, we obtain that (/, h(J)) € M. Then since M is closed-up on the right
and h(J) C J', we have that (I, J") € M. We have shown that, if I € Sol-1(J) then
I € Soly-1(J"), which proves that Soly-1(.J) C Soly-1(J). O

We now introduce some terminology. Let M be an st-mapping and [ a source instance.

Then
MinSoly (1) = {J € Solp(I) | thereisno J' € Soly(I) such that J' & J},

that is, MinSol (1) is the set of minimal solutions of I under M. Note that for every J' €
Solam(I), there exists J € MinSoly (/) such that J C J'. Let ~gom(r) be an equivalence
relation on MinSoly, (/) such that, J; ~dom(1) J2 1f and only if there exists a bijection
h : dom(J;) — dom(J2) such that h is the identity on dom(/) and h(J;) = Jo. Let
MinSol’,(() be the set that results from MinSolx(/) by selecting a single representative

of each equivalence class defined by ~qom(r)-

We now show that if a mapping M is specified by a set of FO-TO-FO dependencies,

then in every equivalence class defined by ~qom(7y on MinSol (1), there exists an instance
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J such that dom(J) N C C dom(I). Let J; € MinSoly(/) and h a function that assigns
to every element in (dom(/;) N C) \ dom(/) a fresh element in N and is the identity
elsewhere. Note that function / : dom(.J;) — dom(h(J;)) is a bijection that is the identity
on dom(/) and, hence, Ji ~gom(ry h(J1) and dom(h(J;)) N C C dom(I). Next we show
that 1(.J;) € MinSolp(I), which proves that in every equivalence class defined by ~qom(1)
on MinSolp, (), there exists an instance J such that dom(.J) N C C dom(/). Given that
h is a bijection that is the identity on dom(7), (I, .J;) € M and M is specified by a set of
FO-TO-FO dependencies, we have that (h(I),h(Jy)) = (I,h(J;)) € M and, therefore,
h(J1) € Solp(I). Next we show that A(.J;) € MinSola (7). On the contrary, assume that
h(Jy) is not minimal, and let J; € Soly¢(/) be an instance such that .J, & A(.J;). Consider
then bijection A~! and instance h~!(.J;). It is immediate that h~*(J5) & J;. Given that
h~! is a bijection that is the identity on dom([), (I,.J;) € M and M is specified by a
set of FO-TO-FO dependencies, we conclude that (b= (1), h=!(Jy)) = (I,h"(J2)) € M
and, thus, h='(Jy) € Soly(I). This contradicts the fact that J; is minimal in Solx (7).
We have shown that, in every equivalence class defined by ~gom(r), there exists a J such
that dom(J) N C C dom([), and then, we can safely assume that for every instance .J in

MinSol’y, (1), it holds that dom(.JJ) N C C dom([]).

Recall that, by definition of MinSol,(7), we have that for every J € Solx (1), there
exists J; € MinSol () such that J; C J. Thus, given that for every J; € MinSoly (1),
there exists J* € MinSol,,(/) such that J; ~gom() J*, and we have assumed that for
every instance .J, € MinSol} ((I), it holds that dom(.J;) N C C dom(I) (by the previous
paragraph), we conclude that for every J € Solp([), there exists J* € MinSol (/) and a
bijection A that is the identity on dom(J*) N C C dom(/), such that h(J*) C J. Through
the rest of this proof, we write J — J' to denote the fact that there exists a bijection
h that is the identity on dom(J) N C such that h(J) C J'. Notice that, we know by
Lemma 3.5.10 that if M is specified by a set of FO-T0-UCQ” dependencies and J — .J/,
then Soly-1(J) C Solpy-1(J').

We need an additional lemma in order to prove Theorem 3.5.8.
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LEMMA 3.5.11. Let M be an st-mapping specified by a set of FO-T0-UCQ? depen-

dencies. Then for every source instance I, the set MinSol’,,(1) is finite.

PROOF. Let M = (S, T, ), where X a set of FO-T0-UCQ? dependencies. To prove
the lemma, we show by using a simple combinatorial argument that for every instance /,
there exists an integer k such that every element in MinSol (/) has at most & tuples. From

this fact, it is straightforward to conclude that MinSol’ (1) is a finite set.

In this proof, we use na(¢(Z)) to denote the number of atoms that appear in UCQ7 -
formula ¢)(Z), |Z| to denote the length of z and | K | to denote the total number of tuples in an
instance K of a schema R, that is, | K| = > 5 g |R”|, where | R"| is the number of tuples
in RX. Furthermore, let m = max{|7| | (%) — ¥(z) € ¥}, and £ = max{na(y (7)) |
o(7) — (7)€ .

Let [ be a source instance and J € Solpy(I). We now show that, if |J| > (|X] -
| dom(I)|™ - ¢), then J ¢ MinSolxy (/). In what follows, we describe a procedure to
construct a target instance J’ such that (I, J) € M and J' ¢ J. Start with J' = (). For
every dependency p(z) — 1(Z) € X, and for every tuple a such that I |= ¢(a), choose a
sub-instance .J; of J such that |J;| < ¢ and J; = ¢(a), and add the tuples of J; to J'. Tt
is clear that (I, J') = ¥ and J" C J. Note that, for every ¢(z) — (z) € 3, there are
at most | dom(7)|™ tuples a such that I = ¢(a), and that ¢)(a) is composed by at most ¢
atoms. Then |J'| < (|X] - |[dom(])|™ - £), which implies that J’ & J. We conclude that .J

is not a minimal solution for 7. |

We are ready to prove Theorem 3.5.8.

PROOF OF THEOREM 3.5.8. Let M be an st-mapping specified by FO-T0-UCQ”
dependencies. By Theorem 3.5.7, to prove that M has a maximal recovery, we have to
show that every instance / € dom(M) has a partial-witness solution under M. Recall
that instance J is a partial-witness solution for [ if for every J' € Solp([), it is not the

case that Soly-1(J") & Soly-1(J). Let I be an instance in dom(M) and assume that
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MinSol), (1) = {J1, Ja, ..., Jn} (MinSol’,(I) is finite by Lemma 3.5.11). We claim that

an instance in MinSol’; ;(]) is a partial-witness solution for /.

For the sake of contradiction, assume that for every 7 € [1,n], J; € MinSol’; (/) is not
a partial-witness solution for /. Given that .J; is not a partial-witness solution for /, there
exists J| € Soly (1) such that Soly-1(J]) & Solp-1(Jy). Given that J; € Solp (1),
there exists J; € MinSol,(/) such that J; — Jj. Note that, by Lemma 3.5.10 we
have Soly-1(J;) € Solpy-1(J]) and, therefore, J; # J; (otherwise it could not be the
case that Soly-1(J;) & Soly-1(J1)). Then there exists an instance J; € MinSol}, (),
with i € [2,n], such that J; — J{. Without loss of generality, we assume that i =
2, and then J, — J{. By Lemma 3.5.10, we have that Soly-1(J2) C Solp-1(J7),
which implies that Soly-1(J2) & Solag-1(Jq) since Soly-1(J]) & Solp-1(Jy). Now,
since we are assuming that J, is not a partial-witness solution for /, there exists J; €
Sola (1) such that Soly-1(J5) & Soly-1(Jz). As above, it could not be the case that
Jo — J} since this implies that Soly-1(J2) C Soly-1(J5). Furthermore, it cannot be
the case that JJ; — Jj, otherwise we would conclude that Soly-1(J1) & Solpy-1(J1)
since Soly-1(J5) & Soly-1(J2) & Solpg-1(J1). Then there exists an instance J; €
MinSol’((1), with ¢ € [3,n], such that J; — .J5. Again, without loss of generality, we as-
sume that i = 3. By Lemma 3.5.10, we conclude that Sol y(-1(J3) € Sol-1(.J5) and, thus,
we have that Soly-1(J3) & Soly-1(J2) & Solpy-1(Jy) since Soly-1(J5) & Solpg-1(J2)

and Sol -1 (J2) & Solp-1(J1). If we continue with this process, we conclude that:

SOlel(Jr,J gSOlM71<Jn_1) g g SOlel(Jg,) g SOlel(Jg) g SOlel(Jl).

But since we are assuming that .J,, is not a partial-witness solution for /, there exists J), €
Solaq (1) such that Soly-1(J)) & Soly-1(Jy,). Given that J € Soly(7), it must be the
case that JJ; — J), for an instance .J; € MinSol’,(/). No matter what J; we choose this

time, we obtain a contradiction. This concludes the proof of the theorem. 0

The last result of this section shows that there exist mappings that do not have maximal

recoveries.
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PROPOSITION 3.5.12. There exists an st-mapping M specified by an FO-formula that

has no maximal recovery.

PROOF. Let Ry = {P(-)}, Ry = {R(-)} and M be the mapping from R, to Ry
specified by FO-sentence:

Vo (P(x) — —R(z)).

Next we show that if 7 is an instance of R, such that P! = {a}, there is no J € Sol (1)
such that J is a partial-witness for I under M. Let J be an arbitrary solution for / under
M. Assume that b is an element of C such that b ¢ dom(.J) and b # a. Furthermore,
assume and that .J’ is an instance of R, such that R/ = R’ U {b}. It is easy to see that

J' € Solp (1) since J € Soly () and b # a. Next we show that Soly-1(J') & Soly-1(J).

First, assume that I; € Soly-:(J'). Then ([1,J') E Va (P(x) — —R(x)), from
which we conclude that (11, J) = Vo (P(z) — —R(z)) since R/ ¢ R’". Thus, we have
that I; € Solp-1(J). Second, we show that Soly-1(J) € Solp-1(J’). Let I be an
instance of R such that P! = {b}. It is easy to see that (I5, J) = Vz (P(z) — —R(z)),
since b ¢ dom(J), and (I, J') W~ Va (P(x) — —R(z)), since b € (P2 n R’). We
conclude that I, € Solp-1(J) and I & Soly-1(J).

From the previous paragraphs, we have that there is no J € Solx (/) such that J is a
partial-witness for / under M. Thus, from Theorem 3.5.7 we conclude that M does not

have a maximal recovery. (|

In the above proof we use an st-mapping M specified by FO-dependency P(z) —
—R(z). We note that formula P(z) — —R(x) does not satisfy the safety condition imposed
on FO-TO-FO dependencies since =R (x) is not domain-independent. It is left as a topic
for further research, whether maximal recoveries exist for every st-mapping specified by a

set of FO-TO-FO dependencies satisfying the safety condition.
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4. QUERY LANGUAGE-BASED INVERSES OF SCHEMA MAPPINGS

The main goal of this chapter is to develop mapping languages with good properties for
inverting schema mappings. To this end, in Section 4.1 we propose a query language-based
formalization of the notion of recovering sound information. We use this formalization in
the following section to study the previous notions of inverse (Fagin, 2007; Fagin, Kolaitis,
Popa, & Tan, 2008) as well as the notion of maximum recovery proposed in Chapter 3, in
terms of their capacity to retrieve sound information. This study gives a new perspective
to these notions and, in particular, it allows to define notions of inverse that depend on
the query language used to retrieve sound information. But more importantly, this idea of
having a query language as parameter is used in Section 4.3 to find a mapping language

that is closed under inversion.

4.1. Recovering Sound Information w.r.t. a Query Language:

The Notions of C-Recovery and C-Maximum Recovery

One of the motivations for the notion of recovery that we propose in Chapter 3 was
to identify mappings that recover sound information. However, strictly speaking, we did
not formalize the concept of retrieving correct information. A simple way to formulate this
notion is in terms of a query language. Let M be a mapping from a schema R to a schema
R,, M’ a mapping from R to R; and ) a query over R;. Then we say that M’ recovers

sound information for M under () if for every instance I € dom(M), it holds that:

CertainMoM’(Q7 I) - Q(I)

Thus, we have that M’ recovers sound information for M under () if for every instance
I € dom(M), by posing query () against the space of solutions for I under M o M’, one
can only recover tuples that are already in the evaluation of () over /. In the following
definition, we extend the notion of recovering sound information to the case of a class of

queries.
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DEFINITION 4.1.1. Let C be a class of queries, Ry and Ry schemas, M a mapping
from Ry to Ry and M’ a mapping from Ry to Ry. Then M’ is a C-recovery of M if for
every query () € C over Ry and instance I € dom(M), it holds that

certainyor (@, I) € Q(I).

A natural question at this point is whether one can compare mappings according to
their ability to recover sound information. It turns out that there is simple and natural way
to do this. Assume that M; and M, are mappings that recover sound information for M
under a query ). Then we say that My recovers as much information as M, does for M

under (), denoted by M jfil M, if for every instance I € dom(M), it holds that:

certain o, (Q, I) C certainpyonm, (@, I).

Thus, we have that M, f)% M, if for every instance / € dom (M), every tuple that is
retrieved by posing query () against the space of solutions for / under M o M is also
retrieved by posing this query over the space of solutions for / under M o M. In the

following definition, we extend the pre-order j%l to the case of a class of queries.

DEFINITION 4.1.2. Let C be a class of queries, Ry and Ry schemas, M a mapping
from Ry to Ry and M', M" C-recoveries of M. Then M" recovers as much information
as M’ does for M under C, denoted by M’ <5, M", if M’ j%l M for every query
Q € C over R;.

Given a class of queries C, the notions introduced in this section can be used to define

a mapping that is as good as any other mapping for retrieving sound information according

to C.

DEFINITION 4.1.3. Let C be a class of queries and M’ a C-recovery of a mapping M.
Then M' is a C-maximum recovery of M if for every C-recovery M" of M, it is the case
that M" <5, M.
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4.1.1. On the existence of C-maximum recoveries

In this section, we provide a necessary and sufficient condition for the existence of C-
maximum recoveries, given any class of queries C. The tools provided in this section will
play a central role in the development of a good mapping language for inverting schema
mappings. Let M be a mapping, I € dom(M), and ) a query. We start our study by
defining a set of tuples Inf \((Q, ) that captures the information that can be recovered for

I under M by using query Q:

Infa(Q, 1) = [{QUK) | Solm(K) € Solu(1)}.

It can be easily proved that Inf (@, ) defines an upper bound on the amount of sound
information that can be recovered for an instance I under a query (). Before stating the
lemma we introduce a notation that simplifies the exposition of the proof of this and subse-
quent results. Given a mapping M be a mapping and I € dom(M), we define Sub (1)
as the set of instances K € dom (M) such that Soly(K) € Solr (/). Notice that, by using
Sub (1) the set Inf o (@), I) can be defined as

Ifp(Q. 1) = [ QK).
KeSuba (1)

LEMMA 4.1.4. Let M be a mapping and M’ a C-recovery of M. Then for every
I € dom(M) and Q € C, it holds that:

CertainMoM’(Qv I) - IIlfM (Qu I) - Q(I)

PROOF. Let I and I’ be instances in dom (M), and assume that Sol(I’) C Sola (1),
that is I’ € Sub (7). Then it holds that Solpon (1) € Solpor (1) and, thus, we have
that certainaoay (Q, ) C certainpyony (@, I') for every query @ € C. Given that M’
is a C-recovery of M, it is the case that certainapory (Q, ') € Q(I’). Thus, for every
I' € Sub (1), we have that certain oy (Q, 1) C certainpyone (@, 1) € Q(I'). Hence,

by the definition of Inf (@, I) and given that I € Sub(I), we conclude that:
certainpor (@, 1) € Infp(Q, 1) € Q).
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Lemma 4.1.4 shows that the amount of sound information that a C-recovery M’ can
retrieve for a source instance / by using a query (), is bounded by the amount of information
contained in the set Inf ,((Q, I'). Notice that this bound does not depend on the C-recovery
M. Moreover, given that Inf ,,(Q, 1) C Q(I) and the set certain o (Q, I) is bounded
by Inf \((Q, I), we directly obtain that if certain o (@, I) = Infr((Q, I) for every query
Q € C, then M’ is a C-maximum recovery of M. This provides us with a sufficient
condition for testing whether M’ is a C-maximum recovery of M. In the following theorem
we show that this property indeed characterizes when M’ is a C-maximum recovery of M,
that is, it is not only a sufficient but also a necessary condition. This is a strong justification
of our initial claim that Inf,, exactly captures the information that can be recovered for
a mapping. To prove the result, we use an alternative characterization of when M’ is a

C-maximum recovery of M (part (2) of the theorem) that is interesting in its own.

THEOREM 4.1.5. Let M be a mapping from a schema R to a schema Ry. The fol-

lowing are equivalent.

(1) M is a C-maximum recovery of M
(2) M’ is a C-recovery of M and for every (I,15) € M o M’ and every query
Q € C over Ry, it holds that:

Inf\(Q, 1) C Q(I)

(3) For every instance I € dom(M) and query Q) € C, it holds that:
certainyor (@, 1) = Infp(Q,1).

PROOF. We first prove the implication (1) = (2). For the sake of contradiction, let M’
be a C-maximum recovery of M and suppose that there exists a pair (I1,[5) € Mo M’

and a query () € C such that:

Infm(Q 1) € QL)

81



Then there exist a tuple ¢ € Infy(Q, ;) such that ¢ ¢ Q([3). This implies that ¢ ¢
certainpor (Q, I1) since (I4,1y) € M o M'. Now, let M” be the following mapping
from Ry to R;:

M" = {(J,I)]| J € Solp(I1) and I € Subp (1)} U

{(J,I) ] J ¢ Solpy(I) and I € Inst(Ry)},

Next we show that M” is a C-recovery of M. Let I be an instance in dom(M). If
Solpm () € Solp(11), then we have that Solyopr(I) = Subpy(/1). Thus, we obtain
that (I,1) € M o M" and, hence, certainr(Q', 1) C Q'(I) for every query () € C.
On the other hand, if Soly(/) Z Solr(17), then it holds that Solyopn (1) = Inst(Ry).
Thus, we obtain again that (I, ) € M o M”. We conclude that for every query Q' € C, it
holds that certainyor (@', I) C Q'(I), and thus M” is a C-recovery of M.

Now, for instance 7, it holds that Solyoa(I1) = Subp(f7). Thus, by the def-
inition of Inf (@, I;) we obtain that certainpor(Q, 1) = Infr(Q, ;). Recall that
t € Infy(Q, 1), thus we have that ¢ € certainyop(Q, ;). Thus, given that ¢ ¢

certainyone (@, I1), we have that:

certainyonmr (@, 1) € certainpyone (@, I1),

which contradicts our assumption that M’ is a C-maximum recovery of M. This concludes

the proof of (1) = (2).

We prove now that (2) = (3). Let [ be an instance in dom(M). From (2) we know
that for every (1, I') € M o M’ and every query @) € C, it holds that Inf \,(Q, 1) C Q(I").
Thus, we have that for every I’ € Solaoar (), it holds that Inf(Q, ) € Q(I’) and,
therefore, Inf \,(Q, I) C certainporr (@, I). Then since since M’ is a C-recovery of M,
by Lemma 4.1.4 we obtain that certainyone (@, 1) C Infr(Q, I). Hence, we conclude

that Inf \(Q, I) = certainyone (Q, I) for every I € dom(M) and query @ € C.

Finally implication (3) = (1) is straightforward (see the discussion in the paragraph

before the theorem). L]
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In Definition 3.1.7 in Section 3.1.1, we introduced the notion of witness which plays
a crucial role for the notion of maximum recovery. We use Inf,, to define the notion of
C-witness, which plays this role for C-maximum recoveries. In particular, we show that
the notion of C-witness can be used to provide a necessary and sufficient condition for the

existence of a C-maximum recovery.

DEFINITION 4.1.6. Let M be a mapping and I, € dom(M). Then J is a C-witness
for I under M if for every instance I and query @ € C, if J € Solpy (1), then:

InfM(Q, 12) g Q(Il)

In the next lemma we show that the notion of C-witness is a relaxation of the notion of

witness of Definition 3.1.7.

LEMMA 4.1.7. Let M be a mapping from a schema R, to a schema Ry and I €
Inst(Ry). If J is a witness for I under M, then J is a C-witness for I under M.

PROOF. Let M be a mapping from a schema R; to a schema Ry, I; € Inst(R;) and
J € Inst(Ry) a witness for /; under M. Next we show that .J is a C-witness for I; under
M. Assume that there exists an instance /> € Inst(R;) such that J € Solu(l3). By the
definition of witness, we have that Soly¢(/;) € Soly(I3). This imply that Sub, (/1) C
Sub s (I2). Thus, for every query () in C, it holds that:

Inf./\/l(Q7 IZ) - Inf/\/l (Qa [1)

Since I; € Subp,([1), we have that Inf \(Q, [;) € Q([;) for every query () in C. There-
fore, we have that for every query () € C, it holds that:

Inf\ (@, 1) € Q).
We conclude that J is a C-witness for /; under M, which was to be shown. OJ
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The notion of C-witness can be used to characterize when a mapping M’ is a C-
maximum recovery of a mapping M. In fact, the following theorem shows that C-witness

instances are the building blocks of C-maximum recoveries.

THEOREM 4.1.8. M’ is a C-maximum recovery of M iff, M’ is a C-recovery of M
and for every (I1,J) € M and (J,15) € M, it holds that J is a C-witness for I under
M.

PROOF. (=) Let M be a mapping from a schema R, to a schema R, and assume
that M’ is a C-maximum recovery of M. By hypothesis, M’ is a C-recovery of M. So,
it only remains to show that for every (I1,J) € M and (J, I5) € M/, it holds that .J is
a C-witness for I, under M. For the sake of contradiction, assume that there exist tuples
(I, J) € M and (J, ;) € M’ such that J is not a C-witness for I, under M. Then there
exists an instance / € dom(M) and a query ) € C such that J € Sol(/) and

Infm(Q, 1) € Q(l2).

Given that (/,J) € M and (J, 1) € M, it holds that (I, 1) € M o M’. Thus, we
have a tuple (7, ;) € M o M’ and a query Q € C such that Inf\(Q, ) € Q(I5). By
Theorem 4.1.5, this implies that M’ is not a C-maximum recovery of M, which leads to a

contradiction.

(<) Now, assume that M’ is a C-recovery of M and that for every ([}, J) € M and
(J, Iy) € M, it holds that J is a C-witness for /5 under M. Next we use Theorem 4.1.5 to

show that M’ is a C-maximum recovery of M.

Let (I1,15) € M o M’'. Then there exists an instance J such that (/;,J) € M and
(J, 1) € M. Thus, given that J is a C-witness for I; under M and J € Solxy (1), we
have that Inf (@, 1) C Q(I5) for every query () € C. Therefore, we conclude from
Theorem 4.1.5 that M’ is a C-maximum recovery of M. This concludes the proof of the

theorem. O
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Next we show that the notion of C-witness can be used to provide a necessary and
sufficient condition for the existence of C-maximum recoveries. Given a mapping M, the

C-witness mapping of M, denoted by M, is defined as:
MC = {(J,I)| JisaC-witness for I under M}.
Thus, MC is composed by all the C-witness instances under a given mapping M.

THEOREM 4.1.9. A mapping M has a C-maximum recovery iff the mapping MC is a

C-maximum recovery of M.

PROOF. The “if” part of the theorem follows directly from the hypothesis. Thus, we
just have to show that if M has a C-maximum recovery then the mapping MC is a C-

maximum recovery of M.

Assume that there exists a mapping M’ that is a C-maximum recovery of M. By
Theorem 4.1.8, for every (I, .J) € M and (J, Is) € M’, itholds that .J is a C-witness for I,
under M. Thus, by definition of M, we conclude that for every tuple (I1,I5) € MoM,it
holds that (I, I,) € MoMC. Therefore, MoM' C MoM°C, which implies that for every
I € dom(M) and query Q € C, it holds that certain y o (Q, I) C certainyony (Q, I).
Hence, given that M’ is a C-recovery of M, we conclude that MC is a C-recovery of M.
To show that the mapping M is a C-maximum recovery of M, we use theorem 4.1.8.
Let (I;,I5) € M o MC. Then there exists an instance J such that (I;,J) € M and
(J,1,) € MC. By the definition of the mapping M, we have that .J is a C-witness for
I,. Given that MC is C-recovery of M, we conclude by Theorem 4.1.8 that MC is a

C-maximum recovery of M. This was to be shown. U

4.1.2. On the choice of a query language

Up to this point, a natural question is what is the influence of the parameter C on the notion
of C-maximum recovery. In the following sections, we show that this parameter is essential
to obtain a good mapping language for inversion. Thus, the goal of this section is to shed

light on this issue. Let us start with an example.
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Example 4.1.10. Let M be specified by these two st-tgds:
A(z,y) — R(z,y), B(x) — R(z,x).
It can be shown that mapping M specified by dependency:
R(z,y) — A(z,y) V (B(a:) ANx = y)

is a UCQ-maximum recovery of M. To specify M, we have used a disjunction in the
conclusion of the dependency. This disjunction is unavoidable if we use UCQ to retrieve
information. On the other hand, if we focus on CQ to retrieve information, then, intuitively,
there is no need for disjunctions in the right-hand side of the rules as conjunctive queries
cannot extract disjunctive information. In fact, it can be shown that a CQ-maximum recov-

ery of M is specified by dependency:

Rz,y)Ne#y — Alz,y).

The example suggests that the notion of CQ-maximum recovery is a strict general-
ization of the notion of UCQ-maximum recovery. The following proposition provides a
complete picture of the relationship of the notions of C-maximum recovery, when one fo-

cuses on mappings specified by st-tgds and the most common extensions of CQ.

PrROPOSITION 4.1.11.

(1) There exist mappings M and M’ such that M’ is a UCQ-maximum recovery of
M but not a CQ7 -maximum recovery of M.

(2) There exist mappings M and M’ such that M is a CQ7 -maximum recovery of
M but not a UCQ-maximum recovery of M.
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PROOF. To show part (1),let S = {P(-),R(:)}, T = {T'(-,-), S(-)} and X, ¥’ be the

following sets of dependencies:

S = {P(z) = yT(z,y), R(x) — S(z)},

S = {T(z,y) — P(2) A P(y), T(x,2) A S(y) — P(y), S(x) — R(x)}.

First, we show that M’ = (T, S, %) is not a CQ7 -recovery of M = (S, T, %), from which
we conclude that M’ is not a CQ”-maximum recovery of M. Consider instance I of S

such that PT = {a} and R’ = {b}, with a # b, and Boolean query @ in CQ” defined as:
Jx3y(P(z) A P(y) Az #y).

Clearly (I) = false. Let J be an instance such that (I, J) € M o M’. Then there exists
an instance K of T such that (I, K) € M and (K,J) € M'. Given that (I, K) = X,
we have that b € S¥ and (a,c) € T¥ for some value c. Given that (K,.J) | Y/, we
conclude by considering ts-tgd T'(x,y) — P(x) A P(y) that a,c € P7. Thus, if a # c,
we have () = true. Now, if a = ¢, then by considering ts-tgd 7'(z,z) A S(y) — P(y)
we conclude that b € P7. Therefore, Q(J) holds since a € P/ and a # b. We have
shown that for every J € Solyoar (1), it is the case that (J) = true. Hence, we have
that certainone (Q, I) = true, which shows that M’ is not a CQ”-recovery of M since
QUI) = false.

Now we show that M’ is a UCQ-maximum recovery of M. In fact, we show a stronger
result, namely that for every instance / of S and query @) in UCQ over S, it holds that
certainyon (@, 1) = Q(I). Let I be an instance of S and @) a query in UCQ over S.
Furthermore, let J = chasey (/) and K = chaseysy(.J). By the definitions of ¥ and >, it
is straightforward to prove that K is homomorphically equivalent to /. Thus, given that ()
is a query in UCQ and homomorphisms are assumed to be the identity on the constants,
we have that for every tuple a of constants, a € (1) if and only if a € Q(K). Therefore,
we have that Q(/) = Q(K),, where Q(K), is defined as the set of tuples of constants that
belong to Q(K) (Fagin, Kolaitis, Miller, & Popa, 2005). But from (Fagin, Kolaitis, Miller,
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& Popa, 2005; Fagin, Kolaitis, Popa, & Tan, 2005), we know that certainone (Q, 1) =
Q(K), and, thus, certainpor (Q, I) = Q(I).

To show part (2), let S = {D(-), E(-), F()}, T = {P(:),R(-)} and X, ¥’ be the

following sets of dependencies:

S = {D(z) — P(a), E(z) — Plx), F(z) — R(x)},

¥ = {R(z) — F(x)}.

First, we show that M’ = (T, S, YY) is not a UCQ-maximum recovery of M = (S, T, 3).
For the sake of contradiction, assume that M’ is a UCQ-maximum recovery of M, and

consider instance I of S such that / = {D(a)}, and Boolean query @) in UCQ defined as:
JzD(z) vV IyE(y).

It is straightforward to prove that (1, Iy) € M o M’, where I is the empty instance. Thus,
we have that certainyone (@, I) = false since Q)(Iy) = false. Therefore, we have from
Theorem 4.1.5 that Inf (@, I) = false since M’ is a UCQ-maximum recovery of M.
Hence, there exists an instance I’ of S such that Solr((1") € Soly (/) and Q(I') = false.
We conclude that D" = E!" = (), which implies that the instance .J of T such that P/ = ()
and R’ = F! is a solution for I’ under M. But .J is not a solution for I under M (since

a ¢ P7), which contradicts the fact that Soly(I") C Solu(1).

Second, we show that M’ is a CQ”-maximum recovery of M. Notice that for every
instance [ of S, it holds that I’ = chaseyy(chasex (7)) is a solution for / under M o M’
such that I’ C I. Thus, given that every query in CQ7 is monotone, we conclude that
certainpone (Q, 1) € Q(I') € Q(I) for every query @ in CQ” over S. Therefore, we
have that M’ is a CQ”-recovery of M. To conclude the proof, we have to show that
M ji/?# M’ for every CQ7-recovery M” of M. Let M” be a CQ”-recovery of M,

@ a query in CQ” over S and I an instance of S. We consider two cases to show that

certainponm (@, 1) C certainpor (Q, I).
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(I) Assume that one of the conjuncts of () is of the form either D(x) or E(z).

Next we show that certainyoa (@, 1) = (), from which we conclude that
certainyonmr (@, I) C certainyon (Q, ).
For the sake of contradiction, assume that certainaone (@, I) # 0. Without
loss of generality, assume that D(z) is one of the conjunct of ), and let I’ be an
instance of S such that D' = (), BI" = (D' U E') and F'' = F'. Then we have
that Soln(I) = Solp(I”), which implies that Solyore (1) = Solporer (I').
Thus, we have that certainaop (Q, 1) = certainyor(Q,I"). Given that
D(x) is one of the conjuncts of @, Q is a query in CQ” and D' = (), we
have that Q(I') = (). Thus, given that M” is a CQ”-recovery of M and
I' € dom(M), we have that certainone (@, I') = 0, which leads to a contra-
diction (since certainpon (Q, 1) = certainyone (@, I’) and we assume that
certain o (Q, I) # 0).

(IT) Assume that all of the conjuncts of () are of the form R(z). Next we show that

Q(I) C certainyon (@, I), from which we conclude that certain yiopn (@, I) C
certainyon (@, ) since M” is a CQ7 -recovery of M.
It is straightforward to prove that for every I’ € Sol o (1), it holds that RT C
R, Thus, given that all of the conjuncts of () are of the form R(z) and Q is
a query in CQ”, we conclude that Q(I) C Q(I') for every I' € Solyons (I).
Therefore, we have that Q(1) C certain oy (Q, I).

Proposition 4.1.11 tells that the notions of UCQ- and CQ”-maximum recovery are
incomparable, even in the case of st-tgds. From this proposition, we can also conclude
the following. Assume that C; and C, are any of the query languages CQ, UCQ, CQ” or
UCQf Then from Proposition 4.1.11, one can conclude that if C; & C,, then there exist
mappings M and M’ specified by tgds such that, M’ is a C;-maximum recovery of M but

not a Cy-maximum recovery of M.
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4.2. C-Maximum Recovery and Previous Notions

In this section we compare the notion of C-maximum recovery with previous notions pro-
posed in the literature about inverses and the notion of C-equivalence for schema map-

pings (Madhavan & Halevy, 2003; Fagin, Kolaitis, Nash, & Popa, 2008).

4.2.1. C-Maximum Recovery and other notions of inverse

In this section, we study the notions of Fagin-inverse (Fagin, 2007) and quasi-inverse (Fa-
gin, Kolaitis, Popa, & Tan, 2008), as well as the notion of maximum recovery by using the
formal notion of retrieving sound information introduced in Section 4.1 (see Section 2.5 for
the definitions of Fagin-inverses and quasi-inverses). In particular, we show that these no-
tions appear as specific points in the range of C-maximum recoveries, for different choices
of the class C. In this study, we also use an additional concept to highlight some properties
of these notions of inverse. This concept measures the ability of an inverse operator to re-
cover all the sound data. Formally, let M be a mapping from a schema R; to a schema R,
and () a query over R. Then we say that M’ fully recovers Q) for M if for every instance
I € dom(M), it holds that

certainyon (@, 1) = Q(I).

Moreover, given a class C of queries, we say that M’ fully recovers C for M if for every

query Q € C over Ry, it holds that M’ fully recovers () for M.

We start our study by considering the notion of Fagin-inverse (Fagin, 2007). Recall that
a mapping M from a schema R, to a schema Ry is closed-down on the left if whenever
(I,J) € ManI' C I,itholds that (I', J) € M, and is total if dom(M) = Inst(R;). As
we explained in Section 3.1.1 the notion of Fagin-inverse is appropriate for closed-down
on the left and total mappings. The following theorem establishes the relationship between

Fagin-inverses and C-maximum recoveries.

THEOREM 4.2.1. Let M be a total and closed-down on the left mapping, that has a

Fagin-inverse. Then the following statements are equivalent:
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(1) M’ is a Fagin-inverse of M,
(2) M’ is a UCQ7 -maximum recovery of M,
(3) M’ fully recovers UCQ7 for M.

PROOF. We first show (1) < (3). First, we show that if M’ is a Fagin-inverse of M,
then for every query () in UCQ7 over S, it holds that M’ fully recovers Q for M.

Let ) be a query in UCQ” over S and I an instance of S. We have to show that
certainyon (@, 1) = Q(I). Given that M’ is a Fagin-inverse of M, we have that [ C J
for every J € Solpyonr(I). Thus, given that () is a monotone query, we have that Q(1) C
Q(J) for every J € Solponr(I). Tt follows that Q(1) C certainpon (Q, I) and, thus,
Q(I) = certainpyony (Q, I) since I € Solporr (1).

We show now that if for every query @ in UCQ over S, it holds that M’ fully recovers
Q for M, then M’ is a Fagin-inverse of M. That is, we show that (1, .J) € M o M’ if and
onlyif / C J.

(I) Assume that (/,.J) € MoM/’, and forevery R € S, let Q) be the identity query
for table R, that is, Qr(Z) = R(Z). Given that M’ fully recovers each of these
queries for M, we conclude that for every J € Solponr(I) and R € S, it holds
that Qr(I) C Qr(J), thatis, RY C R’. Thus, we have that I C J.

(I1) Assume that I C J. To prove that (I, J) € M o M’, we first show that (J, J) €
Mo M.
For the sake of contradiction, assume that (J, J) ¢ M o M'. Then for every
relation R € S, define a Boolean query (Qr as follows. Assuming that the arity

of R is k and R’ contains n tuples, Qp is the following query in UCQ7”".

Eli’1~~E|:inEli’n+1(< A R(f,;))A( A\ fﬁéfj)),

1<i<nt1 1<i<j<n+1
where u # v stands for the formula \/’Z:1 u; # vy, for k-tuples u = (uq, . .., ux)
and v = (vq,...,v;). Thus, Qg says that relation R contains at least n+1 tuples.
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Let () be the following query in UCQ7.

Q = \/Qr

ReS

Then we have that Q(.J) = false.
By (I), we know that if (J,J') € M o M’, then J C J’ (notice that the proof
in (I) was done for an arbitrary pair of instances in M o M’). Thus, given that
(J,J) & Mo M, we have that for every J' € Solyor(J), there exists R € S
such that R/ ¢ R”". We conclude that Q(.J') = true for every J’ € Sol oy (J).
But this contradicts the fact that M’ fully recovers () for M since Q(.J) = false
and J € dom(M) (since M is a total mapping).
Given that (J, J) € M o M’, we have that there exists an instance K of T such
that (J, K) € M and (K, J) € M’. Thus, given that M is closed-down on the
left and I C J, we conclude that (I, K') € M. Hence, given that (K, J) € M/,
we have that (I,.J) € Mo M'.

This concludes the proof of (1) < (3).

We now show (1) < (2). First, notice that if M’ is a Fagin-inverse of M, then we
have that M’ fully recovers UCQ7 for M, which implies that M’ is a UCQ7 -maximum
recovery of M. Second, assume that M’ is a UCQ7§—maximum recovery of M. Given that
M is Fagin-invertible, there exists a Fagin-inverse M* of M. Thus, we have that M* fully
recovers UCQ” for M. Therefore, given that M’ is a UCQ”-maximum recovery of M,
we have that M* jUMC(ﬁ M’ and, hence, M’ fully recovers UCQ7 for M. Again using
the result above, we deduce that M’ is a Fagin-inverse of M, which concludes the proof

of the theorem. O

Theorem 4.2.1 implies that a Fagin-inverse exists only if every query in UCQ” can
be fully recovered, which rarely occurs. It also states that, when a Fagin-inverse exists, it

coincides with the notion of UCQ7-maximum recovery.
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We continue our study by considering the notion of quasi-inverse (Fagin, Kolaitis,
Popa, & Tan, 2008). (See Definition 2.5.2 for the formalization of the notion of quasi-
inverse). In the following theorem, we characterize the notion of quasi-inverse for the case

of st-tgds in terms of its ability to recover sound information.

THEOREM 4.2.2. Let M be a mapping specified by a set of st-tgds, that has a quasi-
inverse. Then there exists a subclass C of UCQ” such that the following statements are

equivalent.

(1) M’ is a quasi-inverse of M,
(2) M’ is a C-maximum recovery of M,
(3) M’ fully recovers C for M.

Before proving the Theorem we recall some concepts regarding query rewriting and
prove a technical lemma that we later use to construct the class of queries C in the statement
of the theorem. Let M = (S, T,Y) be an st-mapping where > is a set of FO-T10-CQ
dependencies. Recall that, given a query () over T, a rewriting of () over the source, is
a query )’ over S such that certainy,(Q, 1) = Q'(I) for every source instance . As we
show in Lemma 3.3.1, when () is a conjunctive query such a rewriting )’ always exists
and can be specified in FO over S. (Moreover, from Lemma 3.3.3 we know that if X is
a set of st-tgds, then the rewriting )" is a query in UCQ7™.) In the proof we also use the
following observation. Let I be a source instance and .J the result of chasing I with X..
It is known that certain(Q, 1) = Q(J), for every @ that is a conjunctive query (Fagin,
Kolaitis, Miller, & Popa, 2005; Arenas et al., 2004). These two concepts imply that, if ()’

is a rewriting of a conjunctive query () over the source and .J is the result of chasing / with
¥, then Q'(I) = Q(J),.
In the following technical lemma we use query rewriting to introduce a set of queries

C 4 that defines the space of solutions associated to a mapping M. This set will be used to

construct the set of queries in the statement of Theorem 4.2.2.
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LEMMA 4.2.3. Let M = (S, T, X) be an st-mapping where ¥ is a set of FO-T0-CQ

dependencies, and consider the following set of queries over S:
Cm = {x(@) | o(T) — (Z) € ¥ and x(T) is a source rewriting of Y (Z) w.r.t. M}.

Then for every pair of instances I, I5, it holds that Sol(13) C Soly(11) if and only if,
for every query () € Cyq we have that Q(1;) C Q(1).

PROOF. Assume first that Solr((l3) € Sola(11), and let Q@ € Cry. We show now
that Q(1;) € Q(Iy). Let o in ¥ be a formula of the form ¢(z) — 1(Z), such that
@ is the rewriting of v (z) over S. Now, since Solpy(l2) C Solpy([1), we have that
certainy (@', I) C certainy(Q', I2) for every query )’. In particular, this last prop-
erty holds for the query defined by formula ¢)(z). Then since () is a rewriting of 1)(Z) over
S, we conclude that Q(I;) C Q([3).

For the other direction, let 11, I be source instances and assume that for every () € Cyy,
it holds that Q(1;) C Q(I3). We show now that Solr(I5) € Solp(11). Let (I, J) E %,
we must show that (/;,.J) = 3. Let 0 € X be a dependency of the form ¢(z) — (), and
assume that [; = o(a) for some tuple a of constant values. We need to show that .J = v(a).
Since I; = ¢(a) we know that for every J' € Soln(1;) it holds that J' = v(a). Now, let
(), be the conjunctive query defined by (), and consider the query )’ € C,, obtained
by rewriting ¢(z). Since Q'([;) = certainy(Qy, I1) and since for every J' € Sol (1)
we have that a € ("), we obtain that a € certain(Qy, [1) and then a € )’(I;). Thus,
since we are assuming that Q'(1;) C Q’'(I3), we conclude that a € Q)'(I3). Recall that Q'
is a rewriting of ¢/(Z), and then since a € ()'(I5) we have that @ € certain(Qy, I2). That
is, for every K € Solx(I2) we have that a € Q) (K). In particular, for J we have that
a € Qyu(J), and then J = v(a). This was to be shown. O

We now have all the ingredients to prove Theorem 4.2.2.
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PROOF OF THEOREM 4.2.2. We describe first how to construct the set of queries in
the statement of the theorem. Given the mapping M, let Cr be the set of queries con-
structed in Lemma 4.2.3. Notice that since M is specified by st-tgds, we know that C 4 is
a set of queries in UCQ™ over S (see Lemma 3.3.3). Consider now the set of queries C},
obtained from C,, by closing the set under conjunction, disjunction, existential quantifica-
tion, variable substitution, and addition of inequalities between free variables. Since C 4 is

a set of queries in UCQ™, we have that C}, is a set of queries in UCQ=7.

We first show that the set C}, satisfies the same property of Lemma 4.2.3. That is, for
every pair of instances [, I5, it holds that Sol(/2) C Solr(/;) if and only if Q(I;) C
Q(Iz) for every ) € Chy. Since Cpy C Chy, the “only if” part follows immediately. For
the other direction we use an inductive argument. Assume that Solx(73) C Sola({;) and
let @ be a query in C},. There are several cases. Suppose that () is the conjunction of two
queries ()1 and () in C},. Then Q(I1) = Q1(I1) N Q2(1). By induction hypothesis we
have that Q; (/1) € Q1(I2) and Q2(/1) € Q2(/2) and then Q(;) = Q1(L1) N Q2(11) C
Q1(12) N Qa(l2) = Q(I,). If @Q is the disjunction of two queries the argument is similar.
Assume () is obtained from )’ € C}, by existentially quantifying some of the free variables
of @'. From Q'(I;) C Q'(I») it is straightforward to conclude that Q(/;) C Q(Iy). Itis
also straightforward to conclude that Q(1;) C Q(I5) if ) has been obtained by substituting
some variables in a query )’ € Cj,. Finally, let ()’ be a query in Cy, and (21, ..., xy) the
tuple of free variables of ()’ (with k& > 2), and assume that () is obtained from ()’ by adding
the inequality x; # x; with i # j. Notice that if a tuple a = (a1, ..., ax) is in Q(1;), then
a; # a; and a € Q'(I). Since Q'(I;) € Q'(I3) we obtain that, if a € Q(I;) then a; # a;
and a € Q'(I2), which implies that a € Q([3).

We show now that for the set of queries C} ,, statements (1), (2), and (3) are equivalent.
Thus, assume first that M is quasi-invertible. We show now that M’ is a quasi-inverse of
M if and only if M’ fully recovers C}, which proves the equivalence (1) < (3). To prove
the “only if” part, let M’ be a quasi-inverse of M. We need to show that M’ fully recovers
Chy- That is, we need to show that certainyoay (Q, 1) = Q(I) for all Q € Cj3,. Let @

be a query in Cj, and let / be a source instance. Recall that, if Soly((13) € Solp (1),
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then Q(I1) € Q(I>). This fact implies that if Sol(I2) = Soly(11), then Q(11) = Q(1).
We use this last property several times in this part of the proof. Now, since M’ is a quasi-
inverse of M, there exists instances I’ and /" such that Solx(1) = Solp(I”) = Solp(I”)
and (I',1") € M o M'. Since Solp(I) = Soly(I') and (I',1") € M o M', we know
that (7,1") € M o M’. Now, since Solr(I) = Solpy(I"), we know that Q(I) = Q(I"),
then we have that certainyopne (@, 1) € Q(I”) = Q(I). Let (I,I') € M o M'. There
exists instances Io, I, such that Soly(I) = Solp(12), Soly(I") = Soly(I4) and I C 15,
Since () is a monotone query, we obtain that Q(Iy) € Q(I}). Finally, since Soly (1) =
Sola(1z), Solp(I') = Solap(I5), we obtain that Q(I;) = Q(I'), Q(I}) = Q(I’) and
Q(I) € Q(I'). We have shown that, if (/,I') € M o M’, then Q(I) C Q(I’), and then
Q(I) C certainpyone (Q, I). Thus it holds that for every () € C,, and for every instance /,
it holds that Q(I) = certain o (@, I). Then we conclude that M fully recovers C for
M.

To prove the opposite direction, assume that M’ fully recovers C},. We need to show

that M’ is a quasi-inverse of M. We show two properties:

(a) If (I1,15) € M o M’ then there exists instances I, I, such that Soly([;) =
Sola(17) and Solp(12) = Sola(15), and I C 1.

(b) For every [ there exists an instance [’, such that Soly(/) = Soly(I’) and
(I,I') e MoM.

Properties (a) and (b) are enough to conclude that M’ is a quasi-inverse of M (see Defini-
tion 2.5.2). To prove (a), let (11, I;) € MoM'. Since M’ fully recovers C5,, we know that
for every ) € Cj it holds that Q(/;) = certainyopr (@, I1). From (11, Iy) € Mo M’ we
know that certain o (Q, 11) € Q(I2). We have shown that, for every (Q € C}, it holds
that (/1) € Q(I3) which by the properties of C}, implies that Soly((Z3) € Sola(1).
Finally, since M is quasi-invertible, we know that M satisfies the (~ r(, ~ ¢ )-subset prop-
erty (Fagin, Kolaitis, Popa, & Tan, 2008). Then from Solx(15) € Solx (1) we conclude
that there exists [ and [} such that Solxy(I1) = Soly(11), Solap(l2) = Sola(15), and
I7 C I. This completes the proof of (1).
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Before proving (b), notice that, while proving (a) we have shown that if (I, 1) €
Mo M’ then Q(I;) € Q(I2) for every Q € Ci,. When proving (b) we use this last

property.

Now we show that (b) holds. Let I be an arbitrary instance. For every query () € C
we construct a query Q as follows. If Q is a k-ary query and m = |Q([)|, then we define
the Boolean query

Q' = 37, I (Q(fl)/\"'/\Q(c@mH)/\ /\ Z; #fj)

1<i<j<m+1

where Z; a k-ary tuple. It is straightforward to see that Q' € C},. Notice that, if for an
instance I’ it holds that Q(I") = true then |Q(I)| < |Q(I")]. And conversely, if for an
instance I’ it holds that Q! (I") = false then |Q(I")| < |Q([I)|. If Q is a Boolean query, we
consider two cases. If Q(I) = false then QT = Q. If Q(I) = true we let Q' = false (that
is, a query such that for every instance I’, Q)(I') = false). Consider now the query
Q= \ Q"
QeCum

Notice that ()* € Cj,, and then M’ fully recovers Q*. Also notice that Q*(/) = false, and
then certainaory (Q*, I) = false. This implies that there exists an instance /* such that
(I,I*) € Mo M’ and Q*(I*) = false. That is, Q' (I*) = false for every ) € Cr. Now,
let @ € Cy and assume that () is k-ary. Since Q'(I*) = false we obtain that |Q(I*)| <
|Q(I)]. Notice that from (I, I*) € M o M’ and since M’ fully recovers ), we know that
Q(I) € Q(I*). Then by using |Q(I*)| < |Q(I)| we conclude that Q(1) = Q([*). Now, let
@ € Cpq and assume that () is a Boolean query. If ()(I) = true, then from Q(I) C Q(I*)
we conclude that Q(I*) = true. If Q(I) = false then Q*([*) = false and since Q! = Qisa
disjunction in Q*, we obtain that )(I*) = false. In any case we obtain that (/) = Q(I*).
Thus we have shown that, for every Q € Cy, it holds that Q(/) = @Q(I*) which implies
that Soln(I) = Soly(I*). Finally, we have that there exists an instance /* such that

(I,I*) € Mo M’, which is exactly what was to be shown.
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We have shown that M’ is a quasi-inverse of M if and only if M’ fully recovers C},
for M. To conclude the proof, we show that M’ is a quasi-inverse of M if and only if M’
is a C},-maximum recovery of M (that is, we show equivalence (1) < (2). First, notice
that if M’ is a quasi-inverse of M, then we have that M’ fully recovers Cj, for M, which
implies that M’ is a C},-maximum recovery of M. Second, assume that M’ is a C},-
maximum recovery of M. Given that M is quasi-invertible, there exists a quasi-inverse
M* of M. Thus, we have that M* fully recovers C}, for M. Therefore, given that M’ is
a C},-maximum recovery of M, we have that M* jif‘f M’ and, hence, M’ fully recovers
Cxy for M. Again using the result above, we deduce that M’ is a quasi-inverse of M,

which concludes the proof of the theorem. 0

We consider now the notion of maximum recovery introduced in Section 3.1. The fol-
lowing theorem presents our main result for this section regarding the notion of maximum
recovery. Part (1) of Theorem 4.2.4 shows that for every class of queries C, if a mapping
M’ is a maximum recovery of M, then M’ is also a C-maximum recovery of M. Thus, a

maximum recovery is the best possible alternative to retrieve sound information.

THEOREM 4.2.4. Let M be a mapping from a schema R, to a schema Ry, M’ a

maximum recovery of M and Q) an arbitrary query over Rj.

(1) If M" recovers sound information for M under (), then M" j%l M.
(2) If some mapping fully recovers Q for M, then M’ fully recovers Q) for M.

PROOF. To prove part (1), assume that a mapping M” recovers sounds information
for M under ). Next we show that M" jf\)/( M. Let I € dom(M). We have to
show that certainyon (@, 1) C certainpyone (@, ). Given that M’ is a maximum re-
covery of M, we have that Sol oy (I) # 0 since (I,1) € M o M'. Let I’ be an
arbitrary element of Solya(1). Then given that M’ is a maximum recovery of M,
we have that I’ € dom(M) and Soly(I") € Soly(I) (see Proposition 3.1.6). Thus,

we have that Solyone (1) € Solporr (1), which implies that certainyon (Q, 1) C
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certainpon (@, I'). Therefore, given that I’ € dom(M) and M" recovers sound infor-
mation for M under (), we have that certainyop (@, I) C certainpon (@, I') C Q(I").
Given that [’ is an arbitrary instance, we conclude that for every instance J € Sol o (1),
it is the case that certainyone (@, 1) € Q(J), which implies that certain o (Q, 1) C

certain pon (@, 1) since certainyony (@, 1) = mJ€SOIMoM/(I) Q(J).

We prove now part (2). Assume that there exists a mapping M” that fully recovers
@ for M. Notice that this implies that M” recovers sound information for M under
(). Next we show that these two facts imply that M’ fully recovers @) for M. Let I €
dom(M). We need to show that (1) = certainpor (Q, ). Given that M’ is a maximum
recovery, it holds that certainoa (@, I) € Q(I) and, hence, we only need to show that
Q(I) C certainpyopny (@, I). But given that M” recovers sound information for M under
Q, we have by (a) that M” j%l M. Therefore, we have that certainpon(Q, 1) C
certainyony (@, I). Thus, we conclude that Q(1) C certainpon (@, I) since Q(I) =
certain yon (Q, I) (given that M” fully recovers ) for M). This concludes the proof of

the theorem. |

A natural question at this point is whether there exists a characterization of the notion
of maximum recovery similar to the ones given for the notions of Fagin-inverse and quasi-
inverse. In particular, since a maximum recovery is an ALL-maximum recovery, where
ALL is the class of all queries, one may wonder whether the notions of maximum recovery
and ALL-maximum recovery coincide. Somewhat surprisingly, the following result shows

that this does not hold, even for the case of st-tgds.

PROPOSITION 4.2.5. There exist mappings M and M’ such that M is specified by a
set of st-tgds (and thus M has a maximum recovery), M’ is an ALL-maximum recovery of

M and M’ is not a maximum recovery of M.
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PROOF. Let S = {S(-)}, T = {T(-)} and M = (S, T, %), where ¥ = {JzS(z) —
JyT (y)}. Furthermore, assume that a is an arbitrary element of C, and let M* be a map-

ping from T to S defined as follows:
M* = {(Jy, Ip)y U{(J, )| J € Inst(T), I € Inst(S), J # Jy, I # lyand a & dom(I)},

where [ and Jy are the empty instances of schemas S and T, respectively.

Given that M is specified by a set of st-tgds, we know that M has a maximum re-
covery. In fact, by using the tools in Section 3.1.1 it is easy to show that the ts-mapping
M’ specified by dependency Jy7'(y) — JxS(z) is a maximum recovery of M. By the
definition of M*, we know that M* is not a maximum recovery of M. In fact, M* is not
even a recovery of M since for the instance / = {S(a)}, we have that (I, 1) ¢ M o M*.
Thus, to conclude the proof, we only need to show that M* is an ALL-maximum recovery

of M.

Assume that ([;,l5) € M o M*. Then there exists an instance .J of T such that
(I,J) € Mand (J, ;) € M*. If J = Jy, then we trivially have that (J, I) = JyT(y) —
dxS(x), from which we conclude that (J, I5) € M’ and (I3, I5) € Mo M. If J # Jy, then
we have that I, # I by definition of M*. Thus, again we have that (J, I5) = 3yT'(y) —
JxS(x), from which we conclude that (/, [;) € M’ and (I3, I;) € M o M'. Hence, we
have that for every (I, I) € M o M*, it holds that (I3, I5) € M o M’, and we conclude
that M o M* C Mo M'.

Given that M’ is a maximum recovery of M and M o M* C M o M/, to prove
that M* is an ALL-maximum recovery of M, we only need to show that M* is an ALL-
recovery of M. Let () be a query over S and / € dom(M). If the arity of () is & > 1, then
it is easy to see that certainyon=(Q, 1) = 0 C Q(I). If @ is a Boolean query, then we
need to show that certain v« (Q, I) = false whenever Q(I) = false. Thus, assume that
Q(I) = false. By definition of M?*, there exists an instance I’ isomorphic to I such that

(I,1") € MoM*. Therefore, given that () is closed under isomorphisms, we conclude that

100



certain yon+ (@, I) = false since Q(I") = false and I” € Solyon(I). This concludes the

proof of the proposition. U

4.2.2. C-maximum recoveries and C-equivalence

The idea of parameterizing by a class of queries a problem related to the management
of mapping languages is not new. In fact, this idea was developed by Madhavan and Halevy
(2003) to study the composition operator, and was also used by Fagin, Kolaitis, Nash,
and Popa (2008) to develop a theory of schema-mapping optimization, where the authors
introduced the notion of certain-answers equivalence of mappings (Madhavan & Halevy,
2003; Fagin, Kolaitis, Nash, & Popa, 2008). Let C be a class of queries. Then two mappings
M and M’ from R; to R, are C-equivalent, denoted by M =, M/, if for every query
@ € C over R, and every instance [/ in Ry, it holds that: (1) I € dom(M) if and only if
I € dom(M’), and (2) certainy (Q, I) = certainpg (Q, I), if I € dom(M) N dom(M).

If M, and M, are C-equivalent, then we know that they behave in the same way with
respect to C. Thus, if one is going to retrieve information by using only queries from C,
a mapping M can be replaced by any other C-equivalent mapping. In particular, it could
be replaced by a mapping that can be handled more efficiently, thus optimizing the initial
schema mapping. In the notion of C-maximum recovery, this idea of only considering
a particular query language to retrieve information is also present. The following result
shows that the notions of maximum recovery and C-maximum recovery can be related

through the notion of C-equivalence (Fagin, Kolaitis, Nash, & Popa, 2008).

PROPOSITION 4.2.6. Let M’ be a maximum recovery of M, and C a class of queries.

(1) M" is a C-maximum recovery of M iff (M o M") =¢c (M o M’).
(2) If M" is such that M" =c M, then M" is a C-maximum recovery of M.

PROOEF. Notice first that, since M’ is a maximum recovery of M, from part (1) of

Theorem 4.2.4 we know that M’ is a C-maximum recovery of M.

We show now part (1). Assume that (M o M") = (M o M’). Tt is easy to see that
dom(M) = dom(M o M) (since M’ is a recovery of M) and then from the definition of
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C-equivalence we obtain that dom(M) = dom(M o M"). Thus, we have that for every
I € dom(M) and @ € C, it holds that certainory (Q, I) = certainyone (Q, I). This
last property together with the fact that M’ is a C-maximum recovery of M implies that

M" is a C-maximum recovery of M.

To prove the opposite direction, assume that M” is a C-maximum recovery of M.
Since M’ is also a C-maximum recovery of M, we obtain that for every I € dom(M)
and @ € C, it holds that certainyony (@, I) = certainpyone (Q, I) C Q(I). From this last
property, we obtain that if I € dom(M) then I € dom(M o M"), otherwise it could not
be the case that certainpaoa(Q, I) C Q(I), and then we have that dom(M) C dom(M o
M"). Tt is obvious that dom(M o M"”) C dom(M), and then we obtain that dom(M) =
dom(M o M"). Since M’ is a recovery of M, we have that dom(M) = dom(M o M’)
and then we obtain that dom(M o M’) = dom(M o M”). Summing up, we have shown
that dom(M o M') = dom(M o M"), and for every I € dom(M o M’) and Q) € C, it
holds that certainyony (Q, I) = certainpon (@, I). Hence, (M o M”) =¢ (M o M').

We prove now part (2). Assume that M” = M’. Next we show that (M o M") =¢
(Mo M), from which we conclude from (a) that M” is a C-maximum recovery of M. As
in the previous proof, using the fact that M’ is a recovery of M and M" = M’, we can
conclude that dom(M) = dom(MoM’) = dom(M o M"). Then it only remains to show
that certainyon (@, I) = certainyone (@, I) for every I € dom(M) and @ € C. Let
I € dom(M) and @ € C. We first show that certain o (@, 1) C certainyon (@, I).
Let a € certainyon(Q, I) and consider an instance K such that (I, K) € M o M’
Then there exists J such that (/,.J) € M and (J,K) € M'. Since M’ =, M", it
holds that dom(M') = dom(M”) and then J € dom(M”). From the fact that a €
certainponm (@, ) and (I,J) € M, we obtain that for all L such that (J,L) € M”, it
must be the case that a € QQ(L). This last property implies that a € certainy (@, .J) and
then, given that certainpg (Q, J) = certainy (Q, J), we have that a € certainpyg (Q, J).
Finally, given that (J, K) € M/, we have that a € Q(K). We have proved that if a €
certainponm (Q, I), then for every K such that (1, K) € Mo M, itholds thata € Q(K),

from which we conclude that certain ypon (Q, 1) C certainponr (@, I). To prove that for
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every I € dom(M) and @ € C it holds that certainyone (@, I) C certainyor (@, 1), a

symmetric argument can be used. U

4.3. A Schema Mapping Language Closed Under Inversion

One of our main goals in this chapter is to find a mapping-specification language that is
closed under inversion. This goal amounts to (1) first choose a particular semantics for
the inverse operator, and then (2) prove that under this semantics, there exists a mapping
language £ such that every schema mapping specified in £ has an inverse also specified
in £. Thus, we have to deal with two parameters: the semantics for inverting mappings,
and the language used for specifying mappings. As a desiderata, we would like to have a
natural and useful semantics, and a mapping-specification language expressive enough to
contain the class of st-tgds. It is important to notice that the notions of Fagin-inverse and
quasi-inverse could not meet our requirements, as there exist mappings specified by st-tgds
that admit neither Fagin-inverses nor quasi-inverses. The notion of C-maximum recovery,
developed in the previous sections, provides a range of natural and useful semantics for the

inverse operator that will allow us to reach our goal.

The main result of this section is that, when we consider the notion of CQ-maximum
recovery as our semantics for inversion of st-mappings, there exists a language that is closed
under inversion and contains the class of st-tgds. More specifically, we we prove that every
st-mapping specified by a set of CQ®7-10-CQ dependencies has a CQ-maximum recov-
ery also specified by a set of CQ®7-10-CQ dependencies (Theorem 4.3.1). Although this
language has appeared before in the literature about inverses of schema mappings (Fagin,
Kolaitis, Popa, & Tan, 2008), it has not been used to study closure properties as the ones
considered in this paper. It should be noticed that, with CQ®7-1T0-CQ dependencies, the
standard chase procedure gives a single instance as output. Thus, every instance [ has a
solution that can be considered as a representative of the space of solutions for /, which
is a desirable property for data exchange (Fagin, Kolaitis, Miller, & Popa, 2005). These
results provide strong evidence that the language of CQ®7-T0-CQ has good properties

for inverting mappings.
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Our closure result depends on both the mapping language and the class C used in
the notion of C-maximum recovery. Thus, a natural question is whether this result could
be strengthened by considering other alternatives for these parameters. In Sections 4.3.2
and 4.3.3, we prove several negative results in this respect. These results show that, our
choice of CQ-maximum recovery as the semantics for inversion and CQC7-10-CQ as the
mapping language is, in a technical sense, optimal for obtaining a mapping language closed

under inversion.

It should be noticed that our closure result (Theorem 4.3.1) is specific to the case of
st-mappings, that is, mappings that consider only constant values in source instances. As
we have seen, in this scenario inverses are ts-mappings which are mappings that transform
instances with constant and null values into source instances that only contain constant
values. This has been a common assumption on the literature on inverting mappings (Fagin,
2007; Fagin, Kolaitis, Popa, & Tan, 2008; Arenas, Pérez, & Riveros, 2009). Nevertheless,
Fagin et al. (2009) have raised the issue of the asymmetry in the study of the inverse
operator, and have proposed to study the inverse operator in a symmetric scenario in which
both source and target schemas have constant and null values. We leave the study of closure

properties in this symmetric scenario for future work.

4.3.1. CQ%”-10-CQ is closed under inversion

The following is the main result of this section.

THEOREM 4.3.1. Every st-mapping specified by a set of CQ®7”-10-CQ dependencies,
has a CQ-maximum recovery specified by a set of CQS7-10-CQ dependencies.

To prove the theorem we describe in this section an algorithm to compute a CQ-
maximum recovery of an st-mapping given by CQ%7”-10-CQ dependencies, that gives
as output a set of CQ®7-10-CQ dependencies (see Theorem 4.3.7). For the rest of this
section fix ¥ as a finite set of CQ®7-T0-CQ dependencies, and M as the st-mapping

specified by .
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We start with a simple observation. Consider the set  obtained from X by dropping
all the atoms of the form C(z) that appear in the premises of the dependencies in X.. Notice
that, since M is a source-to-target mapping, every instance in the domain of M is com-
posed only by elements in C. This implies that the st-mapping specified by 3 is exactly M.
Thus, trough the rest of this section we work with ¥ instead of 3. We split the presentation

of our main procedure in several sub-procedures.

Compute a maximum recovery for 3

We start by computing a set >’ that specifies a maximum recovery of M. We make
use of the following lemma that is similar to Lemma 3.3.3 which refers to the output of
procedure QUERYREWRITING of Lemma 3.3.1. The proof of the lemma follows from

inspecting the proof of Lemma 3.3.1.

LEMMA 4.3.2. Let M = (S, T, %) be an st-mapping such that ¥ is a set of CQ” -10-CQ
dependencies, and let () be an n-ary conjunctive query over schema 'T. Then algorithm
QUERYREWRITING (M, Q) in Lemma 3.3.1 has as output a query Q' in UCQ”~ that is
a rewriting of Q) over the source. Moreover, the output query Q)" is a formula of the form
B1(Z) V -+ V Bp(Z) where T is an n-tuple of distinct variables, and for 1 < i < k, the

formula 3;(z) is a CQ”"~ query such that,

e T is exactly the tuple of free variables in 3;(T),

e if the inequality z # Z' occurs in 3;(Z) then z and z' occur in some relational
atom of 3;(Z), and

e ifthe equality z = 2’ occurs in 3;(T) then z or 2z’ (but not necessarily both) occur

in some relational atom of [3;(T).

Thus, let M be the st-mapping specified by the set 3. Let M’ be the mapping obtained
as the output of MAXIMUMRECOVERY (M), and assume that Y’ is the set of dependencies
that specify M’. From Lemma 4.3.2 we have that ¥’ is a set of CQ®-T0-UCQ7"~ de-

pendencies. Furthermore, by following algorithm MAXIMUMRECOVERY we can see that
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every dependency in X' is of the form 3y (z,y) AC(Z) — (1(Z) V-V Be(Z), with k > 1

and where

e Jyi(z,7) is the conclusion of some of the dependencies in ¥,
e 7 is exactly the tuple of free variables of 3y1(Z, y) and of 3;(z) for 1 < i < k,
e C(7) is a conjunction of formulas C(x) for every x in z, and
e for 1 < i <k, the formula 53;(Z) is a CQ7~ query such that,
— if the inequality z # 2’ occurs in 3;(Z) then z and 2" occur in some relational
atom of 3;(z),
— if the equality z = 2’ occurs in (3;(Z) then z or 2’ (but not necessarily both)

occur in some relational atom of 3;(7).

Moreover, we can assume, without loss of generality, that for every 1 < i < k, the equal-
ities occurring in the formula (3;(z) are only among free variables (equalities among exis-
tentially quantified variables, or among free variables and existentially quantified variables,

can be eliminated by replacing the corresponding variables).

In the rest of the section we show how we can apply some operations to transform '
into a set ©* of CQY7-10-CQ dependencies such that, the ts-mapping M* specified by ©*
is CQ-equivalent to M’. Then since M’ is a maximum recovery of M, and M* =cq M/,
we conclude from Proposition 4.2.6 that M* is a CQ-maximum recovery of M. The first

step in our quest is to eliminate equalities and inequalities form the conclusions of >7'.

Eliminate equalities and inequalities among free variables from the conclusions of >’

In this step we construct a set X" that defines a maximum recovery of M, such that
the dependencies in " do not have equalities nor inequalities among free variables in their
conclusions. We use a notion similar to what is called complete description in (Fagin, Ko-
laitis, Popa, & Tan, 2008). Let £ = (x1, ..., z,) be a tuple of distinct variables. Consider
a partition 7 of the set {z1,...,z,}, and let [x;], be the equivalence class induced by 7 to
which x; belongs (1 < ¢ < n). Let f; : {1,...,2,} — {x1,...,2,} be a function such
that f.(x;) = x; if j is the minimum over all the index of the variables in [z;],. That s, f,

is a function that selects a unique representative from every equivalence class induced by
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7. For example, if T = (x1, 29, 3, 24, T5) and 7 is the partition {{z1, x4}, {za, x5}, {z3}},
then fr(z1) = z1, fr(x2) = @2, fr(z3) = w3, frlzs) = 71, fr(z5) = 2. We also
consider the formula J, that is constructed by taking the conjunction of the inequalities
fr(x;) # fr(z;) whenever fr(z;) and fr(x;) are different variables. In the above example
we have that 0, is the formula z; # x5 A x1 # x3 A x5 # x3. Finally, given a conjunction
of equalities and inequalities o and a conjunction of inequalities 3, we say « is consis-
tent with [3 if there is an assignment of values to the variables in « and /3 that satisfies all
the equalities and inequalities in these formulas. For example, 1 = x5 is consistent with

x1 # x3, while 1 = x5 A x5 = x3 is not consistent with x; # x3.

Recall that > is a set of dependencies that specify mapping M’ which is a maximum
recovery of M. We have the necessary ingredients to describe the procedure to construct a
set 2" from ¥', such that dependencies in > has only inequalities among free variables in

their conclusions. We call this procedure ELIMINATEEQINEQ.

Procedure ELIMINATEEQINEQ(Y)

(1) Let X" be empty.

(2) For every dependency o in ¥’ of the form Jyy(z,y) A C(Z) — «a(x) with
T = (x1,...,2,) a tuple of distinct variables, and for every partition = of
{z1,...,2,} do the following:

o Leta(z)=01(Z)V - -V Gi(T).
e Construct a formula 7 from «( f (%)) as follows. For every i € {1,...,k}:
— If the equalities and inequalities among free variables in 5;(f(Z)) are
consistent with J,, then drop the equalities and inequalities among
free variables in 3;( f(Z)) and add the resulting formula as a disjunct

n 7.
e If ~ has at least one disjunct then add to " the dependency o, given by
W (f(7),5) N C(f(T)) A ox — .

(3) Return X" O
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For example, assume that o € ¥/ is the following dependency:

Fy1 Az, 22, 91) A B(xz) A Cz1) A C(z) A Cla3) —

[Elul(P(xl,xg,xg,ul) /\U1 7é 131) /\.1'1 7£ 1'2] V [R(Ll'l,ng) /\.1'1 = T2 /\:c1 7£ XT3 ]

Consider the partition m; = {{z1,x2},{z3}}. Since fr (x1) = fr (x2) = x1, the in-
equality x; # x5 become z7 # z; after applying f,,, and then the first disjunction in
the conclusion of o become unsatisfiable. Considering the second disjunction, the formula
xr1 = 3 A X1 # x3 become x1 = 1 A x1 # w3 after applying f,, and since ¢, is formula

x1 # x3, we obtain a satisfiable formula. Then we have that o, is the dependency
ElylA(Il,[I)l, yl) VAN B(Ig) VAN C(ﬁl) A C(l’g) A T 7é Tr3 — R(ZL‘l, {23'3),

and then o, is added to X" in procedure ELIMINATEEQINEQ. If we consider the partition
mo = {{z1}, {x2, x3}}, the second disjunction in the conclusion of o become unsatisfi-
able (since the inequality x; # x5 is forced in d,,). In this case we have that o, is the

dependency
Fy A1, X2, y1) A B(x2) ANC(21) ANC(22) A1 # 9 — Fuq (P21, 2, T3, u1) AUy # 1),

and o, is added to ¥”. On the other hand, if we consider partition w3 = {{z1, 22, z3}},
that is, considering a single equivalence class for the whole set of variables, then o, is not

added to 3" since both disjunctions in the conclusion of o become unsatisfiable.

Notice that the set > obtained after the described process, is a set of CQC”'E—TO—UCQ;’é
dependencies. Moreover, X" is such that for every disjunction (3(Z) in the conclusion of a
dependency, and for every inequality = # x’ occurring in 3(Z), we have that = or 2’ are

existentially quantified variables (that is, it is not the case that both = and 2’ belong to 7).

The following lemma shows the key property that the set X" satisfies.

LEMMA 4.3.3. Let M" be the ts-mapping specified by the set 2" constructed in pro-

cedure ELIMINATEEQINEQ(Y). Then M" is a maximum recovery of M.

108



PROOF. In what follows, we make use of the following technical result proved in (Fa-
gin, Kolaitis, Popa, & Tan, 2008) (Proposition 6.7). (We have also included some of the
details in Section 2.4.) Assume that ['; is a set of FO-TO-CQ dependencies and I's a set
of CQ®7-10-UCQ dependencies. Let M; be the st-mapping specified by I'; and M, the
ts-mapping specified by I's. In (Fagin, Kolaitis, Popa, & Tan, 2008) the authors proved
that, if / is a source instance, J the result of chasing [ with 'y, and V = { K3, K, ..., K;}
the result of chasing J with Iy, then for every I’ such that (I, ") € M; o M, there exists
a homomorphism from some K € )V to I’. By following the proof in (Fagin, Kolaitis,
Popa, & Tan, 2008), one can see that the mentioned result also holds when I'; is a set of
CQC%7-10-UCQ” dependencies, provided that the inequalities in the conclusions of the
dependencies of ['s always mention an existentially quantified variable (inequalities that
mention existentially quantified variables do not affect the normal chase procedure). Thus,

we can apply this result to > and X"

We continue now with the proof of the lemma. Recall that M’ the mapping specified
by ¥, is a maximum recovery of M. We show now that M” is also a maximum recovery
of M. First, it is straightforward to see that, if (J, 1) = >’ then (J, I) |= ", from which
we obtain that Mo M’ C Mo M”. Then it only remains to prove that Mo M” C Mo M.

Before proving that M o M" C M o M’, we make the following observation about
Y.". Notice that for every dependency o in X7, and for every variable x that simultaneously
occurs in the premise and the conclusion of o, we have that C(x) occurs in the premise
of 0. This property is enough to conclude that, if (J, K) = X" with J and K arbitrary
instances composed by constants and null values, and there exists a homomorphism from
K to K', then (J, K') |= ¥". Thatis, >" is closed under target homomorphism (see (Fagin,
Kolaitis, Nash, & Popa, 2008)).

In order to prove that M o M” C M o M’, let (I1,15) € M o M”. Assume that
J is the result of chasing [; with Y., and V the result of chasing J with X”. From the
discussion above, we know that there exists an instance K € ) and a homomorphism from

K to I,. We also know that (J, K) = ¥”. Then given that X" is closed under target
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homomorphism, we have that (J, ;) = X", and then (J, I5) € M” since I, is a valid
source instance. We show now that (J,[5) = X’ and then (J,I,) € M'. Let o be a
dependency of > of the form 3y (z,y) A C(Z) — «(z) with & = (1, ..., z,) a tuple of
distinct variables. Assume that there exists an n-tuple @ = (ay, ..., a,) of elements from
dom(.J) such that J = Jyy(a,y) A C(a). We have to show that I, = «(a). Recall that
Y. is the output of the algorithm MAXIMUMRECOVERY of (Arenas et al., 2008) applied
to 3. It was shown in (Arenas et al., 2008) that, if .J is the result of chasing [; with
3, then (J,I;) = Y. Then since J = Jy(a,y) A C(a), we have that I, = «a(a).
Now, consider a partition 7; of {z1,...,z,} constructed by considering the equivalence
classes [z;]r, = {z; | a; = a;} for 1 < ¢ < n. Notice that, by the construction of the
partition 75, if in the tuple fr.(Z) = (fr,(21), ..., fra(2,)) We assign to every variable x;
its corresponding value a; for 1 < j < n, we obtain exactly the tuple a. Also notice that
this same assignment satisfies the formula ,,. Then since I; = «(a) = B1(a)V- - -V Bi(a),
we have that there exists an index i with 1 <4 < k such that 3;(fr,(Z)) A 0, is satisfiable
by using the assignment z; — a; for 1 < 57 < n. Then we know that dependency o, of
the form 3y (fr. (Z),9) A C(fr,(Z)) A 0x, — (fr.(Z)) is added to the set X". Finally,
since (J, I) = X" we know that (J, I5) = o,,. Then given that J satisfies the formula
dy(a,y) A C(a) A 6, we know that I, |= o/(a), and from this is straightforward to see
that I, = «(a). This was to be shown. Then since (I;,J) € M and (J,I,) € M’ we
obtain that (11, I) € M o M.

We have shown that M o M’ C Mo M” and that M o M"” C Mo M’, which implies
that M o M’ = M o M". Then since M’ is a maximum recovery of M we obtain that
M?" is also a maximum recovery of M. That is, we have that > specifies a maximum
recovery of M. In the next step of our procedure, we eliminate the remaining inequalities

in the conclusions. O

We continue now with the procedure to compute a CQ-maximum recovery of M. In
the rest of this section we consider 3" as the set constructed from X’ as described above,

and M" as the ts-mapping specified by >”.
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Eliminate the remaining inequalities in the conclusions of >

In this step we just drop all the remaining inequalities in the disjunctions of the conclu-
sions of the dependencies of ¥”. It turns out that, although the obtained set of dependencies
may no longer define a maximum recovery of M, it does define a CQ-maximum recovery
of M. In fact a stronger result holds, namely, that the obtained set of dependencies defines

a UCQ-maximum recovery of M. We formalize this fact in the following lemma.

LEMMA 4.3.4. Let "' be the set constructed from Y." by dropping all the inequalities

in the conclusions of dependencies in 3", and let M"" be the ts-mapping specified by Y.
Then (1) M"" =ycq M" and (2) M" is a UCQ-maximum recovery of M.

PROOF. Recall that all the inequalities in the disjunctions of the conclusions of the
dependencies in X" are of the form = # 2’ where = or 2’ is an existentially quantified
variable. Also notice that, when chasing an instance with >” we select a fresh null value
for every existentially quantified variable. These facts are enough to conclude that the result
of chasing with ", is the same as the result of chasing with X" (up to isomorphic images
of null values). By using this last property we can show that M"” is a UCQ-maximum

recovery of M.

We show first property (1), that is, we show that M" =ycq M”. Notice that from this
last fact and since M” is a maximum recovery of M, we obtain from Proposition 4.2.6
that M"” is a UCQ-maximum recovery of M, thus showing property (2). First notice
that the domain of M” as well as the domain of M", is the set of all target instances
(all the instances composed by constants and null values). Then in order to prove that
M" =ycq M”, we need to show that for every target instance .J and every query () that is

a union of conjunctive queries, it holds that certain (Q, J) = certainye (Q, J).

Let J be a target instance, and V = {K,,..., K,} the result of chasing J with .
Notice that every dependency o in X" is such that, for every variable z that occurs simulta-
neously in the premise and the conclusion of ¢, the atom C(z) also occurs in the premise of

o. From this last fact and the properties of V), it follows directly from the results in (Fagin,
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Kolaitis, Miller, & Popa, 2005) that certainp (@, J) = Q(K1), N---NQ(K,),, for every
query () that is a union of conjunctive queries. Finally, since the result of chasing with X" is
the same as the result of chasing with 3", we have that certain e (Q, J) = Q(K;),N---N
Q(Ky), = certainyg (@), J). Then we have that certain e (Q, J) = certainy (Q, J) for

every target instance .J and union of conjunctive queries (), and then M"” =ycq M". O

In the rest of this section we consider > as the set constructed from > as described
above, and M" as the ts-mapping specified by >"”. Before going to the last step of our
procedure, it is worth recalling what is the form of the dependencies in >"’. Every o € ¥

is a dependency of the form
p(2) NC(Z) NO(Z) = Bi(Z) V- -V Bi(T),

where (1) Z is a tuple of distinct variables, (2) ¢(z) and 3;(%) for 1 < i < k, are conjunctive
queries with exactly 7 as tuple of free variables, (3) C(Z) is a conjunction of formulas C(z)
for every x in z, and (4) §() is a conjunction of inequalities = # x’ for every pair of distinct
variables x, 2" in Z. In the last step in our procedure we eliminate the disjunctions from the
conclusions in the dependencies of X" to obtain a set of CQC7-10-CQ dependencies that

specifies a CQ-maximum recovery of M.

Eliminate the disjunctions in the conclusions of "

We explain first the machinery needed in this step of the procedure. We borrow some

notions and tools from graph theory, in particular, properties about graph homomorphisms.

Given two instances .J; and J, composed by constants and null values, we define the
product of Jy and J,, denoted by J; x Js, as the instance constructed by the following
procedure. Consider an injective function f : (C UN) x (CUN) — (C U N) such
that (1) f(a,a) = a for every constant value a € C, and (2) f(a,b) = np) is a null
value, whenever a or b is a null value, or ¢ and b are distinct constant values. Then for
every n-ary relation symbol R and every pairs of n-tuples @ = (ay,...,a,) € R’ and

b= (by,...,b,) € R, thetuple f(a,b) = (f(ai,b1),..., f(an,b,))isincluded in R/ /2,
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For example, consider the instances

J1 = {P(a,b),R(ny,a), R(ny,c)}

Jo = {P(a,c), R(ny,a), R(ny,c)},

where a, b, c are distinct constant values, and n, ny are distinct null values. Then J; X J,

1s the instance
Jix Jo = {P(a,m1), R(my,a), R(ma, c), R(ma, m3), R(ma, m4)},

where my, msy, ms, my are distinct null values. In this case we have used a function f such
that f(b,¢) = my, f(n1,n9) = ma, f(a,c¢) = mzand f(c,a) = my. Notice that the product
of two instances could be the empty instance. For example, if we consider J; = {P(a,b)}

and Jo = {R(a,b)}, then J; x .J, is the empty instance.

If we consider a schema with a single binary relation and two instances J; and Js
composed only by null values, the product J; x .J; resembles exactly the graph-theoretical
Cartesian product (Hell & Nesetfil, 2004). As for graph products, the operation x between
instances satisfies several algebraic properties. To state them, let us introduce another use-
ful operation among instances. The null-disjoint union of instances J; and .J5, denoted by
J1 W Js, 1s the instance constructed by first renaming the nulls in J; and J5 such that they do
not share null values, and then taking the set-theoretical union of the instances. The next

lemma summarizes some of the algebraic properties of x and &.

LEMMA 4.3.5 (c.f. Hell & Nesetril, 2004). Let .J,, Jo, and J3 be instances composed

by constant and null values.

(1) There exists a homomorphism from J; x J, to Jy, and a homomorphism from
Ji X Jy to Js.

(2) If there exists a homomorphism from J to J, and a homomorphism from J to Js,
then there exists a homomorphism from J to J; X Js.

(3) J1 x Jy is homomorphically equivalent to J;.

(4) Ji x Jy is homomorphically equivalent to Jo X J;.
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(5) (J1 x J2) x Js is homomorphically equivalent to J, X (Jo x J3).
(6) Ji x (Jo W J3) is homomorphically equivalent to (J; X Jo) W (J; X J3).
(7) (J1 x Jo) W J3 is homomorphically equivalent to (J; W J3) X (Jo W J3).

These properties follows almost directly form the definitions. Just as an example we
show property 7. By using property 6, we know that (.J;W.J3) X (JoWJ3) is homomorphically
equivalent to ((J; W J3) x Jo) W ((J1 W J3) x J3) which is homomorphically equivalent to
(J1 X Jo) W (Jy X J3) W (Jo x J3) W J3. Then we have that the identity is a homomorphism
from (J; x Jo) W Jyto (J; X Jo) W (J1 x J3) W (Jy x J3) & J3. Now since there exists a
homomorphism from (J; x J3) to J3 and from (J5 X J3) to J3, we obtain that there exists

a homomorphism from (J; X Jo) W (J; X J3) W (Jo x J3) W J3to (Jy x Jo) W Js.

Let us highlight an important characteristic of the product of instances. Property 2
above says that, if we have any instance that has homomorphism to both .J; and .Js, then it
must also has a homomorphism to J; x J,. Intuitively, this property states that from all the
space of possible instances, J; X J, is the closest instance to both J; and .J5, taking homo-
morphisms as our proximity criterion. Since the answering process of conjunctive queries
can be characterized in terms of homomorphism, this property gives us the following intu-
ition. If some answer to a conjunctive query holds both in the evaluation of the query over
J1 and over .J5, then it holds in the evaluation of the query over J; X J>. And the opposite
also holds. That is, if some answer holds in the evaluation over J; X J5, then we know that
it also holds in both the evaluation over J; and over .J,. We will make extensively use of

these properties.

The notion of product of instances can be also applied to conjunctive queries. Let (),
and (); be two n-ary conjunctive queries, and assume that 7 is the tuple of free variables
of @1 and (3. The product of ()1 and ()2, denoted by ()1 x (o, is defined as a k-ary
conjunctive query (with k& < n) constructed as follows. Let f(-, ) be a one-to-one mapping
from pairs of variables to variables such that: (1) f(z,z) = z for every variable x in
z, and (2) f(y,z) is a fresh variable (mentioned neither in (); nor in ()5) in any other

case. Then for every pair of atoms R(y1, ..., ¥yn) in Q1 and R(z1, ..., 2,) in @y, the atom
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R(f(v1,21),- -, f(Ym, zm)) is included as a conjunct in the query ()1 x Q2. Furthermore,
the set of free variables of ()7 x ()5 is the set of variables from Z that are mentioned in
(1 X Q5. For example, consider conjunctive queries: (1 (z1,x2) = P(x1,22) A R(xs, 1)

and Qa(x1,22) = Jy (P(x1,y) A R(y, z2)). Then we have that:
(@1 x Qa2)(x1) = FnT2a (P(x1,21) A R(21, 22)).

In this case, we used a mapping f such that f(xy,z1) = x1, f(29,y) = 21 and f(21,x2) =
z5. As shown in the example, the free variables of (); x ()5 do not necessarily coincide
with the free variables of ()1 and (),. Notice that the product of two queries may be empty.

For example, if Q)1 = Jy1 Y2 P(y1, y2) and Q2 = Iz R(21, 21), then Q1 x Q2 is empty.

We have all the necessary ingredients to construct a set of dependencies >* from ",
such that the dependencies in >* do not have disjunctions in their conclusions, and such

that >* defines a CQ-maximum recovery of M.

Procedure ELIMINATEDISJUNCTIONS(X")

(1) Let X* be empty.

(2) For every dependency in X" of the form
(@) NC(Z) N6(T) = Bo(Z) V-V Bi(Z),
do the following. If 3;(Z) x - -+ X [(Z) is not empty, then add the dependency
o(T) N C(T) A O(7) — Bu(E) x -+ X ul7)

to 2*.
(3) Return X*. O
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For example, assume that the following dependency is in X":

A(q:l, l’g) VAN C(xl) A C(SL’Q) N Xy # Ty —

[ R(z1,22) AN R(x1,21) | V [ I (P(xy,11) A R(za,29)) | (4.1)
Then we add to >* the dependency
A(xy,29) N C(x1) AN C(22) Ay # 29 — F21322(R(21,22) A R(29, 22)) 4.2)
since 3z1329(R(21, x2) A R(z2, 22)) is the result of

[R(x1,22) A R(z1,21)] X [Fya (P21, 91) A R(wo, 72))].

Notice that the obtained set of dependencies ¥*, is a set of CQ®7-T0-CQ dependen-

cies. The following is the key property of >*.

LEMMA 4.3.6. Let M* be the ts-mapping specified by the set >* constructed in pro-

cedure ELIMINATEDISJUNCTIONS (X"). Then M* is CQ-equivalent with M"".

PROOF. Before proving that M* =cq M, let us give some intuition of why this
result holds. Let I'; be the set containing the dependency of equation (4.1) above, and
let I'y be the set containing the dependency of equation (4.2). Consider the instance
J = {A(a,b)}, with a, b distinct constant values. When we chase J with I';, we obtain the
set of instances V = { K, Ky} with K; = {R(a,b), R(a,a)} and Ky = {P(a,n), R(b,b)},
where n is a null value. Recall that every solution K of J under I'; is such that, there exists
a homomorphism from K to K, or there exists a homomorphism from K, to K. Intu-
itively, when considering the conjunctive information contained in the space of solutions
of J under I'y, the things that we know for sure are, that the value b appears in the second
component of relation [?, and that some element appears in a single tuple in both compo-
nents of R. If we now chase J with I'y, we obtain the instance K = {R(n1,b), R(ng,n2)}
with ny, no null values, that carries exactly the conjunctive information contained in V. In

fact, it can be formally proved that the certain answers under I'; coincides with the certain
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answers under ['s for every conjunctive query. In this example, it is clear that this last prop-
erty does not hold if we consider unions of conjunctive queries (consider for example the

query JuP(x1,u) V JuR(xq,u)).

We show now that M* =cq M"™. We prove first the following Let .J be an instance
composed by null and constant values. Assume that V = {Kj,..., K,} is the result of
chasing J with ¥/, and K the result of chasing J with ¥*. Then we claim that K is

homomorphically equivalent to /K X --- X Kj.

To prove the above mentioned property we first reformulate the process of chasing with
Y by using the operation W between instances. Recall that every dependency o in " is

of the form
() NC(Z) N6(Z) = Bi(Z) V-V Bi(T).

Let J be an instance and consider the set A; of all the pairs (@, o) such that: (1) a is a
tuple of elements in dom(.J), (2) o € ¥ is a dependency of the above form, and (3)
J = ¢(a) A C(a) A d(a). The idea is that the set A; contains all the possible assignments
to the premises of the dependencies in >, such that the premises hold in J. Notice that, if
a pair (a, o) belongs to A, then since C(a)Ad(a) holds, we have that a is a tuple of distinct
constant values. We define now the notion of choice function. Consider a function f from
Aj to the natural numbers, such that for every (a, o) it holds that f(a,o) € {1,...,k},
whenever o has £ disjuncts in its conclusion. Choice functions are used to select a particular
disjunct when we apply a dependency to instance ./ while computing a disjunctive chase.
Let F; be the set of all choice functions with domain A ;. Notice that, since J is a finite
instance and > is a finite set of dependencies, A; and F; are finite sets. We need an
additional notion. Given a conjunctive query () and an assignment a for the variables z,
we denote by I the instance constructed by considering the atoms of 3(a), where every
existentially quantified variable has been replaced by a fresh null value. We can formally

define now the process of chasing with X" in terms of A; and F);.
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For every f € F; we denote by K ; the instance:
L—H{Iﬁi(a) | (a,0) € Ay, B;i(Z) is a disjunct in the conclusion of o, and i = f(a,0)}.

It is clear that K; as defined above, is a chase of J with 3X"'. Then the (disjunctive) chase
of Jwith X" istheset V = {Ky | f € F}.

We now reformulate the chase of .J with ¥* by using the operations & and x between

instances. Let o be a dependency in >* of the form

() NC(Z) Nd(Z) — B1(T) x -+ X Bi(T).

Notice that, if a is a tuple in dom(J) such that J = ¢(a) A C(a) A d(a), then the atoms
of f1(a) x - -+ x fBr(a), where every existentially quantified variable has been replaced by
a fresh null value, are added to the chase of J with X*. That is, the instance g, (a)x...x 3, (a)
is added to the chase of J with 2*. The crucial observation here is that, since a is a tuple
of distinct constant values, then the instance /3, (a)x...x g, (a)» €quals the product of instances
Ig,@@) X -+ X Ig, () (up-to isomorphic image of null values). It should be noticed that this
last property does not hold if a is a tuple where some values are repeated. For example,
if B81(w1,22) = R(x1, 21, 72) and By(x1, 72) = R(w1, 72, 72) then By (21, 72) X Ba(w1,72)
is the query Juj R(xy,u1,x5). Now if we consider tuple a = (a,a), then we have that
13, (a,0)x B2 (a,0) 1 the instance {R(a,n,a)} with n a null value, while I3, (4.q) X I3,(a0) =
{R(a,a,a)}.

Consider A% the set of pairs defined as for X" but considering the dependencies in >*.

We can now reformulate the chase of J with ¥* in terms of A%, W and X as:

K = L—H{Iﬁl(a) X---x1g @ | (@, 0) € Ajand 31(Z) x - - x B(Z) is the conclusion of o}

To conclude the proof of the claim, we must show that the product of the instances
inV = {K; | f € Fy}, is homomorphically equivalent to instance K above. Fix a pair

(a’,0') in A; and assume that 51 (z") V - - - V §,(Z) is the conclusion of ¢’. Notice that, if
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for a particular function f € F) it is the case that f(a’,0’) = ', then we can write K ; as
Iy @y W L‘H{Iﬁi(a) | (a,0) € Ay~ {(@,o")}, B;(%) is adisjunctin o, and i = f(a, o)}

Using this observation, it is straightforward to see that we can write the product of the

instances in V as

k/
X (X (fﬁg,m g

=1 feF;
U{I/Bz (a,0) € Ay~ {(@,0")}, 5:(%) is adisjunct in o, and i = f(c‘z,o*)})).

By applying property 7 of Lemma 4.3.5, we know that the above instance is homomorphi-

cally equivalent to

k/
X (Iﬁg,w) B X

i'=1 feF;
<U{Iﬁz (a,0) € Ay~ {(@,0")}, 8:(z) is adisjunct in o, and i = f(&,a)})),

and by applying property 7 again, we obtain that this last instance is homomorphically

equivalent to

(Iﬁi(@’) X oo X [ﬁ;/(a/)) W ><
fery

<U{IB (@0) € Ay~ {(@, ")}, Ai(#) is a disjunct in o, andi:f(a,a)}>).

If we continue separating one by one the elements in A ;, we finally obtain that the above

instance is homomorphically equivalent to the instance
H-J{I/@l(a) XX 1Ig | (a,0) € Ayand B1(Z) V - -+ V (,(Z) is the conclusion of o'} .

It is straightforward to see that this last instance is homomorphically equivalent to K. Just
notice that, if for a dependency o € X" of the form p(z) A C(Z) A 6(Z) — Gi(T) V -+ V

Bk (), we do not include a corresponding dependency in >*, then 3;(Z) X -+ X [(T)

119



is empty, which implies that I ) X - -+ X Ig,(g) is the empty instance for every tuple a
of distinct constant values. Thus we have shown that K homomorphically equivalent to
Ky x - x K, with V = {Kj,..., K} the result of chasing J with ¥"’. This completes

the proof of the claim.

We are ready now to prove that M* =cq M". Let J be a target instance (composed by
constant and null values), and V = { K7, ..., K,} the result of chasing J with X", and K
the result of chasing J with ¥*. Notice that every dependency ¢ in 3" is such that, for every
variable x that occurs simultaneously in the premise and the conclusion of o, the atom C(z)
also occurs in the premise of o. From this last fact and the properties of V), it follows directly
that certaine (Q, J) = Q(K7), N---NQ(Ky),, for every conjunctive query (). Similarly,
for M* we have that, for every conjunctive query it holds that certaina (Q, J) = Q(K),.
Then we only have to prove that Q(K), = Q(K;), N--- N Q(K,),, for every conjunctive
query (). Let () be an n-ary conjunctive query with free variables . We first show that
Q(K), C QK1) N---NQ(K,),. Let a be an n-ary tuple such that a € Q(K),. Since
K is homomorphically equivalent to the product /7 X ... x K, we know that there exists
a homomorphism from K to every K; with 1 < i < /, and then a € Q(K;), for every
1 <i < /. Now, to show that Q(K;),N---NQ(K,); C Q(K),assume thata € Q(K;), N
-+ -NQ(Ky),. Then we know that, for every K; with 1 < i < / there exists ahomomorphism
h from the atoms in @) to K, such that h(Z) = a. Then by the properties of the product
of instances (property 2 of Lemma 4.3.5), we know that there exists a homomorphism A’
from the atoms in ) to K, such that h(Z) = a, and then a € Q(K). We have shown
that Q(K); = Q(K;), N--- N Q(K,), for every conjunctive query (), which implies that
M* =cq M"™. This concludes the proof of the lemma. O

Putting it all togehter

The following is the complete algorithm that uses all the previous procedures to com-

pute CQ-maximum recoveries of st-mappings specified by CQ<7-10-CQ.
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Algorithm CQ-MAXIMUMRECOVERY(M)

Input: An st-mapping M = (S, T, X), where ¥ is a set of CQ%7-10-CQ dependencies.
Output: A ts-mapping M* = (T, S, ¥*), where X* is a set of CQ%7-10-CQ dependen-

cies such that M* is a CQ-maximum recovery of M.

(1) Let ¥ the set of dependencies obtained from ¥ by dropping all the atoms of the
form C(x) that appear in the premises of ¥, and let M = (S, T, X).

(2) Let M’ = (T, S, >) be the output of algorithm MAXIMUMRECOVERY(M).

(3) Let X" be the output of procedure ELIMINATEEQINEQ(YY).

(4) Let X" be the set obtained from X" by dropping all the inequalities that appear
in the conclusion of the dependencies in "

(5) Let X* be the output of procedure ELIMINATEDISJUNCTIONS (X").

(6) Return M* = (T, S, ¥*).

THEOREM 4.3.7. Let M be an st-mapping specified by a set of CQ®7-10-CQ de-
pendencies. Then algorithm CQ-MAXIMUMRECOVERY (M) computes a CQ-maximum

recovery of M specified by set of CQ®7-10-CQ dependencies.

PROOF. The proof follows from Lemmas 4.3.3, 4.3.4, and 4.3.6. From Lemma 4.3.3
we know that the mapping M” specified by the set X" computed in Step 3, is a maximum
recovery of M. Moreover, we know that " is a set of CQC7-10-UCQ7 dependencies.
Now, from Lemma 4.3.4 we know that the mapping M"” specified by the set X" com-
puted in Step 4, is UCQ-equivalent with M”. In this case we have that > is a set of
CQ%7-10-UCQ dependencies. By Lemma 4.3.6 we have that the mapping M* specified
by the set ¥* computed in Step 5, is CQ-equivalent with M", and moreover, >* is a set of
CQ%7-10-CQ dependencies. Thus, since M* is CQ-equivalent with M” which is UCQ-
equivalent with M”, we obtain that M* is CQ-equivalent with M”. Finally, since M" is a

maximum recovery of M, from Proposition 4.2.6 we conclude that M* is a CQ-maximum
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recovery of M. Thus we have shown that the output of CQ-MAXIMUMRECOVERY (M)

is a CQ-maximum recovery of M specified by a set of CQ®7”-10-CQ dependencies. [

Theorem 4.3.1 follows directly from Theorem 4.3.7.

4.3.2. CQ%7-10-CQ is the right language

Most of the dependencies considered in the data exchange literature (Fagin, Kolaitis,
Miller, & Popa, 2005; Fagin, 2007; Fagin, Kolaitis, Popa, & Tan, 2008; Arenas et al., 2008)
are L1-TO-L, dependencies, where £, and L, are fragments of UCQC”&. In this section,
we show that among all of them, CQ%7-T0-CQ is the right language for the notion of
CQ-maximum recovery; if one adds or removes features from this class of dependencies,
then closure under CQ-maximum recovery does not longer hold. More precisely, we start

by showing that both inequalities and predicate C(-) are necessary for the closure property

of Theorem 4.3.1.

THEOREM 4.3.8.

(a) There exists an st-mapping specified by a set of st-tgds that has no CQ-maximum
recovery specified by a set of CQC-10-CQ dependencies.
(b) There exists an st-mapping specified by a set of st-tgds that has no CQ-maximum

recovery specified by a set of CQ7-10-CQ dependencies.

PROOF. (a) Let S = {A(-,-), B(-,-)}, T ={P(-,-)} and M = (S, T, ), where X is
the following set of st-tgds:

Y = {A(z,y) = Pa,y), Bz, x) — P(z,2)}.

Next we show that M does not have a CQ-maximum recovery specified by a set of

CQC-10-CQ dependencies.

For the sake of contradiction, assume that there exists a mapping M’ specified by a set
> of CQ€-T0-CQ dependencies such that M’ is a CQ-maximum recovery of M. Next

we show that this leads to a contradiction by considering two cases.
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(I) Assume that 3.’ is empty. Then, for every instance J of T and K of S, we have
that (J, K) = X¥'. Thus, by the definition of X, we conclude that for every
pair of source instances / and I, it holds that (I,I') € M o M’. Let M”
be a ts-mapping specified by dependency P(z,y) ANz # y — A(x,y). Itis
straightforward to prove that M” is a recovery of M, which implies that M" is
a CQ-recovery of M. Thus, given that we assume that M’ is a CQ-maximum
recovery of M, we have that M” ji,? M. But for a source instance I such that
Al = B! = {(a,b)}, where a # b, and Boolean query Q = I3y A(z,y), we
have that Q(I) = true = certainya (Q, I) but certainyne (Q, I) = false, a
contradiction.

(II) Assume that ¥ is nonempty, and let /; and I, be instances of S such that:
A = {(a,a)} Al = )

Bh = B2 = {(a,a)}
Let J be the instance such that P/ = {(a, a)}. Notice that J is the canonical uni-

versal solution for both /; and /5 under .. Assume that K is the result of chasing
J with ¥’. Notice that K could not be a valid source instance (it may contain
null values). Nevertheless, since J is composed only by constant values, and by
using the properties of the chase (Fagin, Kolaitis, Miller, & Popa, 2005; Fagin,
Kolaitis, Popa, & Tan, 2005, 2008), we know that for every () that is a union of
conjunctive queries, it holds that certain yoa (@, I1) = certainpony (Q, I2) =
Q(K),. We use this last fact and the fact that >’ is nonempty, to derive a contra-
diction.

Given that ¥/ is nonempty, there exists a CQ€-10-CQ dependency:

Ty, X)) — Fyro Iy (1, Ty YLy e YUn)

that belongs to Y. Thus, we have that (.J, K) satisfies this constraint. But this
implies that K is nonempty since P/ = {(a,a)} and J = ¢(a, ..., a) (since a

is a constant and ¢ is a query in CQ€ over T).
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Given that K is nonempty, we have that AX £ () or BX #£ (). If AK £ (), then
let Q) 4 be Boolean query 3x3yA(x,y). We know that certainyory (Qa, o) =
Q4(K). Thus, given that AX £ (), we conclude that certain o (Qa, o) =
true. But this leads to a contradiction since we assume that M’ is a CQ-recovery
of M and Q(Iy) = false. If BX # (), then we obtain a similar contradiction
by considering Boolean query () = Jz3yB(z, y) and source instance ;. This

concludes the proof of the first part of the theorem.

(b) Let S = {A(-),B(-)}, T = {P(-)} and M = (S, T, X), where ¥ is the following set
of st-tgds:

Y = {A(x) — JyP(y), B(xr) — P(x)}.

Next we show that M does not have a CQ-maximum recovery specified by a set of
CQ7-T0-CQ dependencies. For the sake of contradiction, assume that M’ is a mapping
specified by a set ¥’ of CQ”-T0-CQ dependencies such that M’ is a CQ-maximum re-
covery of M.

Let M* be a mapping (T, S, ¥*), where >* is the set of ts-tgds { P(z) A C(z) —
B(z)}. Next we show that M* is a CQ-recovery of M. Let I be an instance of S and () a
conjunctive query over S, and assume that .J = chaseg«(chasex(/)). It is straightforward
to prove that A7 = () and B’ = B’. Thus, we have that J C I, which implies that Q(J) C
Q(I). Given that J € Solpyon+(I) in this case, we conclude that certainyon«(Q, 1) C
Q(I), which implies that M* is a CQ-recovery of M.

Let /; and I, be instances of S such that I, = {A(a)} and I, = {B(a)}, where a
is an arbitrary element of C, and ()5 be Boolean query JzB(z). It is straightforward to
prove that certain o (@, I2) = true. Thus, we have that certain o (@ p, I2) = true
since M* is a CQ-recovery of M and M’ is a CQ-maximum recovery of M. Next we
use this fact to prove that certainony (@ p, I1) = true. Let J € Solyor (I1). Then there
exists an instance K of T such that (I, K) = ¥ and (K,J) E ¥'. Let f : dom(K) U

dom(J) — C be a one-to-one mapping such that f(u) = a for some v € dom(K). We

124



note that such a function exists since / is not empty. By the definition of >, we have
that (I, f(K)) = X. Furthermore, given that ¥’ is a set of CQ7-T0-CQ dependencies,
we have that (f(K), f(J)) E ¥'. Thus, we have that (I3, f(J)) € M o M’, from which
we conclude that f(J) = JzB(z) (since certainyony (@5, [2) = true). Therefore, given
that J and f(.J) are isomorphic instances (not considering predicate C), we have that J =
JxB(z). We conclude that for every J € Solaon(11), it holds that J = JxB(zx). Thus,
we have that certain yon (@ g, I1) = true. But this leads to a contradiction since Qg(1;) =
false and M’ is assumed to be a CQ-maximum recovery of M. This concludes the proof

of the theorem. O

We have shown that both inequalities and predicate C(-) are necessary for the closure
property of Theorem 4.3.1. A natural question is whether a similar closure property can be
obtained if one adds extra features to CQ®”-10-CQ. For example, it could be the case that
CQ%7-10-CQ7 is closed under CQ-maximum recovery. The next proposition shows that
if one includes disjunctions, inequalities or predicate C in the conclusions of the depen-
dencies, then mappings do not necessarily admit CQ-maximum recoveries, even if these
features are added to st-tgds. Before stating the result we provide a necessary condition
that can be used to show that some mappings do not admit C-maximum recoveries. Recall
that in Section 4.1.1 we defined given a mapping M and an instance I, the set Sub (/)
as the set of instances K such that Sol,(K) C Soly (/). Now given a set of instances S,
define Sub,(S) as

Subu(S) = | Subum(I).

Ies
That is, Sub(S) is the set of instances K such that there exists I € S for which Sol y(K) C

Solaq(I). Moreover, similarly as we defined the set Inf \4(Q, I'), we define the set of tuples

Inf \(Q,S) with ) a query and S a set of instances as:

Infr(Q.S) = ({QE) | K € Suby(S)}
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PROPOSITION 4.3.9. If M has a C-maximum recovery, then for every I € dom(M),
Q € Cand S C dom(M) such that Solp(I) € J/cg Solm(I"), it holds that:

Ifu(Q.S) € Infar(@,1).

PROOF. Let M be a mapping from a schema R, to a schema R,. For the sake of
contradiction, assume that M has a C-maximum recovery and there exists an instance

I € dom(M), a query Q € C and a subset S C dom(M) such that, Solp(I) C
UI/ES SOIM([,) but

Thus, there exists a tuple ¢ € Inf(Q,S) such that ¢ ¢ Inf\(Q,I). Since M has a
C-maximum recovery, we know by Theorem 4.1.9 that MC is a C-recovery of M, which
implies that Solyopc(f) # 0. Let I; € Solpgonee(I). Then there exists J € Inst(Rx)
such that (I,.J) € M and (J,1;) € MC. By the definition of M, we have that J is a
C-witness of I; under M. Given that Soly((I) C JcgSola(I’) and J € Soly (1), we
know that there exists an instance /s € S such that J € Soly(I5). Therefore, given that .J
is a C-witness of I; under M and J € Solx(15), it holds that:

Infp(Q, L) S Q).

But given that [, € S, we have that:

InfM(Q>S) - InfM(QaIQ) - Q([l)

Thus, given that ¢ € Inf(Q,S), we conclude that ¢ € Q([;). We have shown that
for every I} € Solyoaec(]), it holds that ¢ € Q([;). Therefore, we have that ¢t €

certain o aqc (@, I). But we know that ¢ ¢ Inf ,((Q, I), from which one concludes that:

certain e (@, 1) € Infy(Q,1).

Hence, we conclude by Lemma 4.1.4 that MC is not a C-recovery of M, which contradicts

out initial assumption. This concludes the proof of the proposition. U
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We are now ready to prove that if one includes disjunctions, inequalities or predicate
C in the conclusions of the dependencies, then mappings do not necessarily admit CQ-

maximum recoveries

PROPOSITION 4.3.10. There exist st-mappings specified by sets of (1) CQ-TO-UCQ
dependencies, (2) CQ-T10-CQ” dependencies, (3) CQ-10-CQ° dependencies, that have

no CQ-maximum recoveries.

PROOF. In order to prove (1), let S = {A(-), B(-),C1(+),Co(-)}, T = {R1(+), Ra(+) },
and M = (S, T, ) an st-mapping specified by the following set ¥ of CQ-TO-UCQ st-

dependencies:

B(xz) ANCi(x) — Ry(x),
B(x) NCy(x) — Ra(x),

A(z) — Ri(z)V Rs(x).

Let [} = {B(a),Ci(a)}, Iy = {B(a),Cs(a)}, and I3 = { A(a)} be instances of S, where a
is an arbitrary element of C. By the definition of 3, it is clear that Solx(/3) € Sola (/1)U
Solpq(12). Furthermore, we claim that for each instance I € {Iy, I}, if I’ € Subp (1),
then it holds that I C I’. Without loss of generality, we prove this claim for the instance
I;. By contradiction, assume that there exists an instance I’ € Subp,(/;) such that I; Z I'.
It is easy to see that for every J € Soly(I;), it holds that @ € R{. Thus, given that
I' € Suby,(I;), we have that a € R{ for every J € Soly(I’). Notice that the space
of solutions for a source instance under M is always nonempty, and assume that J €
Solp¢(I"). Then define an instance J' of T as R{" = R{ ~ {a} and R = RJ U {a}.
By the definition of J’ and given that I, ¢ I’, we have that (I’, J’) |= 3. Thus, we have
shown that J’ € Sol(I"). But this leads to a contradiction since for every J € Solx(I'),
it holds that a € R{. We conclude that I, C I’ for every instance I’ € Sub,,(I;), and
we have proved our claim. Now, let () be conjunctive query B(z). Then we have that

Infr(Q, 1) = Infuy(Q, L) = {a}, but Inf(Q, I3) = 0 since B® = (), which implies
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that:

IIlfM(Q, {]1, ]2}) Z IIlfM(Q, ]3)

Thus, we conclude from Proposition 4.3.9 that M does not have a CQ-maximum recovery

since Sola(I3) € Sol(11) U Sola(12).

Now to prove (2), let S = {A(:), B(:),C.(:),Ca2()}, T = {R(-,-)}, and M =
(S, T, X) an st-mapping specified by the following set & of CQ-T0-CQ7 st-dependencies:

B(x) NCi(x) — R(z,x),
B(x) A Co(z) — Fy(R(z,y) Nz #y),

A(r) — JyR(x,y).

Let I, = {B(a),C(a)}, Iy = {B(a),Cs(a)}, and I3 = {A(a)} be instances of S, where a
is an arbitrary element of C. By the definition of 3, it is clear that Solx(/3) € Sola (/1)U
Solp(12). Furthermore, we claim that for each instance [ € {1y, Iy}, if I’ € Subam (),
then it holds that / C [’. First, we prove this claim for the instance /;. By contradiction,
assume that there exists an instance I’ € Suby(;) such that I; € I’. Tt is easy to see
that for every J € Solu([y), it holds that (a,a) € R’. Thus, given that I’ € Sub, (1),
we have that (a,a) € R’ for every J € Solx(I’). Notice that the space of solutions for a
source instance under M is always nonempty, and assume that .J € Sol((/’). Then define
an instance J' as R = R’ U {(a,b)} ~ {(a,a)}, where b is an arbitrary element of D
such that a # b. By the definition of .J’ and given that I; Z I’, we have that (I’, J') |= .
Thus, we have shown that J’ € Sol(I’). But this leads to a contradiction since for every
J € Soly(I'), it holds that (a,a) € R’. We conclude that I, C I’ for every instance
I' € Suby ().

Second, we prove the claim for the instance I, that is, we prove that I, C I’ for every
I’ € Subp([2). By contradiction, assume that there exists an instance I’ € Subu, (1)
such that I, Z I'. It is easy to see that for every J € Soly(I5), it holds that (a,b) € R’
for some b # a. Thus, given that I’ € Subp,(/2), we have that for every J € Soln (1),
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(a,b) € R’ for some b # a. Notice that the space of solutions for a source instance under
M is always nonempty, and assume that J € Soln(/’). Then define an instance J' as
R” = (R?U{(a,a)}) ~ {(a,b) | b € D and b # a}. By the definition of .J’ and given that
I, Z I', we have that (I’, J') = . Thus, we have shown that J" € Soly(I’). But this leads
to a contradiction since for every J € Solp(I’), it holds that (a,b) € R’ for some b # a.
We conclude that I, C [’ for every instance I’ € Sub4(/3), and we have proved our claim.
Now, let () be conjunctive query B(x). Then we have that Inf \((Q, I;) = Infp(Q, I5) =
{a}, but Inf o((Q, I3) = 0 since B> = (), which implies that:

IIlfM(Q, {]1, ]2}) Z InfM(Q, 13)

Therefore, we conclude from Proposition 4.3.9 that M does not have a CQ-maximum
recovery since Soly(13) € Sola (1) U Sola(1s).

Finally, for case (3), let S = {A(-),B()}, T = {R(-)}, and M = (S,T,¥) an
st-mapping specified by the following set ¥ of CQ-T0-CQF st-dependencies:

A(z) — R(z),

B(x) — 3y (R(y) A C(y))-
Let I = {B(a)} be an instance of S, where a is an arbitrary element of C, and
S = {I' € Inst(S) | there exists b € C such that A" = {b} and B"" = (}.

By the definition of 33, it is clear that Soly((/) C J;/cg Solam(!”). Furthermore, we claim
that if I* € Sub(S), then it holds that A" = (). Assume, for the sake of contradiction,
that there exist instances I’, [* of S such that I’ € S, I* € Sub,(I’) and A" = (). By the
definition of S, we have that there exists a constant b such that A’ = {b}. Assume that .J
is an instance of T such that R/ = {c}, where c is a constant such that ¢ # b. Then we
have that J € Soly(I*) since A”" = (), and that J & Solxy(I') since b ¢ R’. Thus, we

obtain a contradiction with the fact that /* € Sub,(").
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Now, let () be conjunctive query 3z A(z). Then given that for every I’ € Sub,(S), it
holds that A”" # (), we conclude that Inf \,(Q, S) = true. Thus, given that Inf \((Q, I) = )
since A’ = () and I € Sub,(I), we have that:

Ifr(Q.8) € Infu(Q.1).

Thus, we conclude from Proposition 4.3.9 that M does not have a CQ-maximum recovery

since Sola((1) € J;/eg Solam(I’). This concludes the proof of the proposition. O

4.3.3. CQ-maximum recovery is the right notion

In this section, we consider several alternatives to CQ for the semantics of inverse oper-
ators, and show that none of them is appropriate to obtain a closure property as in The-
orem 4.3.1. We start with the notion of UCQ-maximum recovery. The following result
shows that to express the UCQ-maximum recovery of a mapping given by a set of st-tgds,
one needs dependencies with disjunctions in their conclusions (even if the full power of

FO is allowed in the premises of the dependencies).

PROPOSITION 4.3.11. There exists an st-mapping M specified by a set of st-tgds such

that:

(a) M has a UCQ-maximum recovery specified by a set of CQ-TO-UCQ depen-
dencies.
(b) M does not have a UCQ-maximum recovery specified by a set of FO®-10-CQ

dependencies.

PROOF. Let S = {A(-),B(-)}, T = {T'()} and M = (S, T, %), where ¥ is the

following set of st-tgds:
Y = {A(z) - T(x), B(z) = T(z)}.
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We first prove (a). Let M* = (T, S, ¥*) be a ts-mapping specified by the following
set of CQ-TO-UCQ dependencies:

¥ = {T(z) - A(x) VvV B(z)}.

By using the tools in Section 3.1.1, it is easy to show that M* is a maximum recovery of

M, which implies that M* is a UCQ-maximum recovery of M.

We now prove (b). For the sake of contradiction, assume that there exists a mapping
M’ specified by a set &’ of FOC-T0-CQ dependencies such that M’ is a UCQ-maximum

recovery of M. Moreover, let [; and /5 be instances of S such that:

At = {a} Az = )
Bhv = Bz = {a}

Let J be the instance such that 77 = {a}. Notice that J is the canonical universal solution
for both ; and 5 under ¥. Assume that K is the result of chasing .J with ¥/, Notice that
K could not be a valid source instance (it may contain null values). Nevertheless, since
J is composed only by constant values, and by using the properties of the chase (Fagin,
Kolaitis, Miller, & Popa, 2005; Fagin, Kolaitis, Popa, & Tan, 2005, 2008), we know that
for every () that is a union of conjunctive queries, it holds that certainya (@, 1) =

certainpon (@, I) = Q(K),. We use this last fact to derive a contradiction.

We first show that, if we assume that K is not the empty instance we obtain a con-
tradiction. Then assume that K is not empty. If A% = (), then let Q4 be Boolean
query 3xA(x). Thus, given that AX # (), we conclude that certainyore (Qa, Io) = true.
But this leads to a contradiction since we assume that M’ is a UCQ-recovery of M and
Qa(Iy) = false. If BX # (), then we obtain a similar contradiction by considering Boolean

query Q)5 = JyB(y) and source instance /.

Assume now that K is the empty instance. Let () be the Boolean query JzA(x) V
JyB(y). Then we have that Q(K') = false, which implies that certainyon (Q, I1) = false.
But the mapping M* defined in (a) is a UCQ-recovery of M and certainpon= (@, I1) =

true = (1), which implies that M* B\J/(fQ M'’. This contradicts our assumption that
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M’ is a UCQ-maximum recovery of M. In either case we obtain a contradiction. This

concludes the proof of the proposition. U

Proposition 4.3.10 shows that there exist mappings specified by CQ-T0O-UCQ depen-
dencies that have no CQ-maximum recoveries and, thus, have no UCQ-maximum recov-
eries. Thus, this proposition together with Proposition 4.3.11 show that if we use UCQ-

maximum recovery as our notion of inverse, then we are doomed to failure.

Now we consider the notion of CQ7 -maximum recovery. By Theorem 4.3.8, we have
that inequalities in the premises of dependencies are needed to express CQ-maximum re-
coveries of mappings given by st-tgds. Thus, if a mapping language contains the class of
st-tgds and is closed under CQ”-maximum recovery, then it has to include inequalities in
the premises of dependencies. Our next result shows that in order to express the CQ7 -
maximum recovery of a mapping given by a set of CQ”-T0-CQ dependencies, one needs
dependencies with inequalities in their conclusions (even if the full power of FO is allowed

in the premises of the dependencies).

PROPOSITION 4.3.12. There exists an st-mapping M specified by a set of CQ” -T10-CQ

dependencies such that:

(a) M has a CQ” -maximum recovery specified by a set of CQ-10-CQ7 dependen-
cies.
(b) M does not have a CQ” -maximum recovery specified by a set of FO€-10-CQ

dependencies.

PROOF. LetS = {P(-,-)}, T ={T(-)} and M = (S, T, X), where ¥ is the following
set of CQ”-T0-CQ dependencies:

Y = {Pxyhe#y—T(v)}
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In order to prove part (a), let M* = (T,S,>¥*) be a ts-mapping specified by the
following set of CQ-T0-CQ7 dependencies:

¥ = {T(z) = 3y (P(z,y) Nz #y)}.

By using the tools in Section 3.1.1 it is easy to prove that M* is a maximum recovery of

M, which implies that M* is a CQ7-maximum recovery of M.

We now prove (b). For the sake of contradiction, assume that there exists a mapping
M’ specified by a set of FOC-10-CQ dependencies such that M’ is a CQ”-maximum
recovery of M. Moreover, let I be an instance of S such that P! = {(a, )}, where a # b,
and J a target instance such that 77 = {a}. Then we have that (I,.J) & 3, and then
(I,J) € M. Let K be the chase of J with ¥'. Thus, given that dom(.J) = {a}, we have

that
dom(K)NC C {a}. 4.3)

Then since J is composed only by constant values and Y’ is a set of FOC-T0-CQ, we
have that every instance K that is a homomorphic image of K, is such that (J, K') = 3.
Consider the homomorphism / that maps every null in K into a. Notice that A(K) is
composed only by constant values and that (J, h(K)) = ¥, then (J,h(K)) € M'. Thus,
we have that (I, h(K)) € Mo M'. From (4.3), we have that P"!) C {(a,a)} and, hence,
h(K) = Jx3y (P(x,y) A x # y). We conclude that:

certainpony (Fz3y (P(x,y) Nz #y),I) = false.

It is straightforward to prove that certainyop+ (323y (P(z,y) A x # y), I) = true, where
M* is the ts-mapping defined in (a). Therefore, we have that M* %ﬁ M, which
contradicts the fact that M’ is a CQ”-maximum recovery of M since M* is a CQ7-

recovery of M. This concludes the proof of the proposition. U
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Proposition 4.3.10 shows that there exist mappings specified by CQ-T0-CQ” depen-
dencies that have no CQ-maximum recoveries and, thus, have no CQi—maXimum recov-
eries. Thus, this proposition together with Proposition 4.3.12 shows that, if we use CQ7 -
maximum recovery as our notion of inverse, then we cannot hope for a closure result as in

Theorem 4.3.1.

We conclude this section by pointing out that the negative results for UCQ- and CQ7” -
maximum recoveries imply a negative result for the notion of C-maximum recovery, for

every class C of queries containing UCQ or CQ”.
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5. ON INVERTING AND COMPOSING SCHEMA MAPPINGS

In this chapter, we explore the relationship between good mapping languages for inver-
sion and composition together. Fagin, Kolaitis, Popa, and Tan (2005) show that an exten-
sion of st-tgds with second-order existential quantification, the language of SO-tgds (Fagin,
Kolaitis, Popa, & Tan, 2005), is closed under composition, and prove several results that
show that the language of SO-tgds is the right language to compose mappings. However,
none of the notions of inverse proposed for schema mappings (Fagin, 2007; Fagin, Ko-
laitis, Popa, & Tan, 2008) have been considered for the case of SO-tgds. In this chapter we
show that, unfortunately, SO-tgds are not appropriate for our study; we show that there ex-
ist mappings specified by SO-tgds that have no CQ-maximum recoveries (and, thus, have
no Fagin-inverse, quasi-inverse and maximum recovery). Thus, although the language of
SO-tgds is the right language for composition, it has a bad behavior regarding inverting

mappings.

To overcome this limitation, we borrow the notion of composition w.r.t. conjunctive
queries (CQ-composition), introduced by Madhavan and Halevy (2003). Then we propose
a language called plain SO-tgds such that: the language of plain SO-tgds is closed under
CQ-composition, and every mapping given by plain SO-tgds has a maximum recovery.
To prove this last property we provide a polynomial-time algorithm that given a mapping
M specified by a set of plain SO-tgds, returns a maximum recovery of M specified in
a language that extends the class of plain SO-tgds. This result is interesting in its own
since our algorithm is the first polynomial-time algorithm to compute inverses of schema

mappings.

Before giving the technical results of this chapter, we need to make an observation
about the composition of st-tgds. Assume that R;, R, and Ry are relational schemas
with no symbols in common, and let M5 = (R, Ro, ¥15) and Moz = (Ra, Rg, Xo3),
where Y15 and Y93 are set of st-tgds. As we mentioned in Section 2.1, the composition
of M5 and M3 is simply defined as the mapping that contains all the pairs ([, I3) €
Inst(R;) x Inst(Rj), for which there exists an instance I, of Ry such that (11, I5) € M
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and (I3, I3) € Moys. But notice that there is a mismatch in the way that schema Ry is
used in this composition; R, is a target schema in M, and a source schema in Mo3. In
particular, instance [/, above may include null values if R, is used as a target schema, but
it can only contain constants if R, is considered to be a source schema. To overcome this
issue, in the composition of M5 and M3, we allow instances of R, to contain null values

and, thus, we always use R, as a target schema.

5.1. The Language of Plain SO-tgds

Our language is based on the notion of second-order tgds proposed by Fagin, Kolaitis,
Popa, and Tan (2005), so we start by introducing this language. Given schemas R; and R,
with no relation symbols in common, a second-order tuple-generating dependency from

R, to Ry (SO-tgd) is a formula of the form

Elf (v'f1<§01 - 1?1) ARRRNA vjn(gon - wn))a (51)

where

(1) each member of f is a function symbol,

(2) each formula p; (1 < 7 < n) is a conjunction of relational atoms of the form
S(y1, - .., yk) and equality atoms of the form ¢t = ¢/, where S is a k-ary relation
symbol of R; and 4, .. ., yx are (not necessarily distinct) variables in z;, and ¢,
t' are terms built from 7; and f,

(3) each formula v; (1 <7 < n) is a conjunction of relational atomic formulas over
R, mentioning terms built from Z; and f, and

(4) each variable in z; (1 < 7 < n) appears in some relational atom of ;.

The semantics of SO-tgds is defined as follows. Let A be an SO-tgd of the form (5.1)
from R, to Ry, and assume that [ is an instance of R; and J and instance of Ry. An
interpretation of a k-ary function f in (7, J) is a function that maps every tuple (ay, . . ., ax)
of elements in / to an element in .J. Then a pair (/, J) of instances satisfies )\ if there exists

an interpretation in (7, J) of each function in f such that (I, J) satisfies each dependency
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Vz;(¢; — ;) with this interpretation. That is, the semantics of SO-tgds is inherited from

the usual semantics of second order logic (Libkin, 2004).

Notice that SO-tgds are closed under conjunction. That is, if o; and oy are SO-tgds,
then o A 09 is logically equivalent to an SO-tgd. Thus, when specifying mappings, we talk
about a mapping specified by an SO-tgd (instead of a set of SO-tgds).

Fagin, Kolaitis, Popa, and Tan (2005) show that the language of SO-tgds is the right
language for expressing the composition of mappings given by st-tgds. First, it is not
difficult to see that every set of st-tgds can be transformed into an SO-tgd by Skolemizing
the existentially quantified variables in the conclusions of the st-tgds. For example, the set
given by the st-tgds:

Alz,y) — F2(R(z,2) NT(z,y))

B(x,y) — R(z,y)

is logically equivalent to the following SO-tgd:

af (VxVy (A(a:,y) — R(z, f(a:,y)) A

Vavy (A(z,y) — T(f(z,y),y)) A YaVy (B(z,y) — R(x,y))) (5.2)

Second, Fagin, Kolaitis, Popa, and Tan (2005) show that SO-tgds are closed under compo-

sition.
THEOREM 5.1.1 (Fagin, Kolaitis, Popa, & Tan, 2005). Let M5 and M3 be mappings

specified by SO-tgds. Then the composition M50 Mg can also be specified by an SO-tgd.

It is important to notice that Theorem 5.1.1 implies that the composition of a finite
number of mappings specified by st-tgds can be defined by an SO-tgd, as every set of

st-tgds can be expressed as an SO-tgd.

THEOREM 5.1.2 (Fagin, Kolaitis, Popa, & Tan, 2005). The composition of a finite
number of mappings, each defined by a set of st-tgds, is defined by an SO-tgd.
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Unfortunately, as we show in the next result, SO-tgds are not appropriate for inversion,
as there exist mappings specified by SO-tgds that do not admit CQ-maximum recoveries

(and, thus, do not admit Fagin-inverses, quasi-inverses and maximum recoveries).

PROPOSITION 5.1.3. There exists an st-mapping M specified by an SO-tgd that has

no CQ-maximum recovery.

PROOF. Let S = {A(-), B(+),C1(+),C2(+)}, T = {R(-,-),S(-)},and M = (S, T, %)
an st-mapping specified by the following SO-tgd:

3f3g [Va (B(z) A Ci(z) — R(z, f(x))) AVz (B(z) ACi(z) Az = f(z) — S(z)) A

Va (B(z) A Co(z) — R(z,z)) AVz (A(z) — R(z,g(x)))].

Let I, = {B(a),Ci(a)}, Iy = {B(a),Cs(a)}, and I3 = {A(a)} be instances of S, where
a is an arbitrary element of C. By definition of 3, it holds that Solr(Z3) C Sola (1) U
Solp(I3). Furthermore, we claim that for each instance I € {Iy, o}, if I’ € Subp (1),
then it holds that / C [I’. First, we prove this claim for the instance /;. By contradiction,
assume that there exists an instance I’ € Subp(/;) such that I; € I’. Tt is easy to see
that for every J € Soluy (1), it holds that a € S’ whenever (a,a) is the only tuple in
R’ with a as its first component. Thus, given that I’ € Sub(I;), we have that for every
J € Solp(I'), a € S7 whenever (a, a) is the only tuple in R’ with a as its first component.
Notice that the space of solutions for a source instance under M is always nonempty, and

assume that J € Solpr((!"). Then define an instance J' of T as follows:

R” = (R'U{(a,a)}) ~{(a,b) | b€ D,and a # b},

ST = 57 {al.
By definition of J’ and given that I; Z I’, we have that (I’, J') = 3. Thus, we have shown
that J' € Solx(I”). But this leads to a contradiction since for every J € Sol(I’), it holds

that if (a, a) is the only tuple in R’ with a as its first component, then a € S”. We conclude

that I; C I’ for every instance I’ € Sub,,(/1). Second, we prove the claim for the instance
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I, that is, we prove that for every I’ € Sol (1), it holds that I C I’. By contradiction,
assume that there exists an instance I’ € Suby(l3) such that I, < I’. Tt is easy to see
that for every J € Soly([5), it holds that (a,a) € R’. Thus, given that I’ € Sub,(I5),
we have that (a,a) € R’ for every J € Sol(I'). Notice that the space of solutions for a
source instance under M is always nonempty, and assume that J € Solx(I’). Then let b

be an arbitrary element of C such that a # b, and define an instance .J’ of T as follows:

!/

R” = (R~ A{(a,a)}) U{(a,b)},
s7 = 57

By definition of J’ and given that I, ¢ [I’, we have that (I’,J’) = X. Thus, we have
shown that J’' € Sol(I’). But this leads to a contradiction since for every J € Solx ('),
it holds that (a,a) € R’. We conclude that I, C I’ for every instance I’ € Subu,(I5),
and we have proved our claim. Now, let ) be conjunctive query B(x). Then we have that
Infr(Q, 1) = Infuy(Q, L) = {a}, but Inf(Q, I3) = 0 since B® = (), which implies
that:

Inf(Q, {11, I2}) € Infu(Q,I3).

Hence, we conclude by Proposition 4.3.9 that M does not have a CQ-maximum recovery

since Soln(13) € Sola(I1) U Sola(15). This concludes the proof of the proposition.  [J

Thus, by the previous proposition and the results of Section 4.2, we obtain that map-
pings specified by SO-tgds are not guaranteed to have maximum recoveries. Also notice
that mappings specified by SO-tgds are total and closed-down on the left, thus, by The-
orem 3.1.10 we have that SO-tgds are not guaranteed to have Fagin-inverses nor quasi-

inverse.

By Proposition 5.1.3 (and the aforementioned results about the composition), in order
to obtain a language that is closed under composition and has good properties regarding
inversion, we have no choice but to relax the semantics of composition. More precisely, we

borrow the notion of composition w.r.t. conjunctive queries (CQ-composition) introduced
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by Madhavan and Halevy (2003), and we say that M3 is the CQ-composition of mappings
M12 and M23 if Mlg ECQ (Mlg o Mgg). (Recall that M13 ECQ (M12 o} M23) if and
only if for every instance / and every query () in CQ, it holds that certain g, (Q, 1) =

certain g, ,omqs (@, 1))

Using this notion, we show that there is a mapping language that is not only closed
under CQ-composition, but also admits a maximum recovery for every st-mapping spec-
ified in it. We next introduce this mapping language. In the definition, we use the notion
of plain term. Given a tuple of function symbols f and a tuple of variables 7, a plain term
constructed over f and z, is either a variable x in Z, or a term of the form f(uy, us, ..., uy)

where f is a function symbol in f and wu; is variables in T (for 1 < i < k).

DEFINITION 5.1.4. Given schemas R and Ry with no relation symbols in common, a
plain second-order tuple-generating dependency (plain SO-tgd) from R, to Ry is a formula
of the form

af (V:Z’l(gpl - ¢1) ARRRNA vjn(‘tpn - ¢n))

such that

(1) each member of f is a function symbol,

(2) each formula p; (1 < 1 < n) is a conjunction of relational atoms of the form
S(y1, ..., yx) where S is a k-ary relation symbol of Ry and v, . .., yy are (not
necessarily distinct) variables in x;,

(3) each formula i); (1 <1 < n)is a conjunction of relational atomic formulas over
R, mentioning plain terms built from z; and f, and

(4) each variable in x; (1 <1 < n) appears in some relational atom of p;.

That is, the language of plain SO-tgds is obtained from the language of SO-tgds by
forbidding equality of terms and nesting of functions. For example, formula (5.2) is a plain
SO-tgd, but the formula used in the proof of Proposition 5.1.3 is not a plain SO-tgd (since it
has an equality of terms). The semantics of plain SO-tgds is inherited from the semantics of

SO-tgds. As for the case of SO-tgds, plain SO-tgds are closed under conjunction and, thus,
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we talk about a mapping specified by a plain SO-tgds (instead of a set of plain SO-tgds).

Moreover, it is easy to see that every set of st-tgds is equivalent to a plain SO-tgd.

5.2. Plain SO-tgds are Closed under CQ-Composition

Fagin, Kolaitis, Popa, and Tan (2005) show that to obtain a closure result for composi-
tion SO-tgds need equality of terms. More precisely, Fagin, Kolaitis, Popa, and Tan (2005)
show that equality of terms is necessary even to specify the composition of mappings given
by st-tgds. Thus, we know that we cannot obtain a closure result for composition with the
language of plain SO-tgds (as this language does not consider equality of terms). Neverthe-
less, we show in this section that, if we relax the notion of composition to CQ-composition,

then we obtain a closure result for the language of plain SO-tgds.

This result is a consequence of the following lemma that shows that even though the
language of plain SO-tgds is less expressive than the language of SO-tgds, in terms of CQ-
equivalence they are equally expressive. (To recall the notion of CQ-equivalence, and more

generally, the notion of C-equivalence for a query language C, see Section 4.2.2.)

LEMMA 5.2.1. For every SO-tgd ), there exists a plain SO-tgd X' such that A =cq N

PROOF. We first recall a result that will considerably simplify the proof. Arenas, Fa-
gin, and Nash (2010) proved that every SO-tgd A is logically equivalent to an SO-tgd \*
that does not have nesting of functions. That is, the language of SO-tgds is equivalent to the
language obtained from plain SO-tgds by adding equality of plain terms (Arenas, Fagin, &

Nash, 2010). Thus we can assume that SO-tgds contain only plain terms.

We also make use of the chase procedure for SO-tgds that we next introduce. Given an

SO-tgd A from S to T of the form

(where A\ only considers plain terms) the chase of the source instance / with A, denoted

by chase, (1), is the instance J of T constructed as follows (Fagin, Kolaitis, Popa, & Tan,
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2005). Fix an interpretation for the function symbols of f such that for every n-ary function
symbol f in f and n-ary tuple @ of elements in I, f(a) is interpreted as a fresh null value.
Notice that with this interpretation, the equality f(@) = g(b) holds if and only if f and g
are the same function symbol and @ = b. Thus we can denote a null of the form f(a) with
its own syntactic form (that is, simply as f(a)). We need an additional notation. Given a
formula « that considers variables in a tuple Z and plain terms constructed from f and Z,
we denote by [T — a| the formula obtained by replacing every occurrence of a variable in
Z by the corresponding value in a. We are now ready to introduce the process to construct
instance J. For every 1 < i < n and every tuple of a of elements in / such that the arity of
a is the same as the arity of z;, if [ satisfies the formula ¢;[Z; — a], then add all the atoms
in ¢;[Z; — a| to instance J. Fagin, Kolaitis, Popa, and Tan (2005) show that chase, (/) is

a universal solution for I under the mapping specified by .

We next show how to transform an SO-tgd \ into a plain SO-tgd A’ such that chase, (1) =
chasey/ (I). Let A be an SO-tgd of the form (5.3). We first construct a set of formulas Y’ by

repeating the following for every ¢ such that 1 < i < n. Start with ¢} as ¢; and 1)} as ;.

(1) Replace every equality of the form f(xy,...,zx) = f(y1,...,yx) in ¢} by the
conjunction of equalities z; = y; A -+ A T = Y.

(2) If there is an equality of the form x = 2’ in ¢ with x and 2’ variables, then
eliminate the equality and replace in ¢ and in ¢} every occurrence of =’ by .

(3) Repeat the previous step until ¢ has no equality of the form = = z’ with = and

2’ variables.

If after the process ) does not contain any equality between plain terms then add formula
Vi (ol — ) to X', where Z is the tuple of remaining variables in ). Finally we define
N as the formula 3f A ¥’ where /\ ¥ denotes the conjunction of all the formulas in X'

Notice that the formula )\’ is a plain SO-tgd.

It is not difficult to see that for every instance [ it holds that chasey (/) = chasey/ (I).
Just notice that if I satisfies the formula ;[Z; — a], then (i) ¢; does not contain equalities

of the form f(u) = g(v) with f and g distinct function symbols, (ii) if f(z1,...,2;) =
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f(y1,...,yx) is an equality in ; then the equalities 1 = vy, . . ., Tx = Y, should hold for
the assignment Z; — @ and (iii) if x = 2’ is an equality in ;, then the values a and o’
that correspond to z and 2’ in the assignment z; — a, should be equal. This implies that if
Yzl (@i — 1})isin X', and Z; — a’ is the assignment obtained from the assignment z; — a

by considering only the variables in z/, then [ satisfies ¢}[z, — a']. Similarly, it can be
shown that if VZ}(¢; — 4}) is in X' and I satisfies ¢}z, — @'], then I satisfies p;[z; — a.
The property follows from the observation that if [ satisfies p;[Z; — al, then ¢;[z; — a] is
equal to %[z, — @’

To conclude the proof we use a result proved by Fagin, Kolaitis, Nash, and Popa (2008).
Fagin, Kolaitis, Nash, and Popa (2008) showed that if two mappings share universal solu-
tions for every source instance, then the mappings are CQ equivalent. Since for every
source instance [ it holds that chasey (/) is a universal solution for I under the mapping
specified by A, and chasey (1) is a universal solution for / under the mapping specified by

N, and given that chasey (1) = chasey/(I), we obtain that A and \" are CQ-equivalent. This

concludes the proof of the lemma. U

The following result is a direct consequence of Lemma 5.2.1 and the fact that SO-tgds

are closed under composition.

THEOREM 5.2.2. Let M and My be mappings specified by plain SO-tgds. Then the
CQ-composition of My and M can be specified with a plain SO-tgd.

As a corollary of the above theorem we obtain that the CQ-composition of a finite

number of mappings each specified by a set of st-tgds, is definable by a plain SO-tgd.

COROLLARY 5.2.3. The CQ-composition of a finite number of mappings, each defined

by a set of st-tgds, is defined by a plain SO-tgd.

143



5.2.1. More properties of plain SO-tgds

In this section we include some results on the structure of plain SO-tgds that are inter-
esting on their own. More importantly, we show that plain SO-tgds can be used to provide

a negative answer to an open question posed by ten Cate and Kolaitis (2009, 2010).

Recall that an st-mapping M is closed under target homomorphisms (ten Cate & Ko-
laitis, 2009) if whenever (/,.J) € M and there is a homomorphism from .J to J’, then
(I,J") € M. The next proposition shows that mappings specified by plain SO-tgds are

closed under target homomorphisms.

PROPOSITION 5.2.4. Every mapping specified by a plain SO-tgd is closed under target

homomorphisms.

PROOF. Let A be a plain SO-tgd from S to T, and assume that (1, .J) = A. Further
assume that there is a homomorphism % from J to J’. We next prove that (I, J") = .
Thus, assume that ) is of the form 3f(Vz (o1 — 1) A -+ AVa, (0, — ¥,)). As for
the case of the proof of Lemma 5.2.1, given a formula o mentioning variables from z
and plain terms constructed from Z and f, and a tuple of elements @, o[ — @] denotes
the formula obtained from « by replacing every variable in & according to the assignment
T — a. Now, since (I,.J) = A we know that there exists an interpretation f+/) over
(I,J) for the function symbols in f such that for every 7 with 1 < 7 < n, if [ satisfies
the formula ;[Z; — a] for a tuple of elements @ from I with interpretation f-/), then
J satisfies formula 1);[Z; — @] with interpretation f//). Consider now the interpretation
&I of fover (I,.J') constructed as follows. For every function symbol f in f and tuple b
of elements from (I, .J), we let f7)(b) = h(fU")(b)). We show now that (I, J’) satisfies

A with interpretation f(+/"),

Assume that [ satisfies ¢;[Z; — a] with interpretation f(//') for some 4 such that
1 <7 < n. Since A is a plain SO-tgd, then ¢; does not mention any function symbol which
implies that I satisfies ;[Z; — a] with interpretation f(*/). Then we know that J =

;[%; — @] with interpretation f/+/). Let R(a’) be an arbitrary conjunct in ¢;[Z; — @] with
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function symbols interpreted following f/*/). Then we know that .J |= R(a’). Moreover,
since h is a homomorphism from .J to J', we know that J' = R(h(a’)). This implies
that J satisfies every conjunct of );[Z; — @] with interpretation f(~/") which implies that

J |= 1;[#; — a] with interpretation f/+/"). This was to be shown. O

It is known that mappings specified by general SO-tgds are not closed under target ho-
momorphisms (Fagin, Kolaitis, Popa, & Tan, 2005; Fagin, Kolaitis, Nash, & Popa, 2008).
Nevertheless, in the next result we show that if a mapping specified by an SO-tgd is closed

under target homomorphism, then this mapping is definable by a plain SO-tgd.

PROPOSITION 5.2.5. Let M = (S, T, \) be such that \ is an SO-tgd and assume
that M is closed under target homomorphisms. Then ) is logically equivalent to a plain

SO-tgd.

PROOF. As discussed in the proof of Lemma 5.2.1, for every SO-tgd )\ one can con-
struct a plain SO-tgd X' such that chasey (/) = chasey/ (I). Thus, given that chase,(I) is
a universal solution for / and we are assuming that M = (S, T, \) is closed under tar-
get homomorphisms, we know that (/,.J) = A if and only if there is a homomorphism
from chase, (1) to J. On the other hand, we know that chase, (/) is universal for /, and
since A’ is a plain SO-tgds, we also know that X" is closed under target homomorphisms.
Thus (/,J) = X if and only if there is a homomorphism from chase,/(I) to J. Finally,
since chase,(I) = chasey (/), we obtain that (I, J) = X if and only if (I, ) = X. This

completes the proof of the proposition. U

ten Cate and Kolaitis (2009) define several structural properties of schema mappings,
being one of them the closure under target homomorphisms. There are two more properties
that are of special interest in this section: the properties of admitting universal solutions
and allowing for conjunctive query rewriting (ten Cate & Kolaitis, 2009), that we next

introduce.

We say that a mapping M admits universal solutions if for every source instance [

there exists a universal solution for / under M. In particular, every mapping specified by
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an SO-tgd admits universal solutions. In fact, if M is specified by SO-tgd A, we know that

chase, (1) is a universal solution for / under M.

We say that a mapping M from S to T allows for conjunctive query rewriting if for
every conjunctive query () over T, there exists a conjunctive query ()’ over S such that
Q' (I) = certainp(Q, I). It was proved by ten Cate and Kolaitis (2009) that every mapping

specified by an SO-tgd allows for conjunctive query rewriting.

ten Cate and Kolaitis (2009) were interested in characterizing schema-mapping lan-
guages in terms of the structural properties that the mappings satisfy. In particular, they
were interested in a language that is capable of specifying all the mappings that are closed
under target homomorphisms, admit universal solutions, and allow for conjunctive query
rewriting. One candidate that the authors considered is the language of nested st-tgds pro-
posed by Fuxman et al. (2006). For our purposes, it is not important to formally introduce
the language of nested st-tgds (we refer the reader to (Fuxman et al., 2006) and (ten Cate &
Kolaitis, 2009) for details). We only mention that the language of nested st-tgds is a frag-
ment of First-Order logic. Regarding the language of nested st-tgds, ten Cate and Kolaitis
(2009) show that mappings specified in this language satisfy the three structural properties

mentioned above. Furthermore, the authors posed the following question.

QUESTION 5.2.6 (ten Cate & Kolaitis, 2009, 2010). Is it the case that a schema map-
ping is definable by a set of nested st-tgds if and only if it is closed under target homomor-

phisms, admits universal solutions, and allows for conjunctive query rewriting?

The following proposition gives a negative answer to the above question as mappings
specified by plain SO-tgds are closed under target homomorphisms, admit universal solu-
tions, and allow for conjunctive query rewriting, but there are plain SO-tgds that are not

expressible in First-Order logic.

PROPOSITION 5.2.7. ! The language of plain SO-tgds satisfy the following properties:

!'This unpublished proposition was established by Marcelo Arenas, Juan L. Reutter and myself
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(1) Every mapping specified by a plain SO-tgd is closed under target homomor-
phisms, admits universal solutions, and allows for conjunctive query rewriting.

(2) There exists a plain SO-tgd that is not expressible in First-Order logic.

PROOF. Part (1) follows from Proposition 5.2.4, and the results by Fagin, Kolaitis,
Popa, and Tan (2005) stating that mappings specified by SO-tgds admit universal solutions,
and by ten Cate and Kolaitis (2009) stating that mappings specified by SO-tgds allow for

conjunctive query rewriting.

To show part (2), consider the plain SO-tgd A from Ry = {E(-,-)} to Ry = {T'(+,-)}

given by
3 (v Ble.s) — (). 60 ).

We show now that ) is not expressible by a First-Order logic sentence over the vocabulary
R; URj. To obtain a contradiction, assume that ) is expressible in FO, and let ® be an FO
sentence over R; U Ry that is logically equivalent to A\. Let u and v be two variables not
mentioned in ¢ and consider the sentence &’ obtained from ® by replacing every relational
atom T'(x,y) by formula (z = u Ay = v)V(xr = v Ay = u). Now let U be the FO
sentence over R; defined by

FuIv(u # v A D).

It is not difficult to see that I = W if and only if for the instance .J such that 77 =
{(1,2),(2,1)}, it holds that (I, .J) = ®. Given that we are assuming that ¢ is logically
equivalent to \, we obtain that / |= W if and only if there exists an interpretation f* for the
function symbol f such that for every element c in [ it holds that f*(c) is either 1 or 2, and
for every tuple (a, b) in E' it holds that f*(a) # f*(b). That is, we have that [ |= ¥ if and
only if the graph represented by I is 2-colorable. This is our desired contradiction since

2-colorability is not expressible in FO (Libkin, 2004). U

Notice that by using a similar argument as the one used in the above proof, we can
obtain a contradiction by using 3-colorability instead of 2-colorability. Thus, by a result

by Dawar (1998), we obtain that A cannot even be defined in the finite-variable infinitary
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logic £¢ , which is strictly more expressive than FO (see (Libkin, 2004) for a definition

cow’
of L2 ).

It is an open problem whether the language of plain SO-tgds exactly characterizes the
class of mappings that are closed under target homomorphisms, admit universal solutions,
and allow for conjunctive query rewriting. In fact, in view of Proposition 5.2.7 one can
propose two questions that remain open. The first one is a refinement of Question 5.2.6 for

the case of mappings specified in FO.

QUESTION 5.2.8. Is it the case that a schema mapping is definable by a set of nested
st-tgds if and only if it is definable in FO, is closed under target homomorphisms, admits

universal solutions, and allows for conjunctive query rewriting?

QUESTION 5.2.9. Is it the case that a schema mapping is definable by a plain SO-tgd
if and only if it is closed under target homomorphisms, admits universal solutions, and

allows for conjunctive query rewriting?
5.3. Inverting Plain SO-tgds (in Polynomial Time)

We show in this section that every st-mapping specified by a plain SO-tgd has a max-
imum recovery. To prove this we present in this section a polynomial time algorithm that,
given a set of plain SO-tgds, returns a maximum recovery that is expressed in a language

that extends plain SO-tgds with some extra features.

We start by giving some of the intuition behind the algorithm. Consider the following

plain SO-tgd:

33 Vatyts (Rla.2) = TG 1), £0),9(0.2) ). G54

When exchanging data with an SO-tgd like (5.4), the standard assumption is that every
application of a function symbol generates a fresh value (Fagin, Kolaitis, Popa, & Tan,
2005). For example, consider a source instance {R(1,2,3)}. When we exchange data
with (5.4), we obtain a canonical target instance {7'(1,a,a,b)}, where a = f(2), b =

g(1,3), and a # b. The intuition behind our algorithm is to produce a reverse mapping that
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focuses on this canonical target instance to recover as much source data as possible. Thus,
in order to invert a dependency like (5.4), we consider three unary functions f;, g; and gs.
The idea is that f; represents the inverse of function f, while (g;, g») represents the inverse
of g. Notice that since g has two arguments, we need to use two functions to represent its
inverse. Thus, considering the above example, the intended meaning of the functions is
fila) =2, g1(b) = 1, and go(b) = 3. With this in mind, we can represent an inverse of the

plain SO-tgd (5.4) with a dependency of the form:
31391392 (‘v’quVw( T(u,v,v,w) — R(u, fi(v), g2(w)) N u=gi(w)) ) (5.5)

Notice that, if we use dependency (5.5) to exchange data back from instance {7'(1, a, a,b)},
we obtain an instance { R(1, f1(a), g2(b))}. The equality u = g; (w) has been added in order
to ensure the correct interpretation of g; as the inverse function of g. In the example, the

equality ensures that ¢;(b) is 1.

In order to obtain a correct algorithm we need another technicality, that we describe
next. We have mentioned that when exchanging data with SO-tgds, we assume that every
application of a function produces a fresh value. In the above example, we have that value
a is the result of applying f to 2, thus, we know that value a cannot be obtained with
any other function. In particular, a cannot be obtained as an application of function g.
Thus, when exchanging data back we should ensure that at most one inverse function is
applied to every possible target value. We do that by using an additional unary function
f«- In the above example, whenever we apply function f; to some value v, we require
that fi(v) = fi(v) and that g;(v) # fi(v). Similarly, whenever we apply function ¢;
to some value w, we require that ¢;(w) = f,(w) and that f;(w) # f.(w). Thus, for
example, if we apply f; to value a, we require that f;(a) = f.(a) and that g;(a) # fi(a).
Notice that this forbids the application of g; to a, since, if that were the case, we would
require that ¢(a) = f.(a), which contradicts the previous requirement g;(a) # f.(a).

Our algorithm adds these equalities and inequalities as conjuncts in the conclusions of
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dependencies. Considering the example, our algorithm adds

fl(v) = f*(v) N gl(v) # f*(U) A
gi(w) = fo(w) A fi(w) # fu(w)

to the right-hand side of the implication of dependency (5.5), and also adding the existen-
tial quantification over function f,. The final SO dependency that specifies a maximum

recovery of the plain SO-ted (5.4) is
/3 /1391392 [
VuVUVw( T(u,v,0,w) —  R(u, fi(v), ga(w)) A u = gu(w) A
Fi() = £.0) A 1(0) # £u(0) A
n(w) = Lw) A ) £ L) )] 69

Before presenting our algorithm, we make some observations Although we have as-
sumed in the above explanation that every application of a function generates a fresh value,
we remark that this assumption has only been used as a guide in the design of our algo-
rithm. In fact, it is shown in Theorem 5.3.1 that the algorithm presented in this section
produces inverses for the general case, where no assumption about the function symbols is

made. We now formalize our algorithm to compute maximum recoveries of plain SO-tgds

Preliminary procedures

We start by fixing some notation. Given a plain SO-tgd A, we denote by F the set of
function symbols that occur in A\. We also consider a set of function symbols F} constructed
as follows. For every n-ary function symbol f in F), the set F} contains n unary function

symbols fi,..., f,. Additionally, F} contains a unary function symbol f,. For example,

for plain SO-tgd (5.4), F\ = {f, g} and F}, = {f1, 91, 92, f+}.

2Qur algorithm also uses predicate C(-) over variables that are in the left and right-hand side of the implica-
tion formulas.
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We describe the procedures CREATETUPLE, ENSUREINV, and SAFE. These proce-

dures are the building blocks of the algorithm that computes an inverse of a plain SO-tgd.

Procedure CREATETUPLE(Z) receives as input a tuple ¢ = (4, ...,t,) of plain terms.
Then it builds an n-tuple of variables @ = (uy, ..., u,) such that, if ¢, = ¢; then u; and v,
are the same variable, and they are distinct variables otherwise. For example, consider the
right-hand side of the implication of dependency (5.4). In the argument of relation 7" we
have the tuple of terms ¢ = (x, f(y), f(y), g(x, 2)). In this case, we have that procedure
CREATETUPLE(?) returns a tuple of the form (u,v,v,w). Notice that we have used this

tuple as the argument of 7" in the left-hand side of the implication of dependency (5.5).

Tuple « created with CREATETUPLE is used as an input in the following two proce-
dures. We now formalize the procedure to obtain a formula that guarantees the correct use

of the inverse function symbols.

Procedure: ENSUREINV(), @, 5)

Input: A plain SO-tgd A, an n-tuple & = (uq, ..., u,) of (not necessarily distinct) vari-
ables, and an n-tuple of plain terms s built from F), and a tuple of variables .
Output: A formula (). consisting of conjunctions of equalities between terms built from

FY and u, y.

(1) Let § = (S1,...,58n).
(2) Construct formula @), as follows. For every i € {1,...,n} do the following:
— If s; is a variable y, then add equality u; = y as a conjunct in ()..
— If s; is a term of the form f(y1, ..., yx), then add the conjunction of equali-
ties
filw) =y Ao A fi(wi) = yi
to ., where fi, ..., fi are the k unary functions in F associated with f.

(3) Return Q.. O

As an example, let A be the dependency (5.4), s = (z, f(y), f(y), g(z, z)) the tuple of

terms in the right-hand side of the implication of A\, and @ = (u,v,v,w). When running
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the procedure ENSUREINV(A, 4, 5), we have that uy = w and s4 = ¢(z, z). Thus, in the
loop of Step 2, the conjunction g, (w) =z A go(w) = z is added to formula (.. The final

output of the procedure in this case is:
u=xz A filv)=y A gi(w) =2 A go(w) = 2. (5.7)

We need to describe one more procedure, which guarantees that it could not be the

case that a value in the target was generated by two distinct functions.

Procedure: SAFE(\, u, 5)

Input: A plain SO-tgd A, an n-tuple © = (uq, ..., u,) of not necessarily distinct variables,
and an n-tuple of plain terms s built from F\ and a tuple of variables ¥.
Output: A formula ()5 consisting of equalities and inequalities between terms built from

F} and .

(1) Let § = (S1,...,5n).

(2) Construct formula @), as follows. For every i € {1,...,n} do the following:
— If s; is a term of the form f(y1, ..., yx), then add the following conjuncts to
Qs

— The equality f,(u;) = fi(u;).
— The inequality f,(u;) # g1(u;), for every function symbol g in F)
different from f.
(3) Return Q). O

Considering A as the dependency (5.4), s the tuple of terms (z, f(vy), f(v), g(z, 2)) and

u = (u,v,v,w), the algorithm SAFE(\, u, 5) returns:
fi(v) = fi(v) A gi(v) # fulv) A gi(w) = fu(w) A fi(w) # fulw).  (5.8)

Notice that all the procedures presented so far work in polynomial time with respect to

the size of their inputs.
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Building the inverse

We need some additional notation before we present the algorithm for computing in-
verses of plain SO-tgds. Let ¢ and 5 be n-tuples of plain terms. Then we say that ¢ is
subsumed by 5 (or 5 subsumes t) if, whenever the i-th component of ¢ contains a variable,
the i-th component of 5 also contains a variable. Notice that if 5 subsumes ¢, then whenever
the 7-th component of 5 contains a non-atomic term, the i-th component of ¢ also contains
a non-atomic term. For example, the tuple of terms (x, f(y), f(v), g(x, z)) is subsumed by

(u, v, h(u), h(v)).

The following algorithm computes a maximum recovery of a plain SO-tgd A in poly-
nomial time. As a consequence of the results in Section 3.1.1 and the discussion in Sec-
tion 4.2, the algorithm can also be used to compute Fagin-inverses, quasi-inverses, as well

as CQ-maximum recoveries.

Algorithm: POLYSOINVERSE(M)
Input: An st-mapping M = (S, T, \) with \ a plain SO-tgd of the form 3f (o, A---Aay,).

Output: A ts-mapping M’ = (T, S, \) that specifies a maximum recovery of A such that
A is an SO dependency.

(1) Let X = {oy,...,0,}, and ¥’ be empty.
(2) Normalize ¥ as follows. For every i € {1,...,n} do:

— If 0 is of the form VZ(p(Z) — Ryi(t1) A ... A Ry(t,)), then replace o; by ¢
dependencies V71 (¢1(Z1) — Ri(t1)), - -, VZi(pe(Ty) — Re(ty)) such that
forevery 1 <1 < ¢:

— T, is exactly the tuple of variables shared by Z and ¢;
— ;(Z;) is the formula obtained from ¢(Z) by existentially quantifying
the variables of = not mentioned in Z;.
(3) For every o of the form VZ(p(Z) — R(t)) in the normalized set 3, where ¢ =
(t1,...,t,) is a tuple of plain terms, do the following:

(a) Let 4 = CREATETUPLE(Y).
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(b) Let prem () be a formula defined as the conjunction of the atom R(u) and
the formulas C(u;) for every 7 such that ¢; is a variable.
(c) Create a set of formulas I', as follows. For every dependency V(¢ (y) —
R(3)) in X such that 5§ subsumes ¢, do the following:
— Let Q. = ENSUREINV(\, @, §).
— Let Qs = SAFE(\, @, ).
— Add to I, the formula 35 ( (7)) A Qe A Q)
(d) Add to ¥’ the dependency:

Y (prema (a) — 75 (ﬂ))

where 7, (u) is the disjunction of the formulas in I',.
(4) Let X = 3f' (\Y'), where f’ is a tuple containing the function symbols in F.
Return M’ = (T, S, \). O

As an example of the execution of the algorithm let A\ be the plain SO-tgd (5.4), and
assume that M = (S, T, \) is the input of algorithm POLYSOINVERSE. In Step 3 of algo-
rithm POLYSOINVERSE (M) we have to consider a single dependency 0 = R(x,y,z) —
T(x, f(y), f(y),g(x,2)). Let t be the tuple of terms (x, f(y), f(y), g(x, 2)). Recall that

CREATETUPLE(%) is a tuple of the form (u, v, v, w) and, thus,
premy(u) = T(u,v,v,w) A C(u)

is built in Step 3.b. Notice that C(u) has been added since the first component of ¢ is the
variable z. Then in Step 3.c, we need to consider just dependency o. Notice that ¢ subsumes

itself and, hence, formula
F2Fy3z (R(z,y,2) A Qe N Qs)

is added to the set I',, where (), is the formula (5.7) and (), is the formula (5.8). Notice

that £ = { [, f1, 91,92}, and thus, the following formula )" is created in the last step of
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the algorithm:

3£,3,391305 [

VquVw(T(u,v,v,w) A C(u) — Jzdy3z (R(z,y,2) ANu=z A fi(v) =yA

mw:xAmmzzA@Q} 59)

Notice that the existentially quantified variables can be eliminated from dependency (5.9).
Thus, replacing formula () and eleminating the existential quantification in the right-hand

side of the implication, we obtain that dependency (5.9) is equivalent to:
33 /1391392 [
VquVw(T(u,v,v,w) ACM) —  Rlu fi(v), go(w)) A u=gi(w) A
A1) = £.(0) A g1(0) £ o) A
() = L) A ) £ ) )]

which specifies a maximum recovery of M.

THEOREM 5.3.1. Let M be a mapping specified by a plain SO-tgd ). Algorithm
POLYSOINVERSE(M) computes in polynomial time a mapping M’ specified by an SO

dependency such that M is a maximum recovery of M.

PROOF. Let A be a plain SO-tgd of the form 3f(oy A --- A 0y), and M = (S, T, \).
Let X be the set {0y, ..., 0 }. Notice that after Step 2 of the algorithm, we have that every

o in the (normalized) set ¥, is a formula of the form VZ(o(Z) — R(t(Z))) where:

e () is a CQ formula over S with Z as tuple of free variables,

e R is an n-ary relation symbol in T,

e 1(Z) is an n-tuple of plain terms constructed by using functions from f and vari-
ables from z, and

e T is exactly the tuple of (distinct) variables that ¢ (Z) and ¢(Z) share.
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Notice that in the above notation we have made explicit the variables mentioned in the tuple
of terms ¢(Z). Additionally, we assume that all the formulas in 3 have pair-wise disjoint
sets of variables. It is straightforward to see that the formula 3f /\ ¥ obtained after the
normalization step is logically equivalent to the original plain SO-tgd provided as input for

the algorithm.

Before continuing with the proof, recall that F} is the set of function symbols in f. Also
recall that F7 is the set of function symbols constructed as follows. For every n-ary function
symbol f in f, the set F contains n unary function symbols fi, ..., f,. Additionally, F}

contains a new unary function symbol f,.

We introduce some notation regarding the procedures CREATETUPLE, ENSUREINV
and SAFE. First, given a tuple of terms ¢(Z) = (t1(Z),...,t,(Z)) we use uzz) to denote
the output of CREATETUPLE(Z(x)). That is, gz is an n-tuple of variables (uy, ..., u,)
such that, for i # j, if the i-th component of ¢(Z) is equal to the j-th component of
t(Z), then u; and u; are the same variable, and they are different variables otherwise.
Consider for example the tuple of terms t(z1,22) = (z1, f(21), f(21),21,22). In this
case we have that t1(z,x2) = t4(x1,22) = 21, ta(x1,29) = t3(xy,22) = f(x1), and
ts(w1,22) = w2, and then g, 4,) is a tuple of the form (ui,us, us, u1,us). Second,
given an n-tuple u = (uy,...,u,) of not necessarily distinct variables, and an n-tuple
5(y) = (s1(9),- -, $n(y)) of plain terms, we denote by v(u, $(7)) the formula obtained as
output of procedure ENSUREINV (A, @, 5(77)). Thus, we have that for every i with 1 < i <n

it holds that:

e If s5;(y) is a variable y,, of g, then v(u, 5(y)) contains the equality u; = y,, as a
conjunction.

o If 5;(y) is a non-atomic term f(Y,,,, ..., Ym,). With f a k-ary function symbol
of f and every Ym, a variable in g, then v(%, 5(7)) contains the conjunction of
equalities f1(u;) = Ym, A -+ A fr(w;) = Ym,, where fi,..., fi are the k unary

functions in f’ associated with f.
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For example, let & = (uy, ug, u;) and $(y1, Yo, y3) = (v1, f(y3,v1,y2), g(y2)). Notice that

s1(y1, Y2, Y3) = Y1, S2(Y1, Y2, ¥3) = f(ys, y1,y2) and s3(y1, Y2, y3) = ¢(y2). In this case we
have that v(u, 5(y1, Y2, y3)) is the formula

up =y A filuz) =yz A falug) =y1 A fa(ua) = ya A gi(u1) = ya.

Third, we denote by w(w, 5(y)) the formula obtained as the output of SAFE(\, u, 5(y)).
That is, we have that for every ¢ with 1 < i < n, if s;(Z) is a non-atomic term of the form
f(Ymys- -+ Ym,) With f a k-ary function symbol of f and every Ym; @ variable in y, then

w(u, 5(y)) contains as conjunctions:

e the equality f,(u;) = fi(u;) and,
e the inequality f,(u;) # g1(u;), for every function symbol g in f different from
f.
Notice that w(u, 5(y)) may be the empty formula if the tuple 5(y) is composed only by
variables. In that case, we assume that w(u, 5(y)) is true (an arbitrary valid formula). We
have introduced this notation only to make explicit the variables used in the tuple of terms

t(Z) and 5(7) in the inputs of CREATETUPLE, ENSUREINV, and SAFE.

Finally, given a dependency o in X of the form ¢(Z) — R({(Z)), in this proof we
denote by Cr(z)) the set I, constructed in Step 3.c. That is, for every dependency of the

form (7)) — R(5(y)) in ¥ such that 5(3) subsumes (), then Cp(f(,) includes the formula
Notice that in the above formula we are using our new notation for the outputs of procedures
CREATETUPLE(#(x)), ENSUREINV (A, @, 5(7)), and SAFE(\, 4, 5(7)).

With our new notation we have that the set X’ constructed in POLYSOINVERSE con-

tains, for every o € ¥ of the form VZ((Z) — R(t(Z))), a dependency ¢’ such that

e the premise of ¢’ is composed of the atom R(#;z)) and formulas C(u;) for every
i such that ¢;() is a variable x of Z, and

e the conclusion of ¢’ is the disjunction of all the formulas in C R(I(z))-
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We are now ready to continue with the proof. For simplicity, in what follows we omit
the universal quantification in the formulas in ¥ and ¥’. That is, if o is a formula in X of
the form VZ(p(Z) — R(t(Z))), we just write () — R(#(Z)) to denote 0. Let M be
the st-mapping specified by the formula A = 3f A ¥, and M’ the ts-mapping specified by
the formula \ = 3f’ /\ ¥’ constructed in the last step of algorithm POLYSOINVERSE. We
need to show that M’ is a maximum recovery of M. We first show that M’ is a recovery
of M. Let I be a source instance, and J the result of chasing I with A. Recall that J is
constructed as follows. For every o in X of the form ¢(Z) — R(¢(Z)) and for every tuple
a of constant values such that I |= (@), we include in J the tuple R(#(a)). Notice that in
this procedure, every ground term is viewed as a distinct value (for example, f(a) and g(a)
are considered to be distinct values), and every ground non-atomic term is considered to be
a null value. We claim that (J, /) € M’ which proves that (I,/) € M o M'. In order to
show that (J, I) = X\, we need to prove that there exists an interpretation for the functions
of f’ such that (J,I) = A\ Y. For every k-ary function f in f consider the interpretation

of f; with 1 < ¢ < k as follows:

e for every k-tuple (ay, ..., ax), we have that f;(f(a,...,ax)) = a;,

e f; is an arbitrary value in every other case.

That is f; is interpreted as the projection of f over component ;. Additionally, we interpret
function f, as follows. For every k-ary function f in f we let f,(f(ay,...,ax)) = a1, and
f« 1s an arbitrary value in every other case. Notice that this interpretation is well defined
since every ground term produced when chasing 7, is viewed as a distinct value. We show

now that with this interpretation, it holds that (J, I) = A X'

Let ¢’ be a formula in ¥'. We need to show that (J, I) satisfies ¢’. Assume that o’
was created from a formula in ¥ of the form ¢(Z) — R(#(Z)). Assume that R is an n-
ary relation symbol. Then ¢’ is of the form R(ujz)) A C(u') — a(ugz)) with tgz) an
n-tuple of (not necessarily distinct) variables, @' C gz, and o(tzz)) the disjunction of
the formulas in Cpz)). Now, suppose that there exists an n-tuple b of ground terms such

that J = R(b) A C(b) (with b/ the corresponding assignment to @' that derives from the
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assignment of b to liz(z)). We must show that [ |= a(b). Since J is the result of chasing [
with A, we know that there exists a formula ¢)(y) — R(5(7)) that is used to generate R(b)
in .J. Then there exists a tuple @ of constants such that I = 1(a) and 5(a) = b. Now, given
that C(') holds and 5(a) = b, we conclude that 5(j) subsumes #(z). Consequently, the
formula
Bltiney) = 35(0(5) A Ve, 55) A ey, 55)) )

belongs to Cr(j(z)), and then, it is a disjunct in a(z(z)). We claim that I |= 8(b) = 3(5(a))
and then I |= «(b). Notice that I = v(a) and by the interpretation of the functions of
f' it is straightforward to see that v(5(a),5(a)) and w(5(a), 5(a)) holds. Then we have
that I = (3(b) with the chosen interpretation for the functions in f’ by using tuple @ as
the witness for the tuple 7 of existentially quantified variables, and then I |= a(b). We
have shown that, with the chosen interpretation for the functions in f’ , it holds that (J, I)

satisfies every formula in ', and then (J, I) satisfies /\ ¥’, which was to be shown.

To complete the proof it is enough to show that, if (13, I3) € Mo M’ then Sol (1) C
Solp(17) (see Proposition 3.1.6). To simplify the exposition we introduce some notation.
A ground plain term is a term of the form f(aq,...,ax) where ay, . .., a are values from
some domain. Let p be a tuple of groun plain terms constructed by using function symbols
from a tuple g, and let g° be an interpretation for the function symbols in g. We write p[g +—
g°] to denote the tuple obtained by replacing every ground plain term using a function
symbol in § by its corresponding interpretation in g°. Similarly, if v is a conjunction of
ground atoms we write y[g — ¢°] to denote the conjunction obtained by replacing every
ground plain term by its corresponding interpretation in g°. Abusing of the notation, for
a first order formula « that mentions plain terms constructed from function symbols in
g we write I = alg — g°] to denote that [ satisfies o with the interpretation g° for
the function symbols in g. To continue with the proof, let /; and I, be source instances
such that (I, 1) € M o M, and assume that (I3, J*) € M. We need to show that
(I, J*) € M. Since (I, I5) € Mo M’, there exists a target instance J such that (I, J) €
M and (J,I;) € M'. Thus, we have that (I;,.JJ) = If A, and (J,I,) = If AT

Then we know that there exists an interpretation f(/*/) for the functions in f, and an
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interpretation f'(*/2) for the functions in f’, such that (I1,.J) = (AX)[f — fY+/)] and
(J, 1) E (ANX)[f — f'U1)]. Moreover, since (I, J*) € M we know that there exists
an interpretation f(2/") for the functions in f’, such that (I, J*) = (A X)[f — f277)].
We need to show that there exists an interpretation fU1/") for f, such that (I, J*) |
(AD)[f — fU7)]. We describe now how to construct fU17") from fU/) f/(/12) and
fU27") Let f be a k-ary function symbol in f, and let @ be a k-tuple of constant values.

Define fU1:/")(a) as follows:

e Assume that there exists a unique function symbol g; in f’, such that

SR @) = g7 (10 (@), (5.10)

Then, if g, is associated with the k-ary function symbol ¢ from f, we let

FI (@) = 9”2"]*)(9§J’12)(f”1"”(a)), g,i””b)(f(h’”(a))).

e Otherwise, if there is no function symbol in f’ satisfying equality (5.10), or there
is more than one function symbol in f satisfying (5.10), then f1:/")(@) is an

arbitrary value.

We show next that, with f(/1/") as defined above, it holds that (I;, J*) = (AX)[f —
)

Let o be a formula in ¥ of the form p(Z) — R(#(Z)), with R an n-ary relation symbol,
and assume that I; = ¢(a) for some tuple a of constant values. We need to show that
J* = R(t(a))[f — fU7)]. Now, since I; = ¢(a) and (I1,J) = (AX)[f — fU37)], we
know that .J = R(#(a))[f — f"+/)]. By construction of ¥, there exists a formula ¢’ in ¥/
of the form

R(ﬂ{(j)) A\ C(I_L/) — Of(ﬂf(j)),

that has been constructed from o, with a(ﬂg@) the disjunction of the formulas in Cr(z)).-
Notice that, by the construction of #;z), we obtain that .J satisfies R(ag(g—c)) with the assign-
ment £(a)[f + fU57)] to uyz). Let @ be the corresponding assignment to @' that derives

from the assignment of #(a)[f — fU*7)] to @s). By the construction of ¢’ and since a
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is a tuple of constant values, it is straightforward to see that C(@’) holds. Then we have
that J = R(#(a))[f — fU))] A C(@'). Moreover, since (J,I5) = (AX)[f' — f/12)],
we obtain that Iy = a(t(a)[f — fUD])[f" +— f12)]. From this last fact we conclude
that there exists a disjunction 3(z(z)) of a (s ) of the form 35( (7)) A v(Ugz), (7)) A

w(Tgz),5(7)) ), and a tuple b of constant values such that

L 0@ A (@I - OIS A @I - 056 )17 7

By the construction of the formula a(gz)), we know that 3(tzz) ) belongs to the set
Cr(i(z))- Thus, there exists a formula ¢/(y) — R(5(7)) in X such that 5(3) subsumes
t(z). Notice that I, = (b), and then since (5, J*) = (AZ)[f — fU277)], we know
that J* = R(5(b))[f ~— fU277)]. We show next that R(5(b))[f +— f2/)] is equal to
R(t(a))[f ~ fU7")], and then we obtain that J* = R(f(a))[f — fU/")], which is

exactly what we want to prove.

Let Uzz) = (u1,...,Uy), 0(Z) = (t1(Z),...,t(2)), and 5(y) = (51(9), - .-, sn(Y)).
We show now that, for every i such that 1 < i < n, it holds that ¢;(a)[f f (0,J)] =
s5;(D)[f — fU27")]. First, assume that s;(7) is a variable y,,, from 7, and b,, the (constant)
value that corresponds to y,,, in the assignment of b to . Notice that formula v/(ig(z), 5(9))
contains then equality u; = v,,,. Then since v((a)[f — fTD],5(0))[f +— f'/12)] holds,
we obtain that t;(a)[f — fUv')] = b,. Thus, we have that ¢;(a)[f +— fUv/7)] =
s;(b)[f — fU277)]. Now suppose that 3;(7) is a non-atomic term ¢(Ym,, - - - , Ym, )» With
g a k-ary function symbol in f and (y,,,, ... , Um,,) @ k-tuple of variables from y. Then
since 5(y) subsumes ¢(Z), it holds that ¢;(Z) is a non-atomic term f(x,,,...,2,,), with
f an (-ary function symbol in f and (z,,,...,,,) an {-tuple of variables from Z. No-
tice that formula v(%zz), 5(7)) contains, for every j such that 1 < j < k, the equality
Ym, = 9;(uw;) as a conjunction, with g; a unary function symbol in f’. We also know
that formula v(t(a)[f — fP7],5(b))[f" + f/2)] holds. Then for every j such that
1 < j < k, we have that b,,, = (g;(t;(a)[f — f"))))[f — f"2)]. Thus, since we are
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assuming that ¢;(z) = f(x,,,...,x,,), we know that the following equalities hold:

J1
bny, = 95 2)(f(11"7)(an,...,are)),

b, = g}j’fﬂ (fEapn, ... a,)). (5.11)

Now, focus on the formula w(izz), 5(7)). Since 5;(¥) = g(Ymi»---»Ym,)> We know
that w(@zz),5(7)) contains the equality f,(u;) = ¢1(u;), and the inequalities f,(u;) #
hi(u;), for every h in f different from g. Then since we know that formula w(#(a)[f

FED] 5(0)[f +— f¢"12)] holds, we obtain that

F (O ) = (O ) G12)

and for every A in f different from g,

LD (N, an) # B (P A, an)).

Notice then that g; is the unique function in f that satisfies (5.12). Then by the construction
of f:7") we know that

f(h,J*)(am o ay,) =
g7 (giﬂz) (f(I“J)(am ), 91({]’[2) (f(h"])(am . 7a7‘g))) :

By replacing the equalities in (5.11) in this last expression we obtain that

f(IhJ*)(amv'--)are) = g(fz,J*)(me”"bmk).

Notice s;(b) = g(by,,--.,bm,), and t;(a) = f(a,,,...,a,,), thus we have that ¢;(a)[f —
FETI) = 54(b )[fr—> fU27")]. We have shown that, for every i such that 1 < i < n, it holds
that t;(a)[f — fUr7)] = 5;(b)[f — fU277)]. Thus we have that R(#(a))[f — fU+/")]
is equal to R(5 ( Nf — fU279]. Then since J* = R(5(b))[f — fU27")] we know that

J* = R(t(@))[f — fO7).
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What we have proved is that, for every formula p(Z) — R(¢(Z)) in X, if [ | ¢(a),
then J* |= R(#(a))[f — fU7")]. Thus we have that (I, J*) = (A X)[f — fU77)], and
then (I, J*) |= 3f A 3. This concludes the proof of the theorem. O

Since mappings specified by plain SO-tgds are total and closed-down on the left, from

the results in Section 3.1.1, we obtain the following corollary.

COROLLARY 5.3.2. Let M be a mapping specified by a plain SO-tgd \. If M has
a Fagin-inverse (quasi-inverse), then algorithm POLYSOINV (M) computes in polynomial

time a Fagin-inverse (quasi-inverse) of M.

It is important to notice that since every set of st-tgds can be transformed into a plain
SO-tgd in linear time, our algorithm can be used to compute Fagin-inverses, quasi-inverses,
and maximum recoveries for st-mappings specified by sets of st-tgds. This is the first
polynomial time algorithm capable of doing this. However, the gain in time complexity
comes with the price of a stronger and less manageable mapping language for expressing

1nverses.
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6. INFORMATION AND REDUNDANCY IN SCHEMA MAPPINGS

Schema mapping management is an area of active research, where there had been many
achievements in the recent years. In fact different proposals for several schema mapping
management operators are being studied and implemented. Nevertheless, little research
has being pursued towards understanding the fundamental notions that all these proposals
seem to share. In particular, abstract notions of information, redundancy and minimality are
part of almost every proposal for the semantics of schema mapping operators (Bernstein,
2003; Pottinger & Bernstein, 2003; Melnik, 2004; Fagin, 2007; Arenas, Pérez, & Riveros,
2009; Pottinger & Bernstein, 2008). The main goal of this chapter is to formalize and study

abstract notions of information and redundancy for schema mappings.

6.1. Transferring Source Information: The Order <

In a data exchange scenario, a schema mapping is used to transfer information from a
source schema to a target schema. Thus, it is natural to ask how much source information a
mapping transfers and, in particular, if two mappings are used to transfer information from
the same source schema, it is natural to ask whether one of them transfers more source

information than the other. The latter question is the main motivation of this section.

The problem of measuring the amount of source information transferred by a mapping
has been studied in the data exchange scenario (Fagin et al., 2009) and we have also im-
plicitly discussed this issue in Chapters 3 and 4. In fact, the issue of developing an order
for comparing the amount of source information transferred by two mappings has been ex-
plicitly considered by Fagin et al. (2009). However, we follow here a different approach to
develop such an order, as we first identity five natural conditions that such an order should

satisfy, and then we consider the strictest order according to these conditions.

From now on, we use symbol < to denote an order between mappings that transfer
information from the same schema. That is, if M; < M, then we assume that there
exists a schema R such that both dom(M;) and dom(M5) are contained in Inst(R). The

following is the first condition that we impose on <.
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(C1) M; = M, implies dom(M;) C dom(My).

If I is an instance in the domain of M, then M provides some information about [ as it
gives a collection of target instances that are considered to be valid translations of /. Thus,
if M, gives as much source information as M, then I should also be in the domain of

M., as stated by condition (C1).
As usual for any notion of preference, < is also asked to be reflexive and transitive:

(C2) M <M,
(C3) M; < My and My <X M3 implies M; < M.

Notice that we do not ask relation < to be antisymmetric, as it is usually the case that the
same information can be transferred in different ways. Thus, strictly speaking, < is not an

order but a preorder.

Furthermore, let Idr be the identity schema mapping for a schema R, that is, [dg =
{(1,I) | I € Inst(R)}. This mapping transfers exactly the information that is contained
in the instances of R and, thus, any other mapping that transfers information from R could
not be more informative than Idg. This gives rise to the fourth condition for the desired

order:
(C4) if M is a mapping from a schema R to a schema R, then M < Idg.

Finally, our last condition accounts for the information that is transferred through a com-
position of schema mappings. Assume that a mapping M transfers information from a
schema R to a schema R, and that M, M, are mappings that transfer information from
R,. If M5 maps as much source information as M, then given that M transfers informa-
tion to schema R, one would expect that M o M, transfers as much source information

as M o M. This is stated in our last condition:

(C5) let M be a mapping from a schema R to a schema R, and M;, M5 mappings
from R; to schemas R; and Rs, respectively. If M; < M., then M o M; =<
M o) Mg.
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Now that we have identified five conditions that the desired order should satisfy, the first
question to answer is whether there exists any order that meet them. In the following para-
graphs, we give a positive answer to this question by introducing a relation <s. Moreover,

we also show that < is the strictest order that satisfy the above conditions.

DEFINITION 6.1.1. (Order <) Let R, Ry, Ry be schemas, and My, My mappings
from R to Ry and R to Ry, respectively. Then My =<5 My if there exists a mapping N
from Ry to Ry such that My = My o N.

Intuitively, the preceding definition says that M; =<y M, if M, transfers enough

information from R to be able to reconstruct the information transferred by M.

Example 6.1.2. Let M; and M be mappings specified by dependencies S(z,y) — T'(x)
and S(z,y) — U(y, z), respectively. Intuitively, My maps more information than M as
all the source information is stored in the target according to mapping M. In fact, in this
case we have that M; <y M, since M; = My o N/, where N is a mapping specified by
dependency U (z,y) — T'(y). In this case, it is also possible to prove that My A5 M;.

On the other hand, if M3 is a mapping specified by dependency S(z,y) — V' (y), then
one would expect M; and M3 to be incomparable, as these mappings extract information

from different columns of table S. In fact, in this case it is possible to prove that M; A

Ms and My Ag M;. U

As a corollary of the fact that the composition is associative, we obtain that < satisfies the

above conditions:

PROPOSITION 6.1.3. The order < satisfies (C1), (C2), (C3), (C4) and (C5).

The following proposition shows the somewhat surprising result that such a simple

relation is the strictest order that satisfies the above conditions.

PROPOSITION 6.1.4. Assume that an order < satisfies (Cl1), (C2), (C3), (C4) and (C5).
Then for every pair of mappings My and Mo, My =<3 My implies that My < M.
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PROOF. Let < be an order that satisfies (C1), (C2), (C3), (C4) and (C5). Furthermore,
assume that M; and M, are mappings from a schema R to schemas R; and R». respec-
tively. By definition of <, we know that there exists a mapping AN from R; to R, such
that M, = My o N. Then by (C2) we have that:

Ml j MQ ON. (61)

But not only that, by (C4) we have that N' < Idg, and, therefore, we conclude by (C5)
that:

MQ o = MQ o IdR2 . (62)

Thus, given that M5 o Idg, = M, we have by (C2) that M5 o Idgr, =< M5 and, hence,
from (6.2) and (C3), it holds that:

Moo N =< M. (6.3)

Finally, from (6.1), (6.3) and (C3), we conclude that M; < M, which was to be shown.
O

In our investigation, we use =g to compare the amount of information transferred by
two mappings from the same source schema. In particular, if M; <3 My and My <3 M,
we say that M, and M, transfer the same amount of source information, which is denoted

by Ml =g Mz.

6.1.1. Comparison with other notions of order

Fagin et al. (2009) propose to use some notions of inversion of schema mappings (Fagin,
2007; Arenas, Pérez, & Riveros, 2009; Fagin et al., 2009) to measure the information loss
of a mapping. Loosely speaking, the more invertible a mapping is, the less information the
mapping loses (Fagin et al., 2009). In this section, we contrast and compare Fagin et al’s

approach with the order <.
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In order to give some intuition behind the definitions presented by Fagin et al. (2009),
we first introduce an order =< that is based on the notion of maximum recovery introduced
in Chapter 3. By the definition of maximum recovery, it is easy to see that if M7 and M3
are both maximum recoveries of M, then M o M7 = M o M. Thus, the composition
of a mapping M with any of its maximum recoveries depends only on M. In fact, from
Proposition 3.1.6 (part (3)) we can conclude that if M* is a maximum recovery of M,
then the composition M o M* is equal to the set {(/, K) | Solp(K) C Soly(I)}. The
definition of order =< is based on this property. More precisely, a mapping M, is said to be
less lossy than a mapping M if for every pair of instances [, K, it holds that Sol, (1) C
Sol g, (K) whenever Solp, (1) C Sola, (K) holds (Fagin et al., 2009). Let <, denote the
order induced by this notion, that is, M < M if and only if M is less lossy than M.

It is important to notice that if mappings M; and M have maximum recoveries, say

M7 and M3, respectively, then M; <, M, if and only if Idg C My o M5 C M; o Mj.

Thus, M; =<z M, if the composition of M with its maximum recovery is more similar

to the identity mapping than the composition of M with its maximum recovery.

As a first result, we prove that <; does not satisfy all the conditions identified in this
section for a natural order, thus showing that < can be considered as a better alternative
than < to compare the information transferred by schema mappings. In particular, <y

does not satisfy (C5).

PROPOSITION 6.1.5. There exist mappings M, My and My such that My <z My
and M o My Ax M o M.

PROOF. Let R = {A(), B()}, S = {F(,G(), H()} Ty = {F(),G/(), H'()}
and Ty = {R(-), S(:),T(-)}. Consider the mapping M from R to S given by:

Alx) — F(x)V G(x)

B(z) — F(z)V H(x)
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Let M, be the mapping from S to T, given by:

F(z) — F(x)
G(x) — G'(x)

H(z) — H'(z)
Let M, be the mapping from S to T given by:

F(z) — R(x)V S(z)
G(x) — S(zx)VvT(x)

H(z) — T(x)V R(x)

It was shown by Arenas, Pérez, and Riveros (2009, Proposition 6.6 (2)) that M, satisfies
the following property. For every I, K if Solp, (1) C Soluy, (K) then K C I. From this,
it is straightforward to prove that Solx, (1) C Soly, (K), and thus M; <z Ms. We prove
now that M o M; Az M o M,.

Consider the instances [ such that A’ = {1} and B’ = () and K such that A¥ = () and
BX = {1}. We show next that Solpgop, (1) = Solpops,(K) = {J € Inst(Ty) | 1 € R/
orl € S7or1 e T’}. First, it is clear that if (I, J) € Mo Mythen1 € R/ or1 € S’ or
1 € T7, and similarly if (K, J) € MoM,ythenl € R/ or1 € S’ or1 € T’. Now assume
that J € Inst(Ty)and 1 € R/ or1 € S7or1 € T”. Assume first that 1 € R’ then consider
the instance L such that F'* = {1}, G = H* = (. Then we have that (I,L) € M
and (L, J) € My which implies that (I, J) € M o M,. Similarly, if 1 € S’ then we
consider the instance L such that F* = {1}, G = H! = () to obtain that (I, L) € M
and (L, J) € Ms. If 1 € T then we consider the instance L such that G = {1} and
FL' = H = (). Then, again we obtain that (I,L) € M and (L,J) € M, and thus,
(I,J) € M o M. By symmetry we can show that if J € Inst(Ty) and1 € R’ or 1 € S’
orl € T7 then (K, J) € MoM,. We have shown that Sol y o, (1) = Solyon, (K ). Now
we consider M. Notice that the instance J such that G’/ = {1} and F"/ = H' = () is
such that (1, J) € MoM, but (K, J) ¢ Mo M,, and then Solyon, (1) € Solpor, (K).
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Thus we have that Solyon, (1) € Solaon, (K) but Solpyon, (1) € Solponm, (K) which
implies that M o M; Az M o M,. O

Fagin et al. (2009) were interested in studying mappings with null values in source
and target instances. In particular, for a mapping M of this type, Fagin et al. define a
mapping e(M) that extends M by giving a semantics to the nulls that distinguish them
from the constants (see Definition 3.1.13 for the formalization of e(M)). The authors
then introduce a notion of information loss of a schema mapping M by considering the
extension e(M) of M. More precisely, if M; and M, are two mappings containing null
values in source and target instances, then M is said to be less lossy than M, if for every
pair of instances /, K, it holds that Sol.(y,)(1) € Sole(am,)(K) whenever Solea,) (1) €
Sole(am,) () holds (Fagin et al., 2009). Let <;; be the order induced by this notion. Notice
that <; is tightly connected with <; in fact, it holds that M; <; M, if and only if

e(Mj) =g e(My). The following proposition shows that as for the case of =g, the order
=g does not satisfy (C5).

PROPOSITION 6.1.6. There exist mappings M, My and My such that M, M and

My contain null values in source and target instances, My =<y My and M o My A

MOMQ.

PROOF. In this proof we suppose that every mapping M contains null values in the
source. In this scenario, recall that the extended semantics of a mapping M, denoted
by e¢(M), is the mapping e(M) =— oMo —, where —= {([1,l2) | I, — L} (see

Definition 3.1.13 for more details on the extended semantics for mappings).

LetR = {A(), B()}, S = {F(),G(), H()}, Ty = {£(-),G'(-), H'(-)} and Ty =
{R(-),S(-),T(-)}. Consider the mapping M from R to S given by:

A(x) — F(x)V G(x)

B(z) — F(x)V H(x)
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Let M, be the mapping from S to T, given by:

F(z) — F(x)
G(x) — G'(x)

H(z) — H'(z)
Let M, be the mapping from S to T given by:

F(z) — R(x)V S(z)
G(x) — S(zx)VvT(x)

H(z) — T(x)V R(x)

First of all, we will show that for every I, K if Sola,) (1) © Solem,)(K) then K —
I. From this, it is straightforward to prove that Sol.(aq,)(/) € Solem,)(K), and thus
My =< My, So, let I and K be source instances. For the sake of contradiction, assume
Sole(my) (1) € Solepm,)(K) and K 4 I. Then either FX 4 F! or GX /A G, or
HYX /4 H'. Assume first that X 4 F!. Then there exists an element a € C such that
a € F¥buta ¢ F'. If not, then F! = () and we have that Sol.(,)(1) € Sole(u) (K)
which is a contradiction. So, let a € C be an element such that a € FX buta ¢ F! and J
a solution for I such that R/ = F!, S/ = () and T/ = G! U H'. Now, for every solution
J' € Sol(m,)(K), we have that a € R” or a € S7'. Thus, given thata ¢ R’ and 57 = 0,
we obtain that J ¢ Sol.u,)(K), and then Sole(a,) (1) € Sole(am,) (K), which contradicts
our initial assumption. By using a similar argument, we can show that if GX 4 G' then
Sol(aty)(I) € Sole(uuy (K). and if HX 4 H' then Soleuuy) (K) & Sole(ay)(I), which

also lead to a contradiction.

We prove now that M o M; A Mo M,. Consider the instances I such that A” = {1}
and B’ = () and K such that A* = () and B¥ = {1}. We show next that Sol(yon,) (1) =
Sole(pmonms) (K) = {J € Inst(T) | 1 € R7or1 € S7or1 € T”}. First, it is clear that
if (1,J) € e(MoM,)thenl € R7or1 € S/ or 1 € T, and similarly if (K, J) €
e(MoMyj)thenl € R or1 € S/ or1 € T’. Now assume that J € Inst(T5,) and
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1€ R or1 e S7orl e T’. Assume first that 1 € R’ then consider the instance L such
that F'* = {1}, GF = H = (). Then we have that (I,L) € M and (L, J) € M, which
implies that (1, J) € e(MoMy). Similarly, if 1 € S’ then we consider the instance L such
that F'* = {1}, G* = HY = () to obtain that (I, L) € M and (L, J) € M. If 1 € T then
we consider the instance L such that GI' = {1} and F'* = H' = (). Then, again we obtain
that (I, L) € M and (L, J) € M, and thus, (I, J) € ¢(M o Ms). By symmetry we can
show that if J € Inst(Ty) and 1 € R7 or1 € S7 or1 € T/ then (K, J) € e(M o M,).
We have shown that Solc(ator,) (1) = Sole(arorms) (K). Now we consider M. Notice that
the instance J such that G* = {1} and F"/ = H'Y = () is such that (I, J) € e(M o M)
but (K, J) ¢ e(M o M,), and then Sole ront,) (1) € Sole(atort,)(£). Thus we have that
Sole(mormz) (1) € Sole(mons) (F) but Soleponty) (1) € Sole(atort,) () which implies that
Mo My £Ag Mo Ms. O

No restrictions on mappings were imposed when defining the order <. In particular,
= can be used to compare mappings containing null values in source and target instances.
Thus, Proposition 6.1.6 gives evidence that < is a better alternative than <y to compare

the information transferred by schema mappings.

It should be pointed out that Fagin et al. (2009) introduce the order <y but do not
study its fundamental properties. Interestingly, the following result shows that <, <; and
=g coincide for the class of st-mappings (mappings not containing null values in source
instances) that are specified by st-tgds. Thus, the machinery developed in this paper for <

can also be used for < and <y in this case.

PROPOSITION 6.1.7. Let My = (S, T1,%) and Ms = (S, Ts, X9) be st-mappings,
where 3.1, >.5 are sets of st-tgds. Then the following statements are equivalent:
(1) My =5 M.
(2) My = M.
(3) My =g Mo.
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Notice that by the results in Section 3.1.1 we know that every st-mappings specified by
st-tgds has a maximum recovery. Moreover, it is easy to prove that if M is an st-mapping
specified by a set of st-tgds, then Sol.(r()(I) = Solu (/) for every I (Fagin et al., 2009).

Thus, the proof of the above proposition follows from the next result.

PROPOSITION 6.1.8. Let My and M be mappings that have maximum recovery such

that dom(M;) C dom(My). The following statements are equivalent.

(1) My =5 Ma.
(2) For every pair of instances I, K, if Solp,(I) C Solu, (K) then Solp, (1) C
801/\41 (K)

PROOF. We prove first that (1) = (2). Assume that there exists a mapping N such
that M; = My o N. Then suppose that Sol, (1) C Solu, (K) for some instance I, K.
If we compose Mo and N, then we have that Solyv,opn (1) € Solpg,on(K). Furthermore,
given that M; = M,y o N, this implies that Sol v, (1) € Sol, (K).

We show now that (2) = (1). Assume that for every pair of instances [/, K, if
Sola, (I) € Solp, (K) then Solag, () € Solay, (K). We need to show that there ex-
ists a mapping N such that M; = M, o N/. Given that M, has maximum recovery, let
M be a maximum recovery of M. We claim that M; = My o (M3 0 M,).

Since M3 is a recovery of M, then it holds that (I, ) € My o M for every instance
I € dom(My). By hypothesis, we know that dom(M;) C dom(M5) and then, for every
pair (I,J) € M; we have that (/,J) € My o M} o M;. This implies that M; C
My o (M3 0 My).

So, it only left to show that My o (M3%oM;) C M,. Given that M3 is a maximum re-
covery of M, we know by Proposition 3.1.6 that for every pair of instances [ and K, if I €
Sol ptyonts (/) then Solpg, (I) € Solay, (/). By hypothesis, we know that if Sol, (1) C
Solat, (K) then Solag, (I) € Solag, (K'). Thus, for every instance I € Solygons (K) we
have that Sol v, (I) € Solx, (K). We conclude that Solyg,ontzont, (K) S Soly, (K) for
every instance K, that is, My o (M3 o M;) C M. This was to be shown. O
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6.2. Fundamental Properties of the Order <

In this section, we provide a characterization of the order <y that gives evidence of why
it is appropriate to compare the amount of source information being transferred by two
mappings. Furthermore, we use this characterization to provide an algorithm that given st-
mappings M and M, specified by CQ7-T0-CQ dependencies and such that M; <¢ Mo,
computes a mapping N such that M; = My o N.

6.2.1. Characterizing the order <

We present a characterization of the order < for mappings given by FO-TO-CQ dependen-
cies, that is based on query rewriting. Given a mapping M from a schema S to a schema
T and a query ( over S, we say that () is target rewritable under M if there exists a query
@' over T which is a target rewriting of () under M, that is, for every instance [ of S, it

holds that Q(I) = certainy(Q’, I).

Example 6.2.1. LetS = {A(-,-),B(-)} and T = {P(-,-),T(-)}, and let M be the st-
mapping from S to T specified by dependencies
Alz,y) — Plz,y),
B(z) — P(z,x),
A(x,x) — R(x).

Consider the query Q;(x,y) over S given by formula A(z,y), and consider the following
query Q' (z,y) in UCQ™7 over T:

(P(r,y) Nz #y) V (R(x) A z=1y).

It can be shown that for every instance I of S it holds that Q1 (/) = certainn (@, I),
and thus ()] is a target rewriting of (); under M. (It can also be shown that equalities,
inequalities and disjunctions are strictly necessary to specify a target rewriting of (); under
M.) Thus, we have then that ), (z, y) is target rewritable under M. On the other hand,

the Boolean query Q2 given by 3z B(x), is not target rewritable under M. One might be
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tempted to consider the query ()}, given by 3z P(z, x) as candidate rewriting. Nevertheless,
@, is not a target rewriting of (), since, for example, for the instance I = {A(1,1)} we

have that ()»(I) = false while Q5 (/) = true. O

Notice that, intuitively, a query () is target rewritable under a mapping M if M trans-
fers enough source information to be able to answer () by using only the target data. Thus,
the amount of source information transferred by two mappings can be compared in terms
of the queries that are target rewritable under them. In fact, as the following result shows,

this idea can be used to characterize the order <.

THEOREM 6.2.2. Let My = (S, T1,%,) and My = (S, Ty, X5) be st-mappings,
where X1, 5 are sets of FO-TO-CQ dependencies. Then the following statements are

equivalent:

(1) My =5 Ma.
(2) For every query Q) over S, if () is target rewritable under M, then () is target

rewritable under M.

It is important to notice that the preceding theorem considers the class of all queries, as
defined in Section 2.2. Thus, Theorem 6.2.2 gives strong evidence in favor of the order <.
To show the theorem we need to introduce some terminology and state two intermediate

results.

Given instances /; and I, over a schema S and asetC = {1, ..., Q,} of queries over
S, weuse C(I;) C C([2) to denote that Q;(1;) C Q;(I5) forevery i € {1,...,n}. Let Q) be
an arbitrary query over S. We say that C strongly determines (), and write C = (), when
for every pair of instances I; and I5 of S if C(I;) C C(I5) then Q(I;) C Q(I3). The notion
of strong determination is closely related with the notion of determination of a query given
a set of views introduced by Segoufin and Vianu (2005) (see the proof of Lemma 6.2.3
where our notion of strong determinacy is formulated in terms of views and quey rewriting

using views).
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We now use strong determination to characterize the notion of target rewritability. Let
M = (S, T, ) be an st-mapping where X is a set of FO-TO-CQ st-dependencies. Con-
sider the set of queries Cy constructed in Lemma 4.2.3. That is, Cr4 is a set of queries
such that for every dependency of the form ¢ (Z) — (Z) in X the set Cp contains a query
X(Z) that is a rewriting of ¢)(Z) over the source schema S. Notice that such a rewriting
always exists and can be expressed as an FO query (see Lemma 3.3.1). Furthermore, if X
is a set of st-tgds, then the rewriting of ¢)(Z) over the source can be expressed as a query in
UCQ™ (see Lemma 3.3.3). The next result shows that strong determination can be used to

characterize target rewritablity of queries.

LEMMA 6.2.3. Let M = (S, T, X) be an st-mapping where 3 is a set of FO-T10-CQ

st-dependencies, and () an arbitrary query over S. Then () is target rewritable under M

The proof this lemma is very involved and uses some additional notions and techniques
from query rewriting using views. This proof can be found in Appendix A.2. Before stating
the next lemma we need to introduce some additional notation. For sets of queries C; and
C, we say that C; strongly determines Cs, and write C; = Co, when for every query () € Cy
it holds that C; = Q.

LEMMA 6.2.4. Let My = (S, T1,%) and My = (S, Ty, X5) be st-mappings where
Y1 and 3y are sets of FO-T0O-CQ st-dependencies. Then My =g My iff Cpq, = Cpy,-

Lemma 6.2.4 follows from Lemma 4.2.3 and the characterization of the order <
proved in Proposition 6.1.8. The proof can be found in Appendix A.2. By using Lem-

mas 6.2.3 and 6.2.4, we can provide a very simple proof for Theorem 6.2.2.

PROOF OF THEOREM 6.2.2. Assume first that M; <y M, and let () be a target-
rewritable query under M;. We need to prove that () is target rewritable under M. Since
My =5 M, from Lemma 6.2.4 we know that Cpq, = Cay,. Now, if ) is target-rewritable

query under M from Lemma 6.2.3 we know that C, = (. Finally, since Cprq, = Cpy,
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and Cy, = () we have that Cr(, = @ and then applying Lemma 6.2.3 again we obtain

that () is target rewritable under M.

Assume now that every target-rewritable query under M, is also target rewritable un-
der M,. Applying Lemma 6.2.3 we obtain that for every source query @, if Crq, = () then
Cm, = Q. Finally, since Cpq, = @ for every query Q € Cay,, we have that Cpq, = Q
for every () € Cpq, which implies that Cpq, = Cpq, and then from Lemma 6.2.4 we obtain
that M; =3 Mo. O

6.2.2. Fundamental algorithmic issues for the order <

Some algorithmic issues related to the order < play a key role in the development of
algorithms for some metadata management operators. The main algorithmic issue that
we consider in this section is the problem of constructing a mapping N such that M; =
My o N, whenever M; =<y M,. Next, we present an algorithm that solves this problem

for CQ”-T0-CQ dependencies, which uses the following terminology.

Let M be a mapping from S to T and () a query that is target rewritable under M.
Recall that if )’ is a query such that Q(I) = certainy,(Q’, I') holds for every instance I,
then we say that ()’ is a target rewriting for (Q under M. Correspondingly, we also say that

Q is a source rewriting of ()’

Let M be an st-mapping from S to T specified by FO-T0-CQ dependencies. We know
from Lemma 3.3.1 that it is always possible to compute the source rewriting of a conjunc-
tive query Q' over T, that is, there exists a procedure QUERYREWRITING that, given such
a mapping M and a query )’ in CQ over T, computes a query ) in FO over S that is
a source rewriting of (’. In particular, if the input mapping is specified by CQ”-T0-CQ
dependencies, then the output of the procedure is a query @ in UCQ™7. We state this

result in the following lemma (the proof follows directly from the proof of Lemma 3.3.1).

LEMMA 6.2.5. Let M = (S, T,X) be an st-mapping with ¥ a set of CQ”-T0-CQ
dependencies, and () a conjunctive query over 'T. Algorithm QUERYREWRITING (M, Q)

in Lemma 3.3.1 has as output a query Q' in UCQ™7 that is a source rewriting of Q.

177



For the class of mappings specified by CQ”-T0-CQ dependencies, target rewritings
can also be computed. More precisely, it follows from the proof of Theorem 6.2.2 that
there exists a procedure TARGETREWRITING that, given a mapping M specified by a set of
CQ7-T0-CQ dependencies and a target rewritable query Q in UCQ™7 over S, computes a
query in UCQ™7"C that is a target rewriting of (). We formalize this result in the following

Lemma (the proof can be found in Appendix A.2).

LEMMA 6.2.6. There exists an algorithm TARGETREWRITING that given an st-mapping
M = (S, T, %), with ¥ a set of CQ7-T0-CQ dependencies, and a query @ in UCQ™7
over S that is target rewritable under M, computes a query Q' in UCQ™7°C over T that
is a target rewriting of (). The query ' is such that every inequality occurring in ()’ is

between variables that are under predicate C(-).

The following algorithm uses the procedures mentioned in Lemmas 6.2.5 and 6.2.6 as

black boxes.

Algorithm COMPUTEORDER(M, M)

Input: st-mappings M; = (S, T, %;) and My = (S, Ty, 3), where X4, ¥y are sets of
CQ7-T0-CQ dependencies and M; <; Mo.

Output: A mapping N' = (T3, Ty, ) such that M; = My o N, where X is a set of
CQ7©-10-CQ dependencies.

(1) Construct a set X’ of dependencies as follows. Start with ' = (). Then, for every
dependency ¢(7) — 1(Z) € 3, repeat the following:
(a) Use algorithm QUERYREWRITING (M, (Z)) to compute a formula «(Z)
in UCQ™7 over S that is a source rewriting of () under M.
(b) Use algorithm TARGETREWRITING (Mo, a(Z)) to compute a formula 3(z)
in UCQ™7C over T\ that is a target rewriting of a/(Z) under M.

(c) For every disjunct v(z) of 3(z), add to ¥’ the formula
1@ AC(T) — P(7).
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(2) Let X be the set obtained from Y’ by eliminating the equalities by using variable
replacements.
(3) Return the mapping N = (T, Ty, )
O

It is important to notice that we need M; <y M, as precondition for the algorithm,
otherwise we are not guaranteed to find a target rewriting of a(Z) in Step 1 (b). Notice that
a(x) is a source rewriting of ¢(Z) under M, thus we know that a(Z) is target rewritable
under M (since ¢ () is a target rewriting of a(Z)). Then since M; =g M., from Theo-

rem 6.2.2 we know that a(7) is also target rewritable under M.

The following proposition shows that the algorithm is correct.

THEOREM 6.2.7. COMPUTEORDER (M, My) returns a mapping N specified by a
set of CQ7*C-10-CQ dependencies such that My = M o N.

PROOF. Let M; = (S, Ty,%) and My = (S, Ty, X5) st-mappings with 3; and ¥
sets of CQ7-T0-CQ dependencies. Assume that M; <5 M, and let A/ = (T2, Ty, %) be
the output of COMPUTEORDER (M, M5). We need to prove that for every I € Inst(S)
and J € Inst(T;) we have that (I, J) |= %, if and only if there exists K € Inst(Ts) such
that (I, K) |= £ and (K, J) = £

(<) Assume that there exists K € Inst(T2) such that (I, K) = ¥, and (K, J) | 3. Let
©(Z) — () be a dependency in X and assume that I = (a) for some tuple a of constant
values. We need to prove that J |= v)(a). Let o(Z) be the source rewriting of ¢)(Z) under
M computed in Step 1 (a). Since I |= ¢(a) we know that for every L € Solyy, (/) it holds
that L = < (a), and thus [ |= a(a). Now, let 5(z) be the target rewriting of a(Z) under M
computed in Step 1 (b). Notice that we are assuming that (I, K') = ¥,. Therefore, since
I = a(a) and 3(Z) is a rewriting of «(Z), we obtain that K |= [3(a). Finally, we know that
¥ contains a dependency of the form () AC(Z) — (&) where () is a disjunct in 5(Z).
Thus, since K = [(a), a is a tuple of constants, and we are assuming that (K, J) = X, we
obtain that J |= ¢(a), which was to be shown.
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(=) Assume that (1, J) = 3;. We need to show that there exists an instance K € Inst(T5)
such that (I, K) = X, and (K,J) = X. We show next that (/,chasey,(])) = X9
and (chases,([),JJ) = X. The first property is trivial so we just need to prove that
(chasey, (1), J) = X. Then let v(Z) A C(Z) — () be a dependency in ¥ where v(Z) is a
disjunct in the query (3(Z) computed in Step 1 (b). Assume that chases, (I) = v(a) A C(a)
for some tuple a. We need to show that J |= v)(a). Now, since (Z) is a conjunctive query
with equalities and inequalities, every inequality is between variables under predicate C(-),
and a is a tuple of constants, by the properties of the chase (see (Arenas, Barceld, & Reutter,
2009)) we know that for every L € Solr, (/) we have that L |= vy(a) and thus L = ((a).
Let o(z) be the query computed in Step 1 (a). Since ((Z) is a target rewriting of «(7)
under My and L |~ [(a) for every L € Solpy, (), we have that I = «(a). Finally, since
a(z) is a source rewriting of ¢ (z) under M, and (I, J) = ¥, we obtain that J = ¢(a),

which was to be shown. L]

6.3. Two Applications of < in Data Exchange

The issue of providing foundations for metadata management has appeared in different
contexts. In particular, in the data exchange context, the schema evolution problem has
been a driving force for the development of the composition and inverse operators (Bern-
stein, 2003; Bernstein & Melnik, 2007; Kolaitis, 2005; Fagin et al., 2011). In this section,
we show the potential of the order < for providing foundations for metadata management,
as the machinery developed in the previous sections can be used as a uniform framework

to study the inverse operator and the schema evolution problem.

6.3.1. Inverting schema mappings

In this section, we focus on the definition of the inverse operator given by Fagin (2007),
and we show that this operator can be defined in terms of the order <. Interestingly,
this characterization can be used to extend, and provide simpler proofs of, some of the

fundamental results about this operator.
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We start by recalling the definition of inverse given by Fagin (2007). For a ground
schema R, let R be the schema {R | R € R}, and Idg = (R,R,X) be an identity
mapping, where ¥ contains a dependency of the form R(zy,...,zx) — ﬁ(xl, ce Ty,
for every k-ary predicate R € R. Then given M from R to R; and M’ from R; to R.
mapping M’ is said to be a Fagin-inverse of mapping M if Mo M’ = ldr (Fagin, 2007)".

The following theorem shows that the notion of Fagin-inverse can be defined in terms

of the order < for the class of mappings that are total and closed-down on the left.

THEOREM 6.3.1. Let M be a mapping from a ground schema R to a schema R, that

is total and closed-down on the left. Then the following statements are equivalent.

(1) M is Fagin-invertible.
(2) M is <s-maximal in the class of total and closed-down on the left mappings.
(3) Idg =<5 M.

PROOF. (1) = (3): Given that M is Fagin-invertible, there exists a mapping A from
R, to R such that M o A/ = ﬂiR. Thus, we have that ﬂiR <s M.

(3) = (2): Assume that IAdR =s M. To prove that M is <g-maximal in the class of
total and closed-down on the left mappings, we show that for every M’ in this class such
that M < M’, it holds that M’ < M. Given that M < M’, we know that M’ is a
mapping from R. to some schema Ry. Then define a mapping N from R to R as follows.
For every instance [ of R, let T be an instance of R defined as ﬁf = R!, for every R € R,
and then let A/ be defined as {(7,1) | I € Inst(R)}. It is straightforward to prove that
ﬂiR oN oM = M Thus, we have that M’ < ﬂiR, from which we conclude that
M’ =4 M since Idg <5 M.

(2) = (1): Let N be a mapping defined as in the previous paragraph. Then given
that M is closed-down on the left, we have that M = ﬂiR o N o M and, therefore,

'The definition of Fagin-inverse given in this section is a reformulation of the one given in Section 2.5 by
using st-tgds to define the identity mapping Id (used in Definition 2.5.1). Just notice that Idr = {(I1, I5) |
(I, I5) € Inst(R) x Inst(R) and I; C 5}, where I is the instance of R obtained from I by replacing
every relation name R by its copy R.
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M =< ﬂiR. Thus, given that M is <g-maximal in the class of total and closed-down on
the left mappings, we conclude that I/(\iR <s M. Hence, there exists a mapping N’ such
that M o N/ = ﬂiR, which implies that M is Fagin-invertible by definition of the notion

of Fagin-inverse. This concludes the proof of theorem. U

The preceding theorem can be used to extend some of the fundamental results that have
been obtained for the Fagin-inverse operator. In particular, a fundamental question about
any notion of inverse is how to compute it. Fagin, Kolaitis, Popa, and Tan (2008), gave an
algorithm for computing Fagin-inverses of mappings specified by st-tgds. From Theorem
6.3.1, we know that algorithm COMPUTEORDER can also be used for this task, and not

only for the case of st-tgds but also for the larger class of CQ”-T0-CQ dependencies.

PROPOSITION 6.3.2. Let M = (R, Ry, X)) be a Fagin-invertible st-mapping specified
by a set ¥ of CQ”-10-CQ dependencies. Then the output of COMPUTEORDER(IHR, M)

is a Fagin-inverse of M.

The use of query rewriting in COMPUTEORDER makes the above approach for com-
puting Fagin-inverses more suitable for optimization compared to the approach proposed by
Fagin, Kolaitis, Popa, and Tan (2008). In fact, one can reuse the large number of techniques
developed for query rewriting (Levy et al., 1995; Duschka & Genesereth, 1997; Halevy,

2001; Pottinger & Halevy, 2001) when implementing procedure COMPUTEORDER.

As a direct corollary of Proposition 6.3.2, we obtain another fundamental result for the

notion of inverse proposed by Fagin (2007).

COROLLARY 6.3.3. For every Fagin-invertible st-mapping M specified by a set of
CQ7-10-CQ dependencies, there exists an inverse of M that is specified by a set of
CQ”C-10-CQ dependencies.

It is important to notice that Fagin, Kolaitis, Popa, and Tan (2008) showed that if a

mapping M specified by a set of st-tgds is Fagin-invertible, then it has a Fagin-inverse that
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is given by a set of CQ”*“-T0-CQ dependencies. The above corollary extends this results

for the class of Fagin-invertible mappings specified by CQ”-T0-CQ dependencies.

As we mentioned in Section 6.1.1, the notion of information loss presented by Fagin
et al. (2009) is tightly connected with invertibility of mappings. In fact, Fagin et al. (2009)
claim that if M, and M, are mappings specified by st-tgds, then M, is less lossy than
M when, intuitively, “Ms is more invertible than M;” (Fagin et al., 2009). We conclude
this subsection by showing that if one goes beyond st-tgds (which is the class of mappings
considered by Fagin et al. (2009)), the orders < and = fail to capture the idea of being
more invertible. Notice that Theorem 6.3.1 shows that our order < captures exactly the
intuition mentioned by Fagin et al. (2009) for a large class of mappings, which gives
evidence of the usefulness of < to compare schema mappings. We begin by showing that

= does not capture Fagin-invertibility beyond st-tgds.

PROPOSITION 6.3.4. There exists an st-mapping M specified by a set of CQ-TO-UCQ
dependencies such that M is <y-maximal on the class of total and closed-down on the left

mappings and M is not invertible.

PROOF. Consider the st-mapping M5 in the proof of Proposition 6.1.5. Notice that
M is closed-down on the left and total. Moreover, we have said that M, satisfies the
following property. For every I, K if Sola, (1) C Solu, (K) then K C [. Let M be an
arbitrary mapping from schema S that is total and closed-down on the left. By definition
we have that if X' C [ then Sol(1) C Soly(K). Thus, forevery I, K in S, if Solp, (1) C
Sol g, (K) then Soly (1) € Solpy(K) which implies that M <, M. Then we have that
M is <-maximal on the class of total and closed-down on the left mappings. Finally, it
was shown Arenas et al. (2009, Proposition 6.6 (2)) that M is not Fagin-invertible, which

completes the proof of the proposition. U

Fagin et al. (2009) introduce an alternative notion of inversion for mappings with null
values in source and target instances. They call this notion extended invertibility, and show

that the order =< is tightly connected with this extended notion of inversion. Recall that
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— is defined as the mapping {(7, J) | there exists a homomorphism from I to J} (Fagin et
al., 2009). Then, given a mapping M with nulls in source and target instances, M’ is an
extended inverse of M if e(M)oe(M'’) = — (Fagin et al., 2009). (See Definition 3.1.13 for
the formalization of e(M).) The following result shows that beyond st-tgds, <y captures

neither the notion of Fagin-invertibility nor the notion of extended invertibility.

PROPOSITION 6.3.5. There exists a mapping M such that (1) M is specified by a set
of CQ-10-UCQ dependencies, (2) M has nulls in source and target instances, (3) M
is =g-maximal in the class of all mappings, and (4) M is neither invertible nor extended

invertible.

PROOF. Recall that for a mapping M it holds that ¢(M) =— oMo —. Notice that if
I, K are two instance such that K — I, then it holds that Sol.(rq) (1) € Sole() (£). Now,

consider the mapping M given by the CQ-T0O-UCQ dependencies:

F(z) — R(z)VS(x)
G(x) — S(z)VvT(z)

H(x) — T(x)V R(x)

and assume that source and target instances may contain null values.

We show first that M is <p-maximal in the class of all mappings. Let M’ be an
arbitrary mapping. In the proof of Proposition 6.1.6 it was shown that for every I, K if
Sole(a (1) € Solea (K) then K — I. Notice that ' — I implies that Sol.(y (1) €
Sole(ary (K). Thus, we have that if Sol.(ag) (1) € Soleaq) (K') then Soleaey (1) € Soleary (K).
This shows that M’ <; M.

We prove now that M is not Fagin-invertible. Arenas et al. (2009) introduced the no-
tion of strong witness solutions that characterizes Fagin-invertibility for general mappings.
Given a mapping N and an instance I, instance J is a strong witness solution for / under
N if J € Soly(I) and for every instance [ if J € Soly/(I') then I’ C I. It was shown

by Arenas et al. (2009) that a mapping N is Fagin-invertible if and only if every instance
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has a strong witness solution under /. We use this result to show next that M as defined
above does not have a Fagin-inverse. Let [ = {F(a)} with a € C, and assume that [ has
a strong witness solution, say J, under M. Thus, J is such that R(a) € J or S(a) € J.
Assume first that R(a) € J and consider the instance X' = {G(a)}. Then we have that
J € Solp(K) but K Z I which contradicts the fact that .J is a strong witness solution for
I.

We show next that M is not extended invertible. For this we use the notion of capturing
instance introduced by Fagin et al. (2009). Given a mapping A and an instance I, instance
J is a capturing instance for I under N if J € Sol.(I) and for every instance I’ if
J € Soley(I') then I’ — 1. It was shown by Fagin et al. (2009) that a mapping N
is extended invertible if and only if every instance has a capturing instance under /. We
use this to prove that M is not extended invertible. Let I/ = {F(a)} with a € C, and
assume that J is a capturing instance for / under M. Thus, since J € Sol.(]) we
have that R(a) € J or S(a) € J. Assume first that R(a) € J and consider the instance
K = {G(a)}. Then we have that J € Sol.u) (/) but i /4 I which contradicts the fact

that .J is a capturing instance for /. O

We conclude this subsection by pointing out that we have mainly focused here on the
notion of inverse proposed by Fagin (2007). However it would be interesting to study
whether the notions of quasi-inverse, maximum recovery, and C-maximum recovery can
also be characterized in term of the order <, and whether the machinery proposed in this
paper can be used to improve our understanding of these notions. Although we have made

a bit of progress in this direction, these questions remain unanswered.

6.3.2. Schema evolution

The schema evolution problem has been one of the driving forces behind the study of the
composition and inverse operators (Bernstein, 2003; Bernstein & Melnik, 2007; Kolaitis,
2005; Fagin et al., 2011). As we explained in Section 3.2, two main scenarios have been

identified for this problem. In the first scenario, one is given a mapping M from a schema
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S to a schema T, and a mapping M’ that specifies how T evolves into a new schema T".
The schema evolution problem is then to provide a mapping from S to T”, that captures the
metadata provided by M and M’. In this scenario, it is always possible to find a solution
for this problem by using the composition operator (Fagin, Kolaitis, Popa, & Tan, 2005;
Kolaitis, 2005), as mapping M o M’ correctly represents the relationship between S and
T’. In the second scenario, one is also given a mapping M from a schema S to a schema
T, but in this case S evolves into a new schema S’, and the relationship between S and S’ is
given by a mapping M’. Then again the question is how to construct a mapping from S’ to
T that captures the metadata provided by M and M. In this section, we use the machinery
developed in the previous sections to formally study this problem. It is important to notice
that we focus on the second scenario, as the first one has been completely solved by using

the composition operator (Fagin, Kolaitis, Popa, & Tan, 2005).

Let M, be a mapping from a schema R to a schema R, and M a mapping from R
to a schema Ry. Then a mapping N is an exact solution for the schema evolution problem
for (M, My) if My = My o N. (Notice that if A/ is an exact solution for the schema
evolution problem for (M, Ms), then it is also an ideal solution for the schema evolution
problem as defined in Section 3.2.) The following result shows that the schema evolution
problem can be characterized in terms of the order =<, as it is just a reformulation of the

definition of <.

PROPOSITION 6.3.6. There exists an exact solution for the schema evolution problem
for (MhMQ) lijl js MQ.

Thus, as a corollary of Theorem 6.2.7, we obtain a solution for the schema evolution

problem for the class of mappings specified by CQ7-T0-CQ dependencies

COROLLARY 6.3.7. For every st-mappings M1, M specified by CQ” -10-CQ depen-
dencies, if there exists an exact solution for the schema evolution problem for (M, Ms),
then COMPUTEORDER (M, Ms) returns an exact solution for this problem specified by a
set of CQ7*C-10-CQ dependencies.
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6.4. Target Information and Redundancy

In this section, we use the order < to define three additional concepts which, together
with <, provide a theoretical framework to study complex metadata management opera-
tors such as extract and merge (Melnik, 2004). More precisely, we introduce in Section
6.4.1 an order to compare mappings that possess the same target schema. This order, de-
noted by =<, intuitively measures the amount of target information covered by a mapping.
As there may exist multiple ways to transfer the same information from a source schema,
or to cover the same information of a target schema, one also needs a way of distinguishing
between different alternatives. To deal with this requirement, in Sections 6.4.2 and 6.4.3,
we use the orders <y and = to introduce the notions of target redundancy and source re-
dundancy, and show that they capture the intuition of using the exact amount of resources

needed to transfer information between schemas.

6.4.1. Target information covered by a mapping

In some metadata management scenarios, it is important to measure the amount of target
information covered by a mapping. When =g was introduced, we said that M; =<3 M,
if M transfers enough source information to be able to reconstruct the information trans-
ferred by M. Similarly, we say that My covers as much target information as My,
denoted by M; =< M, if M5 covers enough target information to be able to reconstruct

the information that is covered by M. More precisely,

DEFINITION 6.4.1 (Order =1). Let My and My be mappings that share the target
schema. Then My =<, M, if there exists a mapping N such that M; = N o M.

Moreover, we say that M; and My cover the same target information, and write

Ml =7 MQ, lf.Ml -<T MQ and MQ jT Ml.

Example 6.4.2. Let M, be the st-mapping specified by dependency A(x) — T'(x, ),
and M the st-mapping specified by R(z,y,z) — T(x,y). Then M,y covers more target

information than M. In fact, we have that M; <; M, since for the mapping N specified
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by A(z) — 3zR(x,z, z) we have that M; = N o M,. Moreover, it can be shown that

The following result shows that, as pointed out above, < can be defined in terms of

the order <.
PROPOSITION 6.4.3. M, =y My iff (M;)™! =5 (M)~

PROOF. Assume that M; =<; M,. Then there exists a mapping N such that M; =
N o M. This implies that (M;)~! = (M3)~!' o N1 and thus (M;)~! <5 (Mz)~!. The

other direction is similar. O

This relationship between the orders does not imply that we can directly apply to <;
the results for <y that we have obtained in Section 6.2. For instance, notice that if M
is specified by CQ-T0-CQ dependencies, then M ™! cannot be specified by CQ-T0-CQ
dependencies (M ~! cannot even be specified by FO-TO-CQ dependencies). Thus we need
to develop specific tools (algorithms, characterizations, etc.) for the order <. That is what

we do in the next section.

Characterizing the order <.

We provide here a characterization of the order <, for mappings given by FO-T0-CQ
dependencies that is based on the concept of universal solution (Fagin, Kolaitis, Miller, &
Popa, 2005), and supports our claim that <; can be used to compare the amount of target

information covered by two schema mappings.

THEOREM 6.4.4. Let My = (S1,T, %) and My = (Sq, T, ¥5) be st-mappings,
where 31, Yo are sets of FO-TO-CQ dependencies. Then the following statements are
equivalent:

(1) My 2 M.
(2) For every instance J of T, if J is a universal solution for some instance under

My, then J is a universal solution for some instance under M.
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The theorem is a particular case of the following general result. In the statement we
use some terminology. We say that a mapping M admits universal solutions if for every
instance of / € dom(M) there exists an instance .J € range(M) that is a universal solution
for I under M. Moreover, M is closed under homomorphism on range(M) if every for
every pair (I, J) € M and every J' € range(M), if there exists a homomorphism from .J
to J', then the pair (/, J') also belongs to M.

LEMMA 6.4.5. Let My from Ry to R and M, from R, to R be mappings that ad-
mit universal solutions, are closed under homomorphisms on range(M) and range(Ms),
respectively, and are such that range(M;) = range(My). Then, the following are equiva-

lent:

(1) My 2 My
(2) For every instance I € dom(M,) there exists an instance K € dom(Ms) such
that the universal solutions for I under M, and the universal solutions for K

under My are homomorphically equivalent.

PROOF. For the sake of readability, although there may be infinitely many universal
solutions for a given instance / we use Sol/l{/[(] ) to denote an arbitrary universal solution
of I under M. We do this without loss of generality, since we compare such solutions by

using homomorphisms.

We first prove that (1) implies (2). Assume that M; =<; M,. Then, there exists a
mapping N from R, to Ry such that M; = N o M,. Consider now an arbitrary instance
I € dom(M;). Then, (1,Sol%, (I)) clearly belongs to M, and since M; = N o Mo,
there is an instance K € dom(M,) such that (1, K) € N and (K, Sol%, (1)) € M. We
claim that Sol%tl (1) is universal for K under M5, which suffices for the proof, since every
two universal solutions are homomorphically equivalent. For every pair (K,J) € Mo,
since (I, K) € N, then (I, J) € M. Moreover, since Sol%,, (1) is universal for M, there
is a homomorphism from Sol%,, (1) to J. This proves our claim. Notice that we did not use

the hypothesis range(M;) = range(M5) in the proof of this direction.
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We now prove that (2) implies (1). Assume that (2) holds, and define a mapping N

from R; to R as follows:

N ={(I,K)|I € dom(M,), K € dom(M) and

Sol{,, (I) is homomorphically equivalent to Sol’,, (K)}.

We first prove that M; = N o M,. First, to prove that M; C N o M, consider
a pair (1,.J) € M,, and notice that (I, Sol,, (I)) also belongs to M, (and that there is
a homomorphism from SolY, (I) to J). Further, by the hypothesis (2), there exists an
instance K € dom (M) such that Sol},, () is homomorphically equivalent to SolY,, (K).
By the definition of \V, this in turn implies that (I, K') belongs to . Further, we know that
(K, SolY,, (K)) belongs to M, and since Sol,, (1) and Sol}, (K) are homomorphically
equivalent, and we are assuming that (1, J) € M; we know there is a homomorphism from
Sol%, (K) to J. Finally, since J € range(M;) and range(M;) = range(M.), we have
that J € range(M>) and there exists a homomorphism from Sol’, (K) to .J, thus, by the
closure property (on range(M5)), we obtain that (K, J) belongs to M. This proves that
M CNoM,.

Next, we prove that ' o My C M. Assume that the pair (I, .J) belongs to N o M.
Then, there exists an instance K € dom(My) such that (I, K) € N and (K, J) € M..
The last assertion ensures that there exists a homomorphism from Sol%l2 (K) to J. By the
definition of V, we have that Sol7,, (I) and Sol%,, (K) are homomorphically equivalent.
Combining the last two facts, we obtain that there must be a homomorphism from Sol%l (1)
to J. Again, since J € range(M,) and range(M;) = range(M,), we have that J €
range(M) and there exists a homomorphism from Sol{, (I) to J, thus, by the closure

property (on range(M )), we obtain that (/, J) belongs to M. O

Theorem 6.4.4 follows directly from Lemma 6.4.5. Just notice that for mapping M/
and M5 in Theorem 6.4.4 we have that range(M;) = range(Msy) = Inst(T), and both

mappings are closed under target homomorphisms (ten Cate & Kolaitis, 2009).
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The characterization in Theorem 6.4.4 supports our claim that <; measures the amount
of information covered by a mapping. In fact, universal solutions have been identified as a
fundamental class of solutions in data exchange, as they represent (in a precise sense) the
entire space of solutions (Fagin, Kolaitis, Miller, & Popa, 2005; Fagin, Kolaitis, & Popa,
2005). Our characterization shows that if M; <; M, then the space of possible universal

solutions for M is contained in that of M.

6.4.2. Target redundancy in schema mappings

There may exist many different ways to transfer the same information and, hence, metadata
management systems should handle some criteria that help them in identifying the best
alternatives, in terms of the resources they use. In this section, we introduce one such
criteria, the notion of rarget redundancy. We use the following example to motivate our

definition.

Example 6.4.6. Let M; = (R,Ry,%;) and M, = (R, Ry, 33) be mappings specified
by dependencies A(x) — R(z) and A(z) — P(x,x), respectively, and where R, R,
and R, are ground schemas. It is easy to see that M; =5 M,. However, M; can be
considered better than M in the sense that it does not waste resources when transferring
information from R. In fact, every instance in range(M) is essential for My, as it is
a universal solution for an instance of R under M;. On the other hand, every universal
solution of M can only contain tuples of the form P(a,a), which implies that several
instances in range(,M) are not universal for any source instance, and thus not essential for

this mapping. 0J

As shown in Example 6.4.6, it would be advisable to design mappings for which every
target instance is essential in transferring source information. In the following definition,

we use the order < to formalize this notion.

DEFINITION 6.4.7 (Target redundancy). A mapping M is target redundant if there
exists an instance J* € range(M) such that M* = {(I,J) € M | J # J*} satisfies that
=g M.
S
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Thus, intuitively, we say that a mapping M is target redundant if we can remove
a target instance from M, and still be able to transfer the same amount of information.
Correspondingly, we say that a mapping M is target non-redundant if we cannot remove

any target instance from M, and still be able to transfer the same amount of information.

Example 6.4.8. Consider mappings M; and M, in Example 6.4.6. M, is target non-
redundant, but M, is target redundant as My =3 M*, where M* is generated from My
by removing from range(,M5) an arbitrary instance that contains a tuple P(a, b) with a # b.
Notice that if we add P(z,y) — x = y as a target constraint to Mo, the resulting mapping

is target non-redundant. 0

Characterizing target redundancy

We provide in this section a characterization of the notion of target redundancy for
mappings specified by FO-TO-CQ dependencies. But first, we shed light on the issue of

how the use of null values generate redundant information.

Null values are used in data exchange to deal with incomplete information. For exam-
ple, assume that one needs to transfer data from a schema Emp; (-) storing a list of employee
names, to a schema Emp, (-, -) storing a list of employee names and the departments where
they work. Given that the source schema does not contain any information about depart-
ments, one has to use a dependency of the form Emp, (z) — Jy Emp,(z,y). Thus, when
exchanging data, a null value n is included in a tuple Emp,(a, n) if one does not know the
department where employee a works. Null values introduce redundant information, as they
allow one to represent the same data in many different ways. For example, a target instance
Emp,(a,n) contains exactly the same information as a target instance Emp,(a, n’) if n and
n’ are null values. Thus, instance Emp,(a, n’) is really not needed when transferring source
data. In fact, the next result shows that every st-mapping specified by FO-T0-CQ depen-
dencies that allows null values in the target schema is target redundant (recall that we use
the term st-mapping for mappings that only have constants in their source instances, and

constants and nulls in their target instances).

192



PROPOSITION 6.4.9. Let M be an st-mapping from S to T specified by a set of
FO-T10-CQ dependencies. Then M is target redundant.

PROOF. Let J* be an arbitrary instance of T' containing at least one null value, and
assume that M’ is a mapping defined as {(/,.J) € M | J # J*}. Next, we show that
M =g M, which implies that M’ is target redundant. First, it is straightforward to prove
that M’ <4 M, as Mo N = M’ with N = {(J,J) | J € Inst(T) and J # J*}. Thus, we
only need to show that M <s M’. Let N’ be a mapping from T to T defined as follows:

{(J1, J2) € Inst(T) x Inst(T) | there exists an isomorphism f from .J; to .J,

that is the identity on the constants}.

Given that M is closed under isomorphism, no instance of S contains null values and J*
contains at least one null value, we have that M’ o N/ = M. Therefore, we conclude that

M =3 M. O

It is important to notice that target redundancy does not mean that a mapping is poorly
designed, as in some cases the redundancy, and in particular the use of null values, is un-
avoidable (like in the above mapping Emp,(z) — JyEmp,(x,y)). Nevertheless, when
mappings are specified by using dependencies without existential quantifiers in their con-
clusions, that is, full dependencies, there is no need to use null values as one does not need
to deal with incomplete information. We provide in the following theorem a characteriza-
tion of the notion of target redundancy for mappings specified by full dependencies that

allow only constant values in source and target schemas.

THEOREM 6.4.10. Let M = (S, T, ), where S and T are ground schemas and ¥ is

a set of full FO-T0-CQ dependencies. Then the following properties are equivalent:

(1) M is target non-redundant.

(2) Every instance in range(M) is a universal solution for some instance in dom(M).
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Thus, our characterization shows that a mapping M defined by a set of full FO-T0-CQ
dependencies is target non-redundant if and only if every instance in range(M) is essential
for M, as it is a universal solution for some instance in dom(M). Theorem 6.4.10 is
a corollary of the following lemma, where we use the following terminology. Given a
mapping M and an instance / € dom(M), we say that J € Soly () is a minimum
solution for [ if for every instance K € Sola([), it holds that J C K.

LEMMA 6.4.11. Let M be a mapping such that every instance in dom(M) has a

minimum solution. Then, the following properties are equivalent:

(1) Every instance in range(M ) is a minimum solution for some instance in dom(M).

(2) M is target non-redundant.

PROOF. (1) = (2) Assume for the sake of contradiction that M is target redundant.
Then, there exists an instance J* € range(M) such that the mapping M* = {(I,J) €
M | J # J*} satisfies M* =g M. In particular, M =g M?*, and thus there exists a
mapping N such that M = M* o N.

Let now I* € dom(M) be the instance such that J* is a minimum solution for /*.
Then, clearly, the pair (I*, J*) belongs to M. Since M = M* o N, there must exist an
instance K € range(M*) such that (I*, K) € M*) and (K, J*) € N.

Notice that every instance present in range(M*) belongs also to range(M), and thus
K must be a minimum solution for some instance in dom (M) (since K € range(M)). Let
I be the instance for which K is a minimum solution in M. Then, (I, K') € M, and thus
(I, K) € M*, since K # J*. We combine this with the fact that the pair (K, J*) belongs
to N and the fact that M = M* o A/ to conclude that (I, J*) belongs to M. Then, since

K 1s minimum for 7, it must be that K C J*.

On the other hand, since (/*, K') belong to M*, it must also be that (/*, K') belong to

M, since K # J*. But since J* is minimum for [*, we obtain that J* C K.

These two facts imply that X' = .J, which is a contradiction.
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(2) = (1) Assume that M is target non-redundant, and that every instance in dom (M)
has a minimum solution. We now prove that every instance in range(M) is a minimum

solution for some instance in dom(M).

Assume for the sake of contradiction that there is an instance J* in M that is no
minimum solution for any instance in dom(M). Construct a mapping M* as follows:
M*={(I,J) e M| J# J*}. We now prove that M* =; M, which contradicts the fact

that M is non target redundant.

First we prove that M* < M by constructing a mapping V; such that M* = MoN;.
Define then N; as {(/, J) | J € range(M*)}. The proof that M* = MoN follows easily.

Next, we prove that M =g M* by use of a mapping N> such that M = M* o Ns.
Define N, to contain all the pairs {(J,.J) | J € range(M*)} plus the pairs {(J, J*) |
(I,J*) € M and J is minimum for [}.

To see that M C M* o Ny, let (I,J) € M. there are two cases to consider:

o If J # J*, then (I,.J) € M*, and (J,J) € Na.
e If J = J*, then assume that /& is minimum for /. It is clear that (/, K') € M*,

and, then the pair (K, .J) belongs to A\>.

Next, let (I, J) € M* o N3. Then, there must exist an instance K € range(M*) such that
(I,K) € M*, and (K, J) € N,. We prove that (I,.J) € M. From the definition of N5,

there are two cases to consider:

e If K = J, then, from the construction of N5, K # J*, and thus if (I, K) € M*
then (7, K') must belong to M.

o If K # J, then J = J*, and from the definition of N, the pair (I, J*) must
belong to M.

This completes the proof of the lemma. 0
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Theorem 6.4.10 follows from the above lemma. Just notice that for a mapping M =
(S, T, ), where S and T are ground schemas and ¥ is a set of full FO-T0O-CQ dependen-
cies, and for every instance / of S, the universal solution chaseyx,(/) is a minimum solution

for I under M.

6.4.3. Source redundancy

Just as there exists a symmetric definition for the order <, so is the case for the notion of
target redundancy. In fact, we use the order < in the following definition to introduce the
notion of source redundancy, which also plays a fundamental role in providing foundations

for metadata management.

DEFINITION 6.4.12 (Source redundancy). A mapping M is source redundant if there
exists an instance I* € dom(M) such that M* = {(I,J) € M | I # I*} satisfies
M* = M.

That is, a mapping M is source redundant if one can eliminate an instance from
dom (M) and still cover the same amount of target information. Not surprisingly, there

is a tight relation between target and source redundancy.
PROPOSITION 6.4.13. M is source redundant if and only if M1 is target redundant.

PROOF. Assume that M is source redundant. Then there exists an instance [* &
dom(M) such that M* = {(I,J) € M | I # I*} satisfies M* =5 M. Notice that [* €
range(M ™). Moreover, from Proposition 6.4.3 we know that (M*)~! = M~!. Thus
we have that there exists an instance I* € range(M ') such that the mapping (M*)~! =
{(J,I) € M~ | I # I*} satisfies (M*)~! =; ML, This implies that M~ is target

redundant which was to be shown. The other direction is similar. O

Characterizing source redundancy

In this section we provide a characterization of source redundancy for the class of

mappings specified by FO-TO-CQ dependencies. From the point of view of covering target
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information, a non-redundant mapping should not assign the same space of solutions to two
different source instances, as this means that one of them is not necessary. The following

theorem shows that the notion of source redundancy captures this intuition.

THEOREM 6.4.14. Let M be an st-mapping specified by a set of FO-TO-CQ depen-

dencies. Then the following statements are equivalent:

(1) M is source non-redundant.

(2) For every pair of source instances 11, I5, if Iy # I5 then Sola(I1) # Solpy(1s).

The Theorem is a corollary of the following result.

LEMMA 6.4.15. Let M be a mapping that admits universal solutions, and that is
closed under homomorphisms in range(M). Then, M is source redundant if an only if
there exist two instances I and I' in dom(M) such that I # 1" and the universal solutions

of I and I' under M are homomorphically equivalent.

PROOF. In the proof we use Sol{,(I) to denote an arbitrary universal solution for /

under M.

Only If. Assume that M is source redundant, and let /* be an instance of dom(M)
such that the mapping M* = {(I,J) € M | I # I*} satisfies M* =; M. Notice that
M* is closed under homomorphisms in range(M?*). Since M* =; M, then in particular
M <; M*, and by Lemma 6.4.5, it must be the case that for every / € dom(M) there
exists an instance K € dom(M*) such that Sol{,(I) is homomorphically equivalent to
Sol{,.(K). Then, there exists an instance K* € dom(M*) such that Sol{,(I*) is homo-
morphically equivalent to Sol{,.(K™*). Notice that I* # K* since K* € dom(M*) and
I* ¢ dom(M*). Moreover, Sol - (K*) = Soly (K ™). Thus we have that [* # K* and the
universal solutions of /* are homomorphically equivalent to the universal solutions of K™

under M, which completes this part of the proof.

If. Assume that there exist two instances /; # I, such that Solf{,l(l 1) is homomor-
phically equivalent to 801[/{4([2). Notice that since M is closed under homomorphism in

range(M) we have that Solr(/;) = Sola(13). We prove next that M is source redundant.
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Let us define the mapping M* as M* = {(I,J) € M | I # I,}. We shall prove
that M =; M, which proves that M is source redundant. First, it is easy to see that
M* <; M, thus we only need to prove that M =<, M*. Now, notice that M* is closed
under homomorphisms in range(M*) and, since Soly((/1) = Solpr(I2) we also have that
range(M?*) = range(M). Thus, we can use Lemma 6.4.5 to prove M =<; M*. Let
I € dom(M). Then, clearly, there exists K € dom(M*) such that Sol},(I) is homomor-
phically equivalent to SOI%*(K ): it suffices to consider K = [ if [ # I, and K = I, if

I = I,. This completes the proof of the Lemma. U

Property (2) above is called unique-solutions property in (Fagin, 2007), where it is

shown to be a necessary condition for Fagin-invertibility.

6.5. Concluding Remarks

In this chapter, we have developed a theory to compare schema mappings in terms of
notions of information and redundancy. In particular we have introduced the order < as a
measure of the amount of information transferred by a schema mapping, and studied some
of its fundamental properties. From the order <y we have derived several other criteria
to compare mappings and we provide tools to deal with these criteria. We introduced the
notion of target redundancy and showed that it captures the intuition of using the exact
amount of resources needed to transfer information using a schema mapping. Furthermore,
to complement our information framework, we devise two additional concepts that allow
us to compare mappings that share the same target schema. Symmetrically to the definition
of =g, we introduced the order <., that intuitively measures the amount of information
covered by a mapping, as well as a notion of source redundancy. We provided characteri-
zations for all the proposed notions, and show that together they can be used as a powerful
framework to study metadata management operators. As a proof of concept, we showed
how the machinery developed can be used to study some metadata management problems

in the context of data exchange.
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We use all the machinery developed in this chapter to study more complex metadata

management operators in Chapter 7.
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7. THE EXTRACT AND MERGE OPERATORS

In this chapter we use all the machinery for the concepts of information and redun-
dancy developed in Chapter 6 to revisit the semantics of the extract operator (Melnik, 2004;
Melnik et al., 2005), that intuitively captures the idea of upgrading a legacy schema. We
formalize this operator in terms of the notions developed in Chapter 6, and we provide an
algorithm for computing it for a class of mappings that includes the mappings specified by
st-tgds. Moreover, we also study the merge operator, that as well as the extract operator, has

been identified as fundamental for the development of a metadata management framework.

7.1. The Extract Operator

Consider a mapping M between schemas S and T, and assume that S is the schema of a
database that is only being used to map data through M. In general, not all the information
of S participates in the mapping and, thus, it is natural to ask whether one can upgrade S
into a new schema that stores only the information being mapped by M, that is, whether
one can extract from S the portion of the schema that is actually participating in M. This is
the intended meaning of the extract operator (Melnik, 2004; Melnik et al., 2005), as shown

in the following example.

Example 7.1.1. Let S = {P(-,-), R(-,-), S(-,-)} and T = {T'(-,-),U(-,-),V(-,-,-)}, and

assume that S is a ground schema. Consider a mapping M from S to T given by the
following dependencies:

P(z,y) — JuT(z,u) NU(x,x) (7.1)

P(z,y) ARy, z) — FuV(z,yv) (7.2)

The first column of P is being transferred from the source by dependency (7.1), while all

the tuples in P that can be joined with some tuples in R are being transferred by dependency

(7.2). Moreover, notice that relation S is not participating at all in the mapping.
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FIGURE 7.1. (M1, M3) is an EXTRACT of M.

A natural way to upgrade S, and store only the data that is transferred by M, is to
have a new ground schema S’ = {P(-), P»(+,-)}, where relation P;(-) is used to store
the first component of P, and relation P»(-,-) is used to store the tuples in P that can be
joined with some tuples in R. But we can do even better. Notice that by the intended
meaning of relations P; and P;, one knows that they must satisfy the inclusion dependency
Py(xz,y) — Py(z). Thus, schema S’ plus this dependency still have enough capacity to

store all the source information being transferred by M. OJ

Given a mapping M from a schema S to a schema T, the idea of the extract operator
is to create a new source schema S’ that captures exactly the information that is partici-
pating in M and no other information (Melnik, 2004; Melnik et al., 2005). As shown in
Figure 7.1, a solution for the extract operator has two components, a mapping M from
S to S’ that drives the migration from the old to the new source schema, and a mapping
M, from S’ to T that states how data should be mapped from the new source schema to
the target schema. But what are the conditions that have to be imposed on mappings M
and M5 (and schema S’) to capture the intuition behind the extract operator? A set of such
conditions was proposed by Melnik et al. in (Melnik, 2004; Melnik et al., 2005). In what
follows, we show that the machinery developed in Chapter 6 can be used to provide a nat-
ural semantics for the extract operator. We compare our proposal with that of Melnik et al.

(2005) in Section 7.1.2.

Assume that M, M; and M, are the mappings shown in Figure 7.1. The first con-
dition that we impose on M, and M, to consider them a valid extract of M, is that the

composition of M; and M is equal to M:
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(El) M1 9 MQ = M.

In this way, one ensures that for every instance I of S, if one first migrates I from S to S,
and then maps the result to T, then one obtains exactly the same space of possible solutions
as if / is being mapped by using the initial mapping M. Notice that (E1) does not impose

any restrictions over M; and M, alone. We do that with the next conditions.

The intended meaning of the extract operator is to store in a new schema exactly the
information that is being transferred by the initial mapping. Thus, we require that M,
transfers from S to S’ the same amount of source information as M. Similarly, since M,
is used as the new way of mapping the information from S’, we require that M covers
exactly the same target information as M. Thus, we impose the following condition on

M and Mo:
(EZ) M1 =5 M and M2 =7 M

To complete the description of the extract operator, we only need a condition that
captures the optimality of the new source schema. To do this, we do not impose an explicit
condition on this schema, but instead we impose conditions over the range of M; and
the domain of M. Notice that, although we require M, to transfer exactly the same
source information as M, this mapping can be redundant and store the data in S’ in a
suboptimal way. Thus, we require M to be target non-redundant, as well as M, to be
source non-redundant. In that way, we force range(M;) and dom(My) to be minimal,
since one cannot lose an instance from range(M;) or dom (M), and still obtain mappings

that fulfill conditions (E1) and (E2). Thus, our last condition is:
(E3) M, is target non-redundant and M, is source non-redundant.

Notice that it is not difficult to show that under the above conditions, it holds that range(M;) =
dom(My).

We finally have all the necessary ingredients to define the semantics of the extract

operator.
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DEFINITION 7.1.2 (Extract operator). (M, My) is an extract of M if My and M,
satisfy conditions (E1), (E2), and (E3).

Example 7.1.3. Consider schemas S, S’, T, and mapping M from Example 7.1.1. Let ¥,
be the set that consists of dependencies:
P(I7y) - Pl(‘r)a

P(],’7y) A R(y,Z) - P2($,y),
Yo the set that consists of:

P (z) — JuT(x,u) NU(z,z),

P2(x7 Z/) — v V(.CC, Y, U)?
and I'g' the set containing the inclusion dependency over S':
PQ(xay) - Pl(x>

Consider now the mappings M; = (S,S’, %, UTl's/), and My = (S/, T, ¥, UT's/). Then it
can be shown that (M, M>) is an extract of M. O

7.1.1. Computing the extract operator

Two fundamental questions about any schema-mapping management operator are for which
classes of mappings is the operator defined, and how can it be computed. In this section,
we provide answers to both questions for the class of mappings specified by FO-T0O-CQ
dependencies, as we provide an algorithm that, given a mapping M specified by a set of

FO-10-CQ dependencies, computes an extract (M, Ms) of M.

To present our algorithm, we need to introduce some terminology. In what follows,
we use a procedure COMPOSE that given pairwise disjoint schemas Si, So, S3, a set X; of
dependencies from S; to S, and a set 325 of dependencies from S, to S3, computes a set 2

of dependencies from S; to S3 such that (7, J) = X if and only if there exists K such that
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(I,K) | ¥y and (K, J) | 5. That is, COMPOSE(X, 3y) returns a set of dependencies
>} specifying a mapping that represents the composition of the mappings specified by >,
and 5. As pointed out by Nash et al. (2005) and by Melnik et al. (2005), there exists a
straightforward implementation of COMPOSE when >.; and X, are sets of FO sentences; if
Y1 ={o1,...,00}, X2 = {m,...,vm} are set of FO-sentences, and Sy = {S1,..., Sk},
then a set ¥ consisting of second-order dependency 35 - - - ISk (1A - AT AYIA - AYin)

satisfies the above condition.

It should be noticed that second-order quantification is unavoidable to express the com-
position of mappings specified by FO dependencies, even for the case of st-tgds (Fagin, Ko-
laitis, Popa, & Tan, 2005). In what follows, we use COMPOSE as a black box, which could
have been implemented by considering the idea shown above and the techniques presented
in (Fagin, Kolaitis, Popa, & Tan, 2005; Nash et al., 2005; Melnik et al., 2005; Arenas, Fa-
gin, & Nash, 2010). In particular, we use COMPOSE in Step 2 of the following algorithm to
create constraints that eliminate the redundancy of mappings In the algorithm we also use
procedure QUERYREWRITING that given a mapping M and a conjunctive query () over
the target, computes a source rewriting of () under M (see Lemma 3.3.1 for the details of

algorithm QUERYREWRITING).

Algorithm EXTRACT(M)

Input: An st-mapping M = (S, T, ), where X is a set of FO-T0-CQ dependencies.
Output: An extract (M;, My) of M.

(1) Construct sets Y1, 25 of dependencies, and a ground schema R as follows. For
every p(z) — ¥(z) € X, where Z is an n-ary tuple of variables, repeat the
following:

(a) Include a fresh n-ary relational symbol R into R.

(b) Let «(Z) be a formula in FO that is the output of QUERYREWRITING (M, 1)(Z)).

(c) Include dependency a(z) — R(Z) into ¥, and dependency R(Z) — ()
nto Xs.

(2) Construct a set of formulas I'g over R as follows.
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(a) Let R = {R | R € R} and ¥ be the set of dependencies {(z) — 3(z) |
B(z) — R(z) € ¥4}
(b) Let X be an SO-formula over RUR that is the output of COMPOSE(X] ).
(c) Let I'g be the set of formulas over R obtained from ¥’ by replacing every
symbol ReR by R.
(3) Let M; = (S,R,%; UTRr) and M5 = (R, T, 3, UT'g). Return (M, Ms).
U

THEOREM 7.1.4. EXTRACT(M) returns an extract of M.

PROOF. Let M = (S, T, X) be an st-mapping with S a ground schema and ¥ a set of
FO-10-CQ dependencies. Assume that (M, My) is the output of EXTRACT(M) with
M; = (S,R,X; UTRr) and My = (R, T, X, UT'r). We need to show that (M, Ms) is
an extract of M. Thus, we need to show that M is non target redundant and M; =5 M,
that M, is non source redundant and M, =; M, and that M; o M, = M.

We show next that M is non target redundant by using Lemma 6.4.11. We show first
that for every instance [ in S it holds that chasey, (/) is a minimum solution for /. To show

this we need to show the following two properties:

(a) chasey, (I) € Solu, (1), and that

(b) for every other solution J € Sol, (/) we have that chasey, (1) C J.

Notice that property (a) is non-trivial since M is defined using constraints over schema
R. Thus, although it is straightforward that (7, chaseyx, (1)) | %, we still need to show
that chasey, (/) = I'r. Recall that R is a ground schema. Moreover, since X is a set

of full dependencies we have that chasey, (/) is a ground instance. We show now that
chasey, (I) = T'r.

Let 3] and > be the sets constructed in the algorithm. That is, | is obtained from
21 by reversing the arrows and replacing every R € R by R, and Y’ is the output of
COMPOSE(X ], X)), that is, it is logically equivalent to ¥.; 0Y;. Thus, I'g is the set obtained

from Y’ replacing R by R. Let J* be the instance obtained from chasey, (1) by replacing
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every R € R by R. Notice that chasey, (I) = T'g if and only if (J*, chases, (I)) =
¥, o ;. We show next this last property. For this we show that (J*, ) = X7, and thus,
since (I, chasey, (1)) = X, we have that (J*, chasey, (1)) = X7 o X4, and consequently
chasey, (/) = I'r. We need to show that (J*,I) = o for every 0 € 3. Let o be
a dependency of the form R(Z) — «(Z) and assume that J* = R(a) for some tuple
a. Then we have that chasey, (/) = R(a). Notice that in 3, there exists a dependency
a(z) — R(Z), and moreover the relation symbol R occurs only in this dependency. Thus,
since chasey, (/) = R(a) we know that I = a(a). We have shown that (J*,I) |= o for
every o € Y, which was to be shown. The property (b) follows directly from the properties

of the chase and the fact that >3, is a set of full dependencies. Finally, we have shown that

for every instance [ the instance chasey, (1) is a minimum solution for /.

We show now that every solution J € range(,M) is a minimum solution. In particular,
we show that for every J € range(M) there exists an instance / € dom (M) such that
J = chasey, (I). Thus, assume that J € range(M;). Then we know that J |= I'g. Let
J* be the instance obtained from J by replacing replacing every R € R by R. Since
J |= I'r we know that there exists an instance L such that (J*, L) = 37 and (L, J) = ¥;.
We show now that .J = chasey, (L). Let R € R and assume that a € Rae=1(E) We
know that there exists a single dependency of the form «(z) — R(Z) in ;. Thus, since
chasey, (L) = R(a), necessarily L |= «(a). Moreover, since (L, J) = ¥; we obtain that
J = R(a) and thus, @ € R’. This shows that for every R € R we have that Rhase=: (1) C
R’. To show the opposite direction, let R € R and assume that a € R’. We know that
there exists a dependency of the form ﬁ(a?) — «(Z) in X. Moreover, since a € R’
we know that @ € R’". Thus, since (J*, L) = ¥ we obtain that L = «(a). We also
know that a(Z) — R(Z) is a dependency in ¥, then chasey, (L) = R(a), and therefore
a € R (L) This shows that for every R € R it holds that R/ C Rehasess (L),

We have shown that M is non target redundant. We show now that M; =; M. First,

recall that the set Cyq (see Lemmas 6.2.3 and 6.2.4) is constructed by including a source
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rewriting for every conclusion of the dependencies defining M. Consider now the non-
ground schema R = {ﬁ | R € R} and the set 51 obtained from ¥ replacing every R € R
by R.Let M = (S, IAL f]l) By the construction of >; and il it is straightforward to prove
that Cyy = Cay. Therefore, since R is non-ground we can use Lemma 6.2.4 to conclude

that M’ =; M.

We show now that M’ =g M. Consider the set of formulas A, = {R(zZ) — R(Z) |
R € R} and the mapping N} = (R,R,A; UTg). Notice that A} is a mapping from
a non-ground to a ground schema. Recall that M’ = (S, f{, f]l) where 3 is a set of
FO-10-CQ dependencies. It is straightforward to see that >J; is logically equivalent to
il o A, therefore, we obtain that M’ o N is a mapping from S to R specified by ¥; UT'R,
and thus M’ o Nj = M, which implies that M; <; M’. Consider now the set Ay =
{R(z) — R(z) | R € R} and the mapping N5 = (R, R, A,). Let I be an arbitrary
instance in Inst(R) (thus [ is ground). We have shown that chasey, (I) is a minimum
solution for 7 under M. Now let J* be the instance of R obtained from chasey, (I) by
replacing IR by R. Itis straightforward to see that J* is a minimum solution for / under
M o N,. Now notice that 5 is closed-up on the right, and thus M o N5 is also closed-up
on the right. This implies that Sol o, (1) = {K € Inst R | J* C K}. Notice that by the
construction of J*, we have that K € Soln,on, (1) if and only if (1, K) = 5 where K is
a non necessarily ground instance. We have shown that for every / € Inst(R) it holds that
Solaon, (I) = Solae(I) and thus, My o Ny = M’ which implies that M’ <5 M. Thus,
we have that M; < M’ and M’ <, M, therefore, M; =; M’, and since M’ =; M we
obtain that M; = M completing this part of the proof.

Up to this point we have shown that M; =; M and that M, is non target redun-
dant. We show now that M = M, o M,. Consider the set of dependencies X* created
as follows. For every dependency ¢(Z) — (Z) in ¥ use QUERYREWRITING (M, (7))
to obtain a formula «(Z) that is a source rewriting of ¢ (Z) under M, and add the de-
pendency a(Z) — (Z) to ¥*. It is straightforward to show that > and ¥* are logically
equivalent, and thus, (I, J) € M if and only id (I, J) = ¥*. Also, by the construction

of 31 and 3, it is easy to see that for every instance I of S we have that chases-(/) and
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chasey, (chasey;, (I)) are homomorphically equivalent. We have shown that chasey, (1) €
Soly, (1) since chasey,, (I) = T'r. Thus we have that chasey,, (chases, (1)) € Solag,on, (1),
and moreover, chasey, (chases, (1)) is a universal solution for / under M; o M. Notice
that since ¥, is a set of full dependencies we have that M o M, is closed under target
homomorphisms. Thus, we have that chases- (/) and chasey, (chasey, (1)) are homomor-
phically equivalent and are both universal solutions for / under M and under M; o M,
respectively, and since M and M o M are closed under target homomorphism, we obtain
that Sol (1) = Solpyg o, (1) for every I. This implies that M = M; o My which was to

be shown.

It only remains to prove that My =; M and that M, is non source redundant. That
is what we do next. We have already shown that M; o My = M which implies that
M =; M,. Thus, to prove that My =; M we only have to show that there exists a
mapping A such that N o M = M. Consider the set of dependencies X} obtained from
Y1 by reversing the arrows. Notice that the difference between X} and > is that in in
¥} we do not rename the relations in R. Let M| = (R,S,¥] UT'g). We prove first
that My C M/ o M. Assume that (J,K) € My, thus J | I'g and (J,K) = ..
We need to prove that (J, K) € M) o M. Notice that since >, is a set of st-tgds, we
have that there exists a homomorphism from chasesy, (.JJ) to K. Now, we have previously
proved that if J |= I'r then there exists an instance / in S such that J = chasey, (I).
Notice that by the construction of ¥; and ¥} we have that (chaseyx, (I),I) E X, and
then since chaseyx, (I) = T'r we have that (chasey, (I),I) € M/. We prove next that
(I,chases,(J)) = 2. Notice that X is logically equivalent to the set ¥X* of the previous
paragraph. Thus, it is enough to show that (1, chases,(J)) = ¥*. Assume that [ = a(a)
for a dependency «(Z) — (%) in ¥*. We need to show that chasey, (J) | ¢(a). Thus,
since J = chasey, (I) we know that J |= R(a) where a(z) — R(Z) is the dependency in
Yy created from () — (%) in 3. Moreover, we that that there is a dependency of the
form R(Z) — (%) in X, thus, since J |= R(a) we obtain that chasey, (.J) = 1(a) which
was to be shown. Thus we have that (I, chases, (.J)) = ¥* and then (7, chaseyx,(J)) = X.

Finally since X is closed under target homomorphism and there is a homomorphism from
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chasey, (J)) to K we have that (I, K) = 3 and thus (I, K) € M We have shown that if
(J, K) € M, then there exists an instance / such that (J, /) € M/ and (I, K') € M which
proves that (J, K) € M/ o M.

We show now that M o M C Ms. Assume that (J, K) € M) o M, we need to prove
that (J, K) € M. Notice that (J, K) € M, if and only if J = I'g and (J, K) = 3.
Since (J, K) € M) o M we know that J € dom(M/) which implies that J |= I'g.
Thus, it only remains to prove that (J, K) = Y. Let R(Z) — t(Z) in ¥ and assume
that J = R(a). We need to prove that K |= ¢ (a). Since R(Z) — ¢ (z) € ¥y we know
that there are dependencies R(Z) — «(z) € ¥} and o(Z) — ¢ (z) € X*. Now, since
(J, K) € M/ o M we know that there exists / such that (J, 1) = X} and (I, K) | X*.
Thus, since J |= R(a) we have that I |= a(a), and thus, K |= ¢(a) which was to be shown.
We have shown that if (J, K') € M) o M then (J, K) € M and thus, M/ o M C M,.

We have shown that My =; M. It only remains to prove that M5 is non source re-
dundant. To prove this last property we make use of the characterization in Lemma 6.4.15.
We show that for every pair of instances J and K in dom (M), if Sola, (J) = Solu, (K)
then J = K. Notice that Solx, (J) = Sola, (K) if and only if chasey, (/) is homomor-
phically equivalent to chases,(/K). We have shown (in the previous paragraph) that for
every J € dom(M) there exists an instance /; in S such that chasey, (I;) = J and more-
over chasex (/) is homomorphically equivalent to chasey, (/). Similarly there exists an
instance [k such that chasey, (/) = K and chasex (/) is homomorphically equivalent
to chasey, (K). Thus, since chases,(J) and chasey,(K) are homomorphically equiva-
lent, we have that chasey;(;) is homomorphically equivalent with chasex; (/). Notice that
this implies that for every conjunctive query () over T it holds that certaina(Q, I;) =
certainp(Q, Ir). Now let o(z) — R(Z) be a dependency in 3. We know that a(Z) is a
source rewriting of a formula ¢(Z) under M. Thus, I; |= «(a) if and only if Ik = a(a).
This implies that chasey, (1) = chasey, (Ix), obtaining that J = K which is our desired

property. This completes the proof of correctness of algorithm EXTRACT. 0
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7.1.2. On the semantics of the extract operator

The extract operator was considered by Melnik et al. (2004; 2005). Given a mapping M
from a schema S to a schema T, the output of this operator according to Melnik et al. is a
mapping M from S to a schema S’ together with the schema constraints I'g, that S” should
satisfy. Moreover, the following two conditions should be satisfied by M; (Melnik, 2004;
Melnik et al., 2005): (1) M; o (M;)~! o M is equal to M, and (2) range(M,) is the set
of instances of S’ that satisfy ['s/. Notice that mapping M from S’ to T is not part of the
semantics by Melnik et al. (2004; 2005) since it can be obtained as My = (M;)™! o M.

Although our semantics for the extract operator was inspired by the work of Melnik
et al. (2004; 2005), there are two features of Melnik et al.’s definition that limit its appli-
cability, in particular if more expressive languages are used to specify mappings. First, if
mapping M, above is specified by a set of st-tgds (or, in general, by a set of FO-T0O-CQ
dependencies), then M; o (M;)~! is a trivial mapping that contains all the pairs of in-
stances from S. Thus, M; o (M;)™! o M is also a trivial mapping in this case and,
therefore, M; o (M;)~! o M = M does not hold in general. This rules out the possibility
of having natural solutions for the extract operator specified by st-tgds, as the one shown in
Example 7.1.3. Second, in the semantics proposed by Melnik et al. (2005), no minimality
restriction is imposed on the generated schema S’, thus allowing redundant information.
Moreover, in the semantics proposed by Melnik (2004), a minimality criterion based on
counting the number of instances of a schema is imposed, which is only meaningful when

instances are generated from a finite domain, and thus, not applicable in our context.

In view of the aforementioned limitations of the semantics of the extract operator pro-
posed by Melnik et al. (2004; 2005), we have imposed some new conditions on this oper-
ator that try to capture the intuition behind it. In particular, we have used the notions of
redundancy proposed in Section 6.4 to impose a minimality condition over the generated
schemas. Moreover, we have imposed some conditions on the information transferred by

the generated mappings, that ensure that condition (1) above holds when (-)~! is replaced
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by the notion of maximum recovery introduced in Chapter 3, which is a more natural notion

of inverse when mappings are given by FO-T0-CQ.

PROPOSITION 7.1.5. Let M be an st-mapping specified by a set of FO-TO-CQ de-
pendencies, (M, My) the output of EXTRACT(M) and M7 a maximum recovery of M.
Then it holds that My o Mj o M = M.

PROOF. Consider the mapping M/ constructed in the proof of Theorem 7.1.4 (we
constructed that mapping when showing that My =; M in the proof of Theorem 7.1.4).
Recall that M| = (R, S, ¥} UT'r) where ¥/ is the set obtained from ¥, by reversing
the arrows. Notice that 3] is exactly the set of dependencies obtained as output of the
algorithm MAXIMUMRECOVERYFULL (presented in Section 3.3.3) if the input is the set
1. Thus, by the properties of maximum recoveries proved in Proposition 3.1.6 we have
that if (7, J) = ¥, and (J, K') = ¥} then Soly, (K) € Solay, (I). Thus, we have that if
(I,J) =Xy and (J,K) | ¥} and J = T'g, then Soly, (K) C Solu, (I). From the above
discussion, we obtain that if (I, K') € M; o M/ then Solpq, (K) C Solpy, (). Moreover,
from the proof of correctness of algorithm MAXIMUMRECOVERYFULL we know that for
every [ in S it holds that (chasey, (1), I) |= 3. Thus, since chasey, (I) = I'r for every [
we obtain that (I, chasey, (I)) € M, and (chaseyx, (1), I) € M/ forevery I in S. We have
shown that (I,1) € M; o M/ and that if (I, K') € M; o M} it holds that Solp, (K) C
Solpq, (I), which, by the properties of maximum recoveries proved in Proposition 3.1.6,

implies that M/ is a maximum recovery of M.

In the proof of Theorem 7.1.4 we showed that M} o M = M,. We also showed
that M; o My = M. These properties implies that M; o M} o M = M. Now, let
N be an arbitrary maximum recovery of M;. Since M is also a maximum recovery of
M, we have that M; o M, = M, o N. Finally, we obtain that for every N\ that is a
maximum recovery of M it holds that M; o N' o M = M. This completes the proof of

the proposition. 0]
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7.2. The Merge Operator

Consider two independent database schemas S; and S, and a mapping M between
them, and assume that both schemas have materialized data that is being queried by several
applications. Mapping M describes how data in these schemas is related, and, thus, the
relationship stated by M leads to some redundancy of storage: there are corresponding
pieces of data stored twice in these schemas. Although this corresponding data can be
structured in different ways, and served different purposes in these schemas, it is natural to
ask whether one can have a single global schema S that simultaneously stores the data of
S: and Ss, (and no more than that), but that is not redundant in the storage of the shared
information. This is the intuition behind the merge operator (Bernstein, Halevy, & Pot-
tinger, 2000; Bernstein, 2003; Melnik, 2004), and, hence, we say that S is the result of
merging S, and Sy with respect to the relationship established by M. A complete solution
for the merge operator should also include mappings M and M5 from S to S; and S, re-
spectively, that describe the relationship between the global schema and the initial schemas
(Melnik, 2004; Melnik et al., 2005). These mappings ensure that an application that has
used the initial schemas independently, would also be able to obtain the required data from

the global schema. A diagram of the complete process is shown in Figure 7.2.

Example 7.2.1. Let S; = {A(+,-)} and Sy = {B(-,-)} be ground schemas, and consider a
mapping M given by dependency:

A(z,y) — B(z,y).

This simple mapping states that all the tuples of relation A in S; should also be part of
relation B in S,. A natural way to store the information of both S; and S, in a non-
redundant way is to consider a schema S with one relation A’(-, -) storing all the information
in A, and a new relation D(-, ) storing the difference between B and A. By the intended

meaning of relations A" and D, we know that they should satisfy the denial constraint:
Va¥y —(A'(z,y) A D(z,y)). (7.3)
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FIGURE 7.2. (M, M3) is a merge of M.

In fact, schema S plus this constraint have enough capacity to store the information of both
S; and S,. Moreover, let M; = (S,S;,%; UT's) and My = (S, Ss, 35 U T'g), where ¥

consists of dependency:
Azy) — Alz,y),
Yo consists of dependencies:

Allz,y) — Blr,y),

D(z,y) — B(z,y),

and I'g is the set that consists of denial constraint (7.3). Then M and M can be used to

relate the new schema S with schemas S; and S,, respectively. 0

In what follows, we propose a semantics for the merge operator using the machinery
developed in Chapter 6. As for the case of the extract operator, we formalize the merge
considering only the mappings M, M; and M, as the schemas and schema constraints

will be implicit in the mappings.

To define the semantics of the merge operator, we need to introduce the notion of M-
confluence, which is inspired by the notion of confluence proposed by Melnik et al. (2004;
2005). Let S, S, S; be schemas, where S; and S, have no relation symbols in common,
My, My mappings from S to S; and from S to S,, respectively, and M a mapping from
S; to S,. Then the M-confluence of M, and M, denoted by M, & Mo, is defined as
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the following mapping from S to S; U Sy:
{(I, JUK) | (JJK) e M, (I,J) e My, (I,K) € My},

where J U K is the union of instances J and K, that is, R’ = R’ for every R € S,
and S/VE = SK forevery S € S,. Intuitively, M @®, M, describes the unified instances

J U K that are valid pairs according to M and also simultaneously mapped from M; and

M.

As pointed out before, S is a valid global schema for the merge of two schemas S;
and S, related trough a mapping M, if every instance / of S represents in a non-redundant
way a valid unified instance of S; and S, according to M. Then, if the pair (M;, My)
of mappings from S to S; and S to Sy, respectively, is given as a solution for the merge
operator, one can formalize this intuition by imposing conditions over M; & M, and
considering dom(M; & M) as the new global schema. More precisely, we impose the

following conditions for a solution of the merge of two schemas related by mapping M:

(M1) range(M; &y My) = {JUK | (J,K) € M} and M; & My is target
non-redundant.

(M2) My @& My is source non-redundant.

(M3) dom(M; &y Ms) = dom(M;) = dom(May).

Condition (M1) indicates that every valid unified instance of M is covered in an essential
way by M; @& M. Condition (M2) specifies that every instance in the global schema is
necessary to cover the unified instances of M. Finally, condition (M3) indicates that M,
and M do not consider instances that are outside the schema defined by dom(M; @

M,). We use these conditions to define the merge operator.

DEFINITION 7.2.2 (Merge operator). (M, My) is a merge of M if My and M,
satisfy conditions (M1), (M2) and (M3).

Example 7.2.3. Consider schemas S, S,, S and mapping M in Example 7.2.1, and let
I's = {VaVy =(A'(z,y) AND(x,y))}. Moreover, consider mappings M; = (S, S;,>,Ul's)
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and My = (S,S,, % UT'g) with ¥; = {A'(z,y) — A(z,y)} and Xy = {A'(x,y) —
B(z,y), D(x,y) — B(z,y)}. Then it can be shown that (M, M) is a merge of M. [

The merge operator has been studied in different contexts (Buneman, Davidson, &
Kosky, 1992; Pottinger & Bernstein, 2003; Melnik, 2004; Melnik et al., 2005; Pottinger
& Bernstein, 2008; Li, Quix, Kensche, & Geisler, 2010). Our definition is inspired by the
definition of Melnik et al. (2004; 2005). However, as for the case of the extract operator,
there are some features of their definition that limit its applicability, such as the use of (-)~*
that rules out the possibility of merging mappings specified by st-tgds (as shown in Section
7.1.2). This has leaded us to impose some new conditions to define this operator. Moreover,
Pottinger and Bernstein (2003, 2008) define a semantics for the merge operator that is based
on some preservation of information and minimality conditions. However, whereas this
approach is similar to the one taken in this section, the semantics proposed by Pottinger and
Bernstein (2008) is specific to a class of mappings that specify the overlap between schemas
by means of conjunctive queries. Finally, the problem of merging different schemas was
also considered by Buneman et al. (1992). In that paper, the authors rely on syntactic
matchings when merging schemas, instead of considering (semantic) schema mappings to
derive relationships between schemas. Thus, in a sense, our merge operator can be seen as a
generalization, as schema mappings can specify more complex relationships than syntactic

COI’I‘CSpOIldCIlCCS.

7.2.1. Computing the merge operator

Melnik (2004, Theorem 4.2.4) proposes a straightforward algorithm for the computa-
tion of the merge operator, which can also be used in our context to compute this operator
for mappings specified by FO-TO-CQ dependencies, thus showing that the merge oper-
ator is defined for this class. The algorithm proposed by Melnik (2004, Theorem 4.2.4)
for merging schemas S; and S, given a mapping M = (S;,S2, X)), essentially considers
a unified schema that simply stores the union of all the instances of S; and S, that are
related by 3. More precisely, assume that M = (S;, S,, ), where S; and S are disjoint

ground schemas and 3 is an arbitrary set of dependencies over S; and S,. Moreover, let
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M, = (§1 U§2, S1, Y UX) and My = (§1 Ugg, So, Yo UX), where §1 = {f% | R €Sy},
§2 = {§ | S € Sy} and X4, X, are copying settings for Sy and S,, respectively, that is,
>, = {R(z) — R(@) | R € S} and 3 = {5(z) — S(%) | S € S,}. Then it can be
easily shown that (M, M) is a merge of M.

However, motivated by Example 7.2.1, we develop here an algorithm for the case of
mappings given by full FO-T0O-CQ dependencies, that outputs a merge that makes use of
smaller instances in the global schema. In the algorithm we make use of the procedure
QUERYREWRITINGATOM described in Lemma 3.3.9 that given a mapping M specified
by FO-T0-CQ dependencies and an atomic conjunctive query () of the form A(z) with A

a relational symbol in the target schema of M, computes a source rewriting of () under M.

Algorithm MERGE(M)

Input: Mapping M = (S;,Ss, X)), where Sy, S, are disjoint ground schemas and ¥ is a
set of full FO-T0-CQ dependencies.
Output: A merge (M, M) of M.

(1) Let S = {P | P € S;} U{Dg | R € S5} be a ground schema.
(2) Construct a set XJ; as follows. For every n-ary relation symbol P in S;, include
dependency P(z) — P() into ¥y, with Z an n-ary tuple of distinct variables.
(3) Construct sets Y5 and I'g as follows. For every n-ary relation symbol R in Sy do
the following. Let = be an n-ary tuple of distinct variables.
(a) Include Dg(z) — R(Z) into 3.
(b) Let a(Z) be the output of QUERYREWRITINGATOM(M, R(Z)), and (Z)
the formula obtained from a(Z) by replacing every relation symbol P € S;
by P.
(c) Include a(z) — R(z) into X9 and Vz —(a@(Z) A Dg(z)) into I's.
(4) Let M; = (S,S1,%; UT's) and My = (S, Ss, ¥s UT's). Return (M, M,).
OJ

THEOREM 7.2.4. MERGE(M) returns a merge of M.
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PROOF. Let M = (S;,S,,%) with S; and S, ground schemas and X a set of full
FO-TO-CQ dependencies. Assume that M; = (S,S;,%; UT's) and My = (S,Ss, X5 U
I's) are the output of MERGE(M). Since S; and S, are disjoint, it is easy to see that

M & My is the mapping
M1 By My = (S,SlUSQ,ElUZQUZUFS)

Let / be an arbitrary instance of S and assume that / = I's. We show next that chasey, (1)U
chasey, (1) is a minimum solution for / under M; &, Ms. By the properties of the chase
and since >; and >3, are sets of full dependencies and S; and S, are disjoint, we only need
to show that chasey, (I) U chasey, (/) is a solution for / under M; & Ms. That is what

we do next.

Since (I, chasey, (1)) = X1, (I, chases, (1)) = X9, and I |= I's in order to prove that
chasey, () U chases, () is a solution for / under M; &, M, we just need to show that
(chasey, (1), chases, (1)) E X. Let o(y) — R(y) be a dependency in ¥ with ¢ a tuple of
non necessarily distinct variables, and assume that chaseys, (/) |= ¢(a). We need to prove
that chasey,, (I) = R(a). Notice that chases, (I) is an instance such that Pases, (1) — pI
for every P € S;. Thus, if chasey, (/) = ¢(a) then I = ¢(a) where p(a) is obtained from
©(a) replacing every P € S; by P. Now, chasey, (1) is an instance such that Rhase=2 () =
DL u{a | I = a(a)} where o(Z) is a source rewriting of R(Z) under M and a(7)
is obtained from «(z) replacing every P € S; by P. Moreover, notice that for every
J € Soly(chases, (1)) we have that J = R(a), thus a € certainy(R(Z), chasey, (I)).
This implies that chases, (I) |= «(a), and thus I = @(a) which implies that @ € Rhasesz (1)
and thus chasey, (1) = R(a). This was to be shown.

Thus we have that if / |= I's then we have that chasey, () U chasey, (1) is a minimum
solution for 7 under M; @ M. In particular, this shows that I € dom(M; @& My) if
and only if I = I's. Moreover, since M, and M, are st-tgds, we have that / € dom(M,)
if and only if / € dom(My) if and only if I |= I's. Thus we have that dom(M; &y Ms) =
dom(M;) = dom(Ms). And thus (M3) holds.
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We show now that for every L = J U K such that (J, K') € M there exists an instance
I such that J = chasey, (), K = chasey, (/) and [ |= I's. In particular this implies two
facts: (1) for every (J, K) € M there exists [ € S such that (I,J U K) € M; @& Mo,
and (2) every instance L € range(M; @ My) is a minimum solution of some instance
I € dom(M; G My). Now, given the instance J U K such that (J, K') € M consider
the following instance [ of S. For every P € S; we have P! = P/, and for every R € S,
we have that D = {a | a € R¥ and J £ a(a)} where o(Z) is a source rewriting of R(7)
under M. First notice that every formula in I'g is of the form a(z) — —~Dg(Z) where «(Z)
is a source rewriting of R(z) under M and () is obtained from «(x) replacing every
P €S, by P. Thus, by the construction of I we directly obtain that / |= I'g and thus [ is
in dom(M; @ My). Now, it is straightforward to see that J = chasey, (1), thus we just
need to prove that K = chases, (I). Let R € S,. Notice that R*se=() = DL u{a | I |=
a(a)} where () is a source rewriting of R(Z) under M and a(z) is obtained from «(x)
replacing every P € S; by P. Thus, since .JJ = chases, (/) we know that I |= &(a) if and
only if J |= «(a). We have that R°"*>2(1) = DL U {a | J = a(a)}, and then from the
definition of D%, we obtain that R"*>:() = {g | a € R and J }£ a(@)}U{a | J |
a(a)}. Now notice that (J, k) € M thus if J = «(a) then K |= R(a) which implies that
{a| J | a(@)} € RX. From this last property we obtain that Rhe=() = {5 | g € RE
and J £ a(a)} U{a | J = a(a)} equals RX. We have shown that for every R € S, it
holds that R°"@sex2(I) — RK which implies that chases, (/) = K. This completes this part

of the proof.

We have shown that if (J, K') € M then there exists an instance / € dom(M; @
M) such that (I, J U K) € M; @y M. In particular, this shows that range(M; @
My) = {JUK | (J,K) € M}. Moreover, we have shown that every instance I €
dom(M; @4 Ms) has a minimum solution, and that every instance L € range(M; @
M) is minimum solution of some instance. Thus, by Lemma 6.4.11 we conclude that

My & M, is target non redundant. This proves condition (M1).

Now we show that M ®, M, is source non-redundant. Notice that M © M,

has universal solutions and is closed under homomorphisms in range(M; & Ms). In
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fact, since the dependencies defining M and M, are full, we have that for every I €
dom(M; ®q My) the instance chasey, (1) U chaseys, (1) is a minimum solution, and for
every instance K such that K € range(M; @, M) and chasey, (1) U chasey, () C K
we have that K is a solution for /. Thus, we can make use of Theorem 6.4.14 to show
that M @©; M is source non-redundant. Thus let / and L be two instances with the
same space of solutions under M; @&, Ms. We need to show that I = L. Notice that
chasey, (/) U chasey, (/) is a minimum solution for /, and similarly for L. Thus, if /
and L have the same space of solutions, we have that chasey, (1) = chasey, (L) and that
chasey, (/) = chasey,(L). From chasey, (/) = chasey, (L) we obtain that for every P €
S, it holds that P! = PL and thus, P! = PL. Now, by the construction of ¥, since
P! = PL for every P € Sy, and since chases, (I) = chases, (L), it is easy to prove that
D}, = DXL for every R € S,. Thus, we have that P/ = P~ for every P € S and that
DY, = Dk for every R € S, from which we conclude that I = L. This prove that M; and

M, also satisfy (M2), completing the proof of correctness of MERGE. UJ
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8. CONCLUSIONS AND FUTURE WORK

The importance of schema mappings is widely recognized nowadays (Hernidndez et
al., 2002; Bernstein, 2003; Melnik, 2004; Fagin, Kolaitis, Popa, & Tan, 2005; Melnik et
al., 2005; Haas, Herndndez, Ho, Popa, & Roth, 2005; Fagin, 2007; Fuxman et al., 2006;
Hernandez et al., 2007; Arenas, Pérez, Reutter, & Riveros, 2009a; Arenas, Pérez, et al.,
2010; Fagin et al., 2011). In particular, the data-management community recognizes the
need to develop techniques to manipulate these schema mapping specifications, in order
to provide an integral solution to fundamental data-interoperability tasks such as data ex-
change, data integration, and peer data management. This dissertation presented several
contributions to the formal study of schema mapping operators, with special attention on
their use in data exchange systems. We proposed formal semantics for the inverse, extract
and merge operators, we presented algorithms to compute them, and study expressiveness
issues. More importantly, we studied the issue of finding mapping specification languages
that are closed under some operations. We also introduced the novel notions of informa-
tion and redundancy in schema mappings that we proved are essential to build a general
framework to study some fundamental properties of existing mapping operators as well as

to formalize new operators.

Several questions remain unanswered, and there are several open problems that can be
used to build an interesting program for future research. In particular, although almost all
the definitions for schema mapping operators presented in this dissertation apply to general
mappings (where mappings are simply sets of pair of instances), the results on mapping
languages, algorithms, and also some tools and characterizations, are proved for the rela-
tional case. Thus, as a first direction for future research it would be certainly relevant to
study the problem of operating schema mappings in a data model beyond the relational
model. One candidate to begin with is the XML data model. Although XML-schema map-
ping languages have been proposed and studied (Arenas & Libkin, 2008; Amano, Libkin, &
Murlak, 2009; Terwilliger, Bernstein, & Melnik, 2009; Arenas, Barceld, Libkin, & Murlak,
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2010), little attention has been paid to the formal study of XML-schema mapping opera-
tors. For the case of the composition operator, a first insight has been given by Amano
et al. (2009), showing that the previous results obtained for the relational model are not
directly applicable over XML. Inversion of XML-schema mappings, as well as the appli-
cation of the other operators considered in this dissertation in the XML context, remains an

unexplored field.

In the relational model, there are still interesting problems to explore. Notice that al-
most all the technical results (algorithms, closure properties, characterizations) presented in
this dissertation, consider mapping languages given by £,-T0-L, dependencies, that is, im-
plication formulas of the form p(z) — (%) with ¢(Z) a query in £; and and ¢)(Z) a query
in L. Thus, it would be interesting to study the application of the concepts presented in
this dissertation to mappings specified in other formalisms. A natural possibility is to con-
sider mappings specified by bidirectional-implication formulas of the form ¢(z) < (),
that in general provide more information about the relationship between source and tar-
get instances than mappings specified by implication formulas. One particular case where
bidirectional-implication formulas would be very useful, is the case of the merge operator
where the mapping is not actually used to exchange data, but to establish the correspon-
dence of existing pieces of data. Little research has been carried out to study operators for
mappings specified in this kind of formalisms. Nash et al. (2005) considered the compo-
sition operator for mappings specified by languages beyond implication formulas. Melnik,
Adya, and Bernstein (2008) also considered a special form of bidirectional-implication for-
mulas to define mappings when studying the notion of data-roundtripping, which is closely
related to the notion of inverting mappings. In any case, most of the questions considered in
this dissertation remain open for the composition, inversion, and the other operators when

schema mappings are specified by bidirectional-implication formulas.

Besides studying operators like inversion and composition for database models beyond
the relational model, or for mapping languages beyond £,-T0O-L, dependencies, we believe
that future efforts have to be focused in providing a unifying framework for these operators.

A natural question, for instance, is whether there exists a schema mapping language that is
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closed under both composition and inverse. In this respect we have made some progress
by proposing the language of plain SO-tgds, which is closed under CQ-composition and
admits CQ-maximum recoveries. It follows easily from the results of this dissertation that
the language of plain SO-tgds is not closed under the notion of CQ-maximum recovery.
Thus, an interesting open question is whether some extension of the language of plain

SO-tgds enjoy such a closure property.

Another problem to explore is to define a notion of completeness for schema mapping
operators. Given an abstract complex task on schema mappings, like schema evolution or
the problem of building a global schema in a data integration system, under which con-
ditions a set of operators is considered to be complete for that task? We would also need
to answer questions like, can the result of some operator over schema mappings be ob-
tained as a combination of other operators? As pointed out by Melnik et al. (2005), these
are fundamental open problems on this area. Answering these questions would allow us
to characterize good sets of schema mapping operators that are complete and minimal to

achieve certain complex tasks.

As many information-system problems involve not only the design and integration
of complex application artifacts, but also their subsequent manipulation, the definition,
formalization and implementation of operators over schema mappings will continue to play
a fundamental role in the research on data-interoperability. We believe that the results
presented in this dissertation together with the solutions to the proposed open problems,
will play a significant role to advance our understanding of this fundamental area of data

management.
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APPENDIX A. QUERY REWRITING TOOLS

A.1. Source Rewriting in Schema Mappings

In this section we show how source rewritings of conjunctive queries can be computed.

The main goal of this section is to provide formal proofs for Lemmas 3.3.1 and 3.3.9.

It should be noticed that the problem of computing rewritings of queries has been ex-
tensively studied in the database area (Levy et al., 1995; Abiteboul & Duschka, 1998) and,
in particular, in the data integration context (Halevy, 2000, 2001; Lenzerini, 2002). In par-
ticular, the class of CQ-T0-CQ dependencies corresponds to the class of GLAV mappings
in the data integration context (Lenzerini, 2002), and, as such, the techniques developed
to solved the query rewriting problem for GLAV mappings can be reused in our context.
It is important to notice that most of the query rewriting techniques have been developed
for two sub-classes of GLAV mappings, namely GAV mappings, which essentially cor-
responds to the class of mappings specified by full CQ-T0O-CQ dependencies (Lenzerini,
2002), and LAV mappings, which are mappings specified by CQ-T0-CQ dependencies of
the form R(xy,...,zx) — ¥(z1,...,x;), where R is a source predicate (Lenzerini, 2002).
However, it is possible to reuse a large part of the work in this area as a GLAV mapping

can be represented as the composition of a GAV and a LAV mapping.
Example A.1.1. Assume that M is specified by dependency:
R(x)ANS(x) — JyT(z,y).

Then M is equivalent to the composition of a GAV mapping specified by dependency
R(z) A S(xz) — U(x) and a LAV mapping specified by dependency U(x) — JyT(x,y),

where U is an auxiliary relation. U

More formally, let M be a mapping specified by a set of CQ-T0O-CQ dependencies
and () a conjunctive query over the target of M. Then one can obtain a rewriting of () over
the source as follows. First, one constructs, as in the above example, a GAV mapping M

and a LAV mapping M, such that M = M o M5. Second, one obtains a rewriting )" of
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@ over the source of M5 by adopting one of the algorithms proposed in the literature for
query rewriting for LAV mappings (Levy, Rajaraman, & Ordille, 1996; Duschka & Gene-
sereth, 1997; Pottinger & Halevy, 2001). Finally, one obtains a rewriting ()" of )’ over the
source of My, which is the desired rewriting of (), by simply unfolding ()’ according to

the dependencies of mapping M (Lenzerini, 2002).

It should be noticed that the time complexity of the rewriting procedure described
above is exponential in the size of the mapping and the query, and that this procedure can
also be used for the case of mappings specified by FO-TO-CQ dependencies. If M is
specified by a set of FO-TO-CQ dependencies, then by using the same idea as in Example
A.1.1, it is possible to show that M is equivalent to the composition of a mapping M
specified by a set of full FO-TO-CQ dependencies and a LAV mapping M. Thus, given
that the query unfolding process can be carried out over a set of full FO-T0O-CQ depen-
dencies in the same way as for GAV mappings, the process described above can be used to

compute in exponential time the rewriting of a target conjunctive query over the source of

M.

For the sake of completeness, in this paper we propose a novel exponential-time al-
gorithm that given a mapping M specified by a set of FO-TO-CQ st-dependencies and a
conjunctive query () over the target schema, produces a rewriting of () over the source of
M. This algorithm does not follow the approach described above, as it directly uses the
dependencies specifying M to construct a query rewriting (it does not decompose M into
the composition of two mappings). In particular, the time complexity of the algorithm is
exponential, so it could be used as an alternative query rewriting algorithm. Another rea-
son to include a complete algorithm is that, in several results in this dissertation we need
to reason about the language used as the output of the query rewriting algorithm depending
on the language used to specify the input mappings. For example, when the input mapping
M is specified by FO-TO-CQ dependencies, our algorithm generates an FO query. More-
over, the output of our algorithm in this case is a query constructed as a combinations (by
using disjunctions, conjunctions, existential quantification, and equalities) of the premises

of the dependencies that defines M. On the other hand, if the input mapping is specified
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by st-tgds, then our algorithm generates a query in UCQ™ (see Lemma 3.3.3), and if the
input is specified by CQ”-T0-CQ dependencies, then our algorithm produces a query in
UCQ™7 (see Lemma 6.2.5).

A.1.1. Proof of Lemma 3.3.1

To prove the lemma, we provide an algorithm that given an st-mapping M = (S, T, X))
such that X is a set of FO-T0O-CQ dependencies, and a conjunctive query () over schema

T, computes a query ' that is a rewriting of () over the source schema S.

We first introduce the terminology used in the algorithm. The basic notion used in the
algorithm is that of existential replacement. In an existential replacement of a formula [,
we are allowed to existentially quantify some of the positions of the free variables of [.
For example, if 5(z1, 22, x3) = P(x1, 22) A R(22, x3), then two existential replacements of
B(x1, xa, x3) are 1 (x2) = Fudv (P(u, x2) A R(x,v)) and o (x1, 29, x3) = 2 (P(21,2) A
R(z9,x3)). We note that both v, and ~y, are implied by (3. In an existential replacement, we
are also allowed to use the same quantifier for different positions. For example, v3(x2) =
Jw (P(w, z2) AR(z2,w)) is also an existential replacement of 5. We note that 3 is implied
by [ if x; and x3 have the same value, that is, 3(x1, 22, x3) A 7 = x3 implies v3. In
an existential replacement, these equalities are also included. Formally, given a formula
B(z) where T = (xy,...,xy) is a tuple of distinct variables, an existential replacement
of 3(z) is a pair of formulas (3z (7', 2),0(z")), where: (1) 3z~(7', z) is obtained from
[(z) by existentially quantifying some of the positions of the free variables of 3(z), and
Z is the tuple of fresh variables used in these quantifications, (2) #(z”) is a conjunction of
equalities such that z; = z;isin 0 (1 < ¢,7 < k and ¢ # j) if we replace a position
with variable z; and a position with variable x; by the same variable z from Zz, and (3)
7’ and 7" are the tuples of free variables of 3z ~(%’, Z) and 6(z”), respectively. Notice
that 3z (7', 2) is a logical consequence of 3(z) A 0(z"). For example, the following are

existential replacements of the formula 3(z1, x2, x3) = Jy; (R(z1, 22, 11) AT (y1, T3, 22)):

(Fyr (R(z1, 22,51) AT (y1, 23, 33)), true),
(32132233/1 (R(217 T, 3/1) A T(Z/h €3, 22))7 UL@),
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(3213223% (R(z1, 21,51) AT (1, 22, 22)), 1 = X N g = xz).

In the first existential replacement above, we have replaced no position, thus obtaining
the initial formula 3(x1, 25, x3) and sentence true (this is a valid existential replacement).
In the second existential replacement, although we have replaced some positions of free
variables by existentially quantified variables z; and z5, we include sentence true since no

positions with distinct variables are replaced by the same variable from (zy, 25).

In the algorithm, we use the following terminology for tuples of variables: z C ¥ indi-
cates that every variable in Z is also mentioned in g, (Z,y) is a tuple of variables obtained
by placing the variables of x followed by the variables of ¢, f : T — ¥ is a substitu-
tion that replaces every variable of z by a variable of ¢ (f is not necessarily a one-to-one
function), f (%) is a tuple of variables obtained by replacing every variable x in Z by f(z),
and if T = (z1,...,2¢) and ¥ = (y1,...,yx), we use formula z = g as a shorthand for

1=yt N+ ANTp = Y.

Algorithm QUERYREWRITING(M, Q)

Input: An st-mapping M = (S, T, ¥) where ¥ is a set of FO-TO-CQ dependencies, and
a conjunctive query () over T.

Output: An FO query ()’ that is a rewriting of ) over the source schema S.

(1) Assume that () is given by the formula 3y (z, 7).

(2) Create a set Cy, of FO queries as follows. Start with Cy, = () and let m be
the number of atoms in ¢ (Z,y). Then for every p € {1,...,m} and tuple
(o1, k1), ..., (0p, kp)) € (X x {1,...,m})? such that ky + --- + k, = m,
do the following.

(a) Let (&1, ...,&,) be a tuple obtained from (o7, ..., 0,) by renaming the vari-
ables of the formulas o4, ..., 0, in such a way that the sets of variables of
the formulas &1, . . ., §, are pairwise disjoint.

(b) Assume that &; is equal to o;(u;) — 3v; ¥;(u;, v;), where u; and v; are tuples

of distinct variables.
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(c) For every tuple (x1 (w1, 21), - - ., Xp(Wp, Z,)), Where x;(w;, Z;) is a conjunc-
tion of k; (not necessarily distinct) atoms from ;(u;, v;), w; < u;, Z; C U5,
and such that w; and Zz; are tuples of distinct variables, do the following.

(i) Let 3z x(w, Z) be the formula 32, - - - 32, (x1 (w1, Z1)A- - -AXp(Wp, Zp))
with w = (wy,...,w,) and Z = (Z1, ..., Zp).

(ii) Then for every existential replacement (353z~(w’, z, §), 6(w")) of
3z x(w, z) (up to renaming of variables in §), and for every pair of
variable substitutions f : z — Z and ¢g : W’ — Z, check whether there
exists a variable substitution h : § — (Z,5) such that ¢(f(z), k(7))
and v(g(w'), z, §) are syntactically equal (up to reordering of atoms).

If this is the case, then add to Cy, the following formula:

3y - - - Fu, (/\ oi(u) NO(W"YANT = f(Z)Nw' = g(w’)). (A.2)

i=1

(3) If Cy is nonempty, then let a(Z) be the FO formula constructed as the disjunc-
tion of all the formulas in C,,. Otherwise, let o(Z) be false, that is, an arbitrary
unsatisfiable formula (with 7 as its tuple of free variables).

(4) Return the query )’ given by a(Z).

O

Notice that in the algorithm, tuple Z is the set of free variables of formula (A.2) since

both @’ and w” are subsets of (uy,...,1u,). Also notice that since ¢ (f(Z),h(y)) and

v(g(w"), z, 5) are identical (up to reordering of atoms), f is a function from z to z, g is

a function from @’ to Z, and h is a function from ¥ to (Z, 5), we have that every variable z

in 7 is equal to some variable w in (1, . .., @,) since T = f(Z)Aw’ = g(w’) is a subformula

of (A.2). This implies that formula (A.2) is domain independent since each formula ¢, ()

is assumed to be domain independent. Thus, we also have that a(Z) and @)’ are domain

independent.
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Example A.1.2. Assume that X is given by dependency o:
o(r1,22) —  R(w1,21,29), (A.3)

where (1, x2) is an FO formula over the source schema, and that Q)(z1, 2, 23) is the con-
junctive query Jy; ¥ (1, xa, T3, Y1), Where 1(x1, o, x3,y1) = R(21, 2, y1) AR (y1, T3, 3).
Given that 1) (z1, x9, 3, y1 ) has two atoms, the algorithm considers the tuples (o1, 2) from
(X x {1,2})! and ((0y,1), (09,1)) from (3 x {1,2})?, where oy = 0y = 0, to construct
a source rewriting of query Q(x1,xs,x3). We show here how tuple ((01,1), (02,1)) is

processed.

First, the algorithm generates a tuple (&1, £>) from (o7, 09) by renaming the variables of
o1 and o5 (in such a way that the sets of variables of &; and &, are disjoint). Assume that &;
is equal to @ (u1,ug) — R(u1,u1,us) and & equal to (ug, uy) — R(ug, ug, uys). The algo-
rithm continues by considering all the tuples (x1(u1, uz), x2(us, uy)) such that xq(uq, us)
and x»(us, uy) are nonempty conjunctions of atoms from the consequents of &; and &, re-
spectively. In this case, the algorithm only needs to consider tuple (R(uy, w1, us), R(us, ug, uy)).
The algorithm uses this tuple to construct formula y(u1, ug, us, uy) = R(uq,uy,us) A
R(us,u3,uy), and then looks for all the existential replacements of x(u1, ug, us, uy) that
can be made identical to Jy; 1(x1, o, z3, y1) by substituting some variables. For instance,
(Is1 (R(uq,u1,s1) A R(s1,us,uy)), us = ug) is one of these existential replacements:
R(g(ur), g(wr), s1)AR(s1, g(uss), g(uus)) s syntactically equal to 9 (1), £ (), F(zs), b)),
where f(x1) = f(x2) = 21, f(x3) = 23, g(u1) = 21, g(us) = g(us) = x3 and h(y1) = s1.
The algorithm uses functions f, g and condition u, = us from the existential replacement

to generate the following formula 3(x1, z9, 3) (omitting trivial equalities like x1 = x1):

Fuy FugFuzFuy (@(ug, uz) A @(us, uyg) A

Ug = U3 AN Ty = X1 AUy = T1 ANug = T3 A\ Uy = T3).
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Formula (x4, z2,73) is added to Cy. It is important to notice that ((z1, z2,x3) rep-
resents a way to deduce Jy; ¥ (xy, xo, x3,91) from @(x1,xs), that is, [f(xy, z0,x3) —

Jyy (21, 9, 73, y1) is a logical consequence of formula (A.3).

In the last step of the algorithm, an FO formula a(z1, o, z3) is generated by taking
the disjunction of all the formulas in C,,. In particular, formula (3(x;, z2, z3) above is one
of these disjuncts. The algorithm returns «(xy, 22, x3), which is a rewriting over the source

of conjunctive query Q(z1, za, x3). O

Let M = (S, T, X) be an st-mapping with ¥ a set of FO-T0-CQ dependencies, ) a
conjunctive query over T, and Q' the output of QUERYREWRITING(M, Q). It is straight-
forward to prove that the algorithm runs in exponential time in the size of M and (), and
that the size of )’ is exponential in the size of M and ). We now prove the correctness of

the rewriting algorithm. We need to show that for every instance I of S, it holds that:

Q'(I) = certainpy (Q, I).

In this proof, we assume that () is given by the formula 3y (%, 3), and that ()’ is given by

the formula () (that could be false).

We first show that Q)'(1) C certainpy(Q, I). The proof relies in the following claim.
CLAIM A.1.3. The formula Vz(a(z) — Iy (z,y)) is a logical consequence of X..

PROOF. If a(Z) is false, the property trivially holds. Now, assume that «(z) is the
disjunction of the formulas in the set C,, constructed after step 2 of the algorithm. We show
that for every 3(z) € Cy, it holds that VZ(3(Z) — 3y (Z, 7)) is a logical consequence of
¥, which implies that Vz(a(z) — Jyi(z,y)) is a logical consequence of >. Assume that
B(z) is equal to:

p
3y - - - Ja, (/\ ei() NO(@W") ANz = f(Z) AN = g(u/)),
i=1
where for every i € {1,...,p}, it holds that ¢;(u;) — 3v; ¢;(u;, v;) is a dependency in

Y. In step 2(c)i of the algorithm, formula 3Zy(w, Z) is defined as 3z; - - - 3Z,(x1 (w1, 21) A
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-+ A Xp(Wp, Zp)), where x; (w0, Z;) is a conjunction of atoms from v; (@;, v;), with w; C w;

and z; C v;. Thus, we have that sentence P:
vz (6(z) — Jw (Fzx(w,2) AO(@") AT = f(z) A’ = g(0')))

is a logical consequence of X.. Given that (353z (@', z, 5), 0(w")) is an existential replace-
ment of 32 x(w, Z), we know that 32z x(w, 2) A O(w") implies 353z v(w', Z, §). Thus, we

have that ® implies:

Vz(B(z) — Fo' (Is3zy(w', 2, 5) AN T

I
=
=
>
&L
I
=
5
=
SN~—

Now, we can safely replace w’ by g(w’), and drop the conjunction w’ = g(w’) and the

existential quantification over w’. Then we obtain that sentence:
VI (6(z) — 3532 7(9(0'), 2,5) A T = f(T))

is a logical consequence of ®. Thus, given that v(g(w'), z, 5) is syntactically equal to
W(f(z), h(y)), we know that Vz(5(z) — Is3z¢(f(z), h(y)) AT = f(Z)) is also a con-
sequence of ®. In this last formula, we can replace f(Z) by & and drop the conjunction
T = f(z), obtaining VZ(3(z) — J53z¢(x, h(y))). Since h is a function from 3 to (Z, 3),
we have that 3235 (z, h(y)) logically implies formula 37 ¢ (Z, 7) (because the variables
in y are all distinct). We have shown that VZ(3(z) — Jy(Z,y)) is a logical consequence
of ® and, therefore, it is a logical consequence of >.. This concludes the proof of the

claim. O

We prove now that (1) C certaina (@, I) for every instance I € Inst(S), by using
the above claim. Let / be an arbitrary instance, and assume that @ is a tuple of constant
values such that a € @Q'(/). We need to show that for every J € Sola(!) it holds that
a € Q(J). Since a € Q'(I) we know that I = «(a). Now let J € Soly(I). From the
Claim A.1.3 we know that Vz(«a(Z) — Jyi(Z,y)) is a logical consequence of . Then
since (I, J) = X and I = a(a), it holds that J = Jyi(a, y), which implies that a € Q(J).
Thus we have that for every J € Soly(/) it holds that a € Q(.J). This was to be shown.
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We now prove that certainn(Q, ) C @'(I) for every instance I. First recall that
given an instance / of S, the instance chasex (/) of T is constructed with the following
procedure (see Section 2.4). For every dependency o € X of the form ¢(z) — Jyv(z,y),
with T = (z1,...,2m), ¥ = (y1, ..., ye) tuples of distinct variables, and for every m-tuple
a of elements from dom(7) such that I |= ¢(a), do the following. Choose an (-tuple 7
of distinct fresh values from N, and include all the conjuncts of v(a,n) in chasex (7). We
say that the conjuncts of ¢)(ay, ..., am,n1,...,ny) included in chasex (1) are generated (or

Jjustified) by o.

We also make use of the notion of N-connected instances introduced in the Section 3.4
when proving Lemma 3.4.2 and Theorem 3.4.3. Recall that an instance I of S is N-
connected if the following holds. Let G; = (V}, E;) be a graph such that V; is composed
by all the tuples t € R! for R € S, and there is an edge in E; between tuples t; and t, if
there exists a value n € N that is mentioned both in ¢; and ¢,. Then [ is N-connected if the
graph (7} is connected. An instance [; is an N-connected sub-instance of I, if I; is a sub-
instance of [ and /; is N-connected. Finally, /; is an N-connected component of I, if Iy
is an N-connected sub-instance of  and there is no N-connected sub-instance I, of I such
that /; is a proper sub-instance of /5. We extend these definitions for formulas that are con-
junctions of atoms. Let ¢(Z) be a conjunction of atoms, and a a tuple of values in C U N.
We say that ¢(a) is N-connected, if the instance that contains exactly the atoms of ¢(a) is
N-connected. The definition of N-connected components of a conjunction of atoms )(a),
is defined as for the case of instances. Notice that if / is such that dom(/) C C, then every
atom in an N-connected sub-instance of chaseyx (/) is generated by a single dependency in

2.

We are ready now to prove that certainy(Q,I) C @Q'(I) for every instance / in S.
Let I be an arbitrary instance of S. We use the following property of chasex (/) (see Sec-
tion 2.4). Since () is a conjunctive query, we know that certain (@, I) = Q(chasex(])),,
where ()(chasex(1)), denotes the set of tuples in @)(chasex(/)) composed only by con-
stant values. Thus, in order to prove that certainy (@, ) C @'(I), it is enough to prove

that ()(chasex,(1));, C @'(I). Next we show this last property.
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Recall that () is defined by formula 371 (Z, §) and @)’ by a(Z). Assume that T is the
tuple of distinct variables (x4, ..., x,) andleta = (aq, ..., a,) be a tuple of constant values
such that @ € ()(chasex(/));. Then we know that chasex,(I) = Jyy(a,y). We need to
show that a € @'([), that is, we need to show that / = «(a). In order to prove this last

fact, we show that after step 2 of the algorithm, there exists a formula 3(z) € C, such that
I'=p(a).

Assume that in formula ¢(Z, ), ¥ is the tuple of distinct variables (y1, ..., y,). Since
chasex(I) = 3yi(a,y), we know that there exists a tuple b = (by,...,b,) composed
by constant and null values,such that chases (1) = (a,b). Let p(ar,b1),. .., pp(ay,b,)
be the N-connected components of (@, b), and assume that p;(a;, b;) is a conjunction of
k; (not necessarily distinct) atoms. Notice that if ¢(Z,y) has m atoms, then ky + -+ +
k, = m. Without loss of generality, we can assume that 1)(a,b) = pi(a,b;) A ... A
pp(@y, b,) (otherwise we can always reorder the atoms in (@, b)). Since chasex(I) =
¥(a,b), we know that for every i € {1,...,p}, the conjuncts of p;(a,, b;) are included in
the same N-connected sub-instance of chasex (/). Furthermore, as we have noted before,
for every set of facts J that forms an N-connected sub-instance of chasex(/), there exists
a sentence in X that justifies J. Then there exist p (not necessarily distinct) sentences
(01,...,0,) € XP, such that the atoms in p;(a;, b;) are generated by o;. Let (&1,...,&,)
be a tuple of dependencies obtained by renaming the variables of (oy,...,0,) in such a
way that the set of variables of the formulas &;,. .., ¢, are pairwise disjoint. Assume that
every & is of the form ;(;) — Jv;1;(1;, ;). Since o; generates all the atoms in p;(a;, b; ),
we know that for every ¢ € {1,...,p}, there exists a formula y;(w;, Z;), and tuples ¢;
and n; of values in C and N, respectively, such that x;(w;, Z;) is a conjunction of k; (not
necessarily distinct) atoms from ;(@;, ;) with w; C @; and z; C ©;, and such that y;(¢;, ;)
is syntactically equal to p;(@;, b;), up to reordering of atoms. Without loss of generality we

can assume that x;(¢;, n;) = p;(a;, b;). Let x(w, 2) = x1(w1, 21) A -+ A xp(W0p, Z,), With

w = (wy,...,w0,) = (w1,...,wg) and Z = (Z1,...,%,) = (z1,...,2) tuples of distinct
variables. Then we have that x(¢, ) = v(a, b), where ¢ = (¢4, ..., ¢,) is a tuple of values
in C, and n = (ny,...,7,) is a tuple of values in N. Given that the conjuncts of p;(a;, b;)
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are facts in chasex (), and each p;(a;, b;) = x;(¢;,n;) is an N-connected component of
(@, b), we have that 7 is a tuple of distinct values in N (since tuples 72; and 72; do not share
any values, for every i # j). Through the rest of the proof, we assume that ¢ = (cy, ..., ¢g)
and n = (ny,...,ne), thatis, for every i € {1,...,d}, ¢; is the value assigned to variable

w;, and for every i € {1,..., e}, n; is the value assigned to z;.

Focus now in the positions of 1(Z,y). For every i € {1,...,r}, we call x;-position
to a position in v (z, y) where variable x; occurs. Similarly, for every i € {1,...,/(}, a
y;-position is a position in ¢)(Z,§) where variable y; occurs. Since 1(a, b) and x(¢, n) are
syntactically equal, there is a one-to-one correspondence between the positions in ¢ (z, i)
and the positions in x(w, z). Then we can talk about x;- or y;-positions in general when
referring to positions in ¢)(Z, y) or in x(w, Z). We use this correspondence of positions and
the fact that ¢)(a, b) = x(¢, 72), to create an existential replacement, and functions f, g, and

h, as in step 2(c)ii of the algorithm.

We know that @ is a tuple of constant values. Then from (a, b) = x(¢,7), we obtain
that every element of 7 is equal to an element of b. Furthermore, this last fact implies that
every variable of Z occurs in a y;-position of y(w, Z), otherwise, it could not be the case
that ¥)(a, b) = (¢, 7). Consider now the variables y; such that a variable of w occurs in a
y;-position of y(w, z). Construct an existential replacement of 3zx (w, z) where, for every
such variable y;, all the y;-positions are replaced by an existentially quantified variable
s;. Let (353zv(w', 2, §), 6(w”)) be such a replacement of 3Zy(w, z). Notice that in the
formula (', z, §), every variable of @’ occurs in an z;-position. We define now function
h as follows. Let h : § — (Z,5) be a function such that, h(y;) = z; if z; occurs in a
y;-position, and h(y;) = s; otherwise. Notice that h is well defined since if variable z;
occurs in a y;-position, then z; occurs in every y;-position (given that 7 is a tuple of distinct
values of N, ¢ is a tuple of values of C, and x(¢,n) = (a, b)). We define now functions
f:r — Zand g : w' — Z. For that purpose, we construct first a partition of the set of
variables of (Z,w’), and then, we let f and g assign to every variable a representative of
its equivalent class. Consider then, for every value a in a, the set V, of all the variables

x; of T such that x; is assigned value a (that is, a; = a), plus all the variables w; of w’
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such that w; is assigned value a (that is, ¢; = a). Note that, since x(¢,n) = (a, b) and
every variable of w’ occurs in an z;-position, sets V,, do form a partition of (z, w’). Choose
as a representative of every equivalent class, the variable x; with minimum index in the
equivalent class. Then let f and g be such that, f(x;) = z; if x; is the representative of V,,
and similarly g(w;) = x; if x; is the representative of V,,. By the definition of the existential
replacement, and the definitions of functions f, g, and h, and since ¢ (a, l_)) = x(¢,n), we
have that ¢(f(Z),h(y)) and v(g(w'), Z, §) are syntactically equal (they coincide in every

x;- and y;-position). Then we know that the formula:

6(z) = Juy---Ja, (/\ ei(u) NO(@W"YNT = f(Z) N0 = g(w’))

=1
is added to C,, after step 2 of the algorithm. We claim that I |= ((a).

Next we show that I = 1(c7) A -+ Agy(cy) ANO(E") ANa = f(a) N = g(¢), where
cr is a tuple of elements in C that contains ¢;, ¢ is the tuple obtained by restricting ¢ to the

variables of w’, and &’

is the tuple obtained by restricting ¢ to the variables of w”. Notice
that an equality w; = wy, appears in the formula §(w") if j # k and both w; and wy, occur
in a y;-position. Then since (@, b) = x(&, ), we know that b; (the value assigned to 7;) is
equal to both ¢; and ¢, and, thus, ¢; = ¢;, holds. We conclude that #(¢”) holds. Consider
now equality @ = f(a). We know by the definition of f that f(x;) = x;, if x; is the
representative of V,,. Thus, we have that a; = a;, which implies that @ = f(a) holds. Next
consider equality ¢ = g(¢’). We know by the definition of g that g(w;) = xz;, if x; is the
representative of V,. Thus, we have that ¢; = a;, which implies that ¢ = g¢(¢’) holds.
Finally, given that for every i € {1,...,p}, formula ¥;(a;, b;) = (¢, 7;) is justified by
dependency ;(u;) — Jv;4;(v;, w;), there exists a tuple ¢; that contains the elements in ¢;

and such that I = ¢;(¢;). We have shown that I = ¢1(cT) A~ A p,(c) ANO(E") Na =
fla) A& = g(d), and, hence, I |= ((a).

We have shown that if chasex (/) = 3y (a,y) for a tuple a of constants, then there
exists a formula 3(z) € Cy, such that / |= ((a). Thus, since «(Z) is the disjunctions
of the formulas in Cy, we have that [ = «(a). Recall that 3y (z,y) defined query
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@ and «(x) defines query ()’. Therefore, if a tuple a of constants is such that a €
()(chasex,(I)) then we have that a € ()'(I), which implies that ()(chasex, (1)), € Q'(I)
and then certainy(Q,I) C @'(I) which is the property that we wanted to obtain. This

completes the proof of correctness of the algorithm.

A.1.2. Proof of Lemma 3.3.9

The following algorithm computes a rewriting of a conjunctive query given by a single

atom without existential quantifiers.

Algorithm QUERYREWRITINGATOM(M, Q)

Input: An st-mapping M = (S, T, ¥) where ¥ is a set of FO-TO-CQ dependencies, and
a conjunctive query () given by a single atom over T without existential quantifiers.

Output: An FO query ()’ that is a rewriting of ) over the source schema S.

(1) Construct a set Y’ of dependencies as follows. Start with ¥’ = (). For every
dependency o € X of the form ¢(u) — Jv(u, v) do the following.
(a) For every atom P (') that is a conjunct in ¢(u, v) such that «’ C u, add
dependency ¢'(u') — P(u') to X', where ¢'(u') = Ju"¢(u) with u” the
tuple of variables in @ that are not mentioned in u'.
(2) Rename the variables of the dependencies in > in such a way that the obtained
dependencies have pairwise disjoint sets of variables.
(3) Assume that () is given by the atom R(Z), where Z is a tuple of not necessarily
distinct variables that are not mentioned in the dependencies of >J'.
(4) Create a set Cg of FO queries as follows. Start with Cr = (). Then for every
dependency ¢(z) — R(Z) in ¥', add formula 3z(¢(z) A Z = ) to Cg.
(5) If C is nonempty, then let a(Z) be the FO formula constructed as the disjunction
of all the formulas in Cg. Otherwise, let (%) be false, that is, an arbitrary
unsatisfiable formula (with Z as its tuple of free variables).

(6) Return the query )’ given by a(Z). O
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It is straightforward to see that the algorithm runs in time O(]|X||?) in the general case,
and in time O(||X]]) if X is a set of full FO-TO-CQ dependencies, each dependency with
a single atom in its conclusion. Just notice that in the latter case, the set ¥’ constructed
in the step 1 of the algorithm is of size linear in the size of ¥. The proof of correctness
follows directly from the correctness of algorithm QUERYREWRITING of Lemma 3.3.1.
Just observe that if the input of the algorithm QUERYREWRITING is a query () given by
the single atom R(Z) with no existentially quantified variables, then in the step 2 of the
algorithm the parameter m is equal to 1. Also notice that an atom with existentially quan-
tified variables cannot be transformed into R(Z) by applying existential replacements and

variable substitutions.

A.2. Strong Determination and Target Rewritability in Schema Mappings

The goal of this section is to prove Lemmas 6.2.3 and 6.2.4. These proofs are included
in Sections A.2.1 and Section A.2.2, respectively. But for presenting these proofs, we first
need to recall the notion of strong determination and apply it to the classical setting of

query rewriting using views (Levy et al., 1995; Segoufin & Vianu, 2005).

We introduce first the needed terminology regarding views and rewriting of queries
using views. A set of views V over a schema S is a non-empty set of queries over S.
We assume that every n-ary query () in a set of views has an associated name R, that
is an n-ary relational symbol. If V is the set of views {Q1,Qs,...,Q,} we say that
{Ro,, Rq,, - -, Ro, } is the schema of V.

Given a set of views V) over schema S, an instance / of S and a query () over schema
), the evaluation of () over / can be computed following two strategies. The first one is
to unfold in () the definition of each view and then evaluate the resulting query over I.
We denote by Q"™ the query obtained after unfolding each view definition in (). Thus,
the first strategy is to compute Q" (I). The second strategy is to materialize the evalua-
tion of each view to construct a new instance over schema )V and then simply evaluate ()

directly over this materialization. We denote by chasey (/) the new materialized instance
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over schema ) obtained from /. We use this notation since the new instance can be ob-
tained by using the standard chase procedure: for every query () in V we compute (/)
and include all the obtained tuples in (RQ)ChaseV(I ). Thus, the second strategy amounts to
compute ()(chasey,(I)). Notice that for every query ) over V and every instance / of S it

holds that Q" (1) = Q(chasey(I)).

We recall now the notion of strong determination'. Given two instances I, and I, over
SandasetV = {Q1,...,Q,} of views (queries) over S, we use V(I;) C V(I3) to denote
that Q;(1,) € Q;(Iy) for every i € {1,...,n}. Notice that V(I;) C V(I,) if and only
if chasey (/1) C chasey (). We say that query Q over S is rewritable using V if there
exists a query )y over schema V such that the evaluation of (), over I is the same as the
evaluation of () over [ for every instance / of S. That is, for every instance [ of S it holds
that Qy(chasey (1)) = Q(I), or equivalently that (Qy)" (1) = Q(I). Finally, we say that
V strongly determines (), and write V = (), when for every pair of instances I and I, of

Sif V(1) € V(I») then Q(I1) € Q(I2).

Segoufin and Vianu (2005) introduced the notion of determinacy of queries given a set
of views which is tightly related to our notion of strong determination. A set of views V
over S determines a query () if for every pair of S instances [y, [5, it holds that V(I;) =
V(1) implies Q(I;) = Q(I3). It is clear form the definition of strong determination that
if V strongly determines (), then V determines () according to the definition introduced by
Segoufin and Vianu (2005). Moreover, Segoufin and Vianu (2005) studied the relationship
between the notion of determinacy and rewriting of queries using views. In particular, they
show that there may exist sets of monotone views ) that determines a monotone query ()
that cannot be rewritten as a monotone query over V. In contrast we show in this section
that for the case of strong determination this characterization is possible. That is, a set of
views V strongly determines a query () if and only if ) can be rewritten as a monotone

query over V (see Lemma A.2.3).

"We use a slightly different notation compared with the definition of strong determination in Section 6.2.1
since in this section we call views to the set of queries over the schema S that participates in the definition of
strong determintation.
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Before stating our main result regarding strong determination and rewriting we need

to introduce a technical lemma about a normal form for general queries.

LEMMA A.2.1. Every n-ary consistent query () with n > 1 over a source schema S
can be defined as a nonempty (and possibly infinitary) disjunction of FO formulas of the

form

v(Z) = Jy <a(a‘:’, §) AN g Ax (T, 9) NO(T',T") AVu w(f,@)(u)) (A.4)
where:

e T is an n-ary tuple of variables, ' and " are tuples of variables in T with no
variables in common, and T = (Z',z"),

e (7', ) is a nonempty conjunction of relational atoms over S that mentions ex-
actly variables (7', y),

® J(z ) is a conjunction of inequalities of the form u # v for every pair of distinct
variables v and v in (T', ),

e (7', 9) is a (possibly empty) conjunction of negations of relational atoms of the
form —R(u) for every m-ary relational symbol R € S and m-ary tuple u of
variables in (', y) such that R(u) is not a conjunct in o(Z', ).

e 0(z',7") is a conjunction of equalities of the form u = v with u a variable in 7'
and v a variable in " and such that all the variables in T are mentioned in at
least one equality,

o we g (u) is a disjunction of equalities of the form u = v for every variable v in

(7', 9).

PROOF. Let () be a n-ary query over S. Consider the set of all the pairs (7, (a1, ..., a,))
where [ € Inst(S), (a1,...,a,) € adom(I)" and (a4, ...,a,) € Q(I). It is clear that

() can be defined as a (possibly infinitary) disjunction of formulas 7(; (a.....a,.)) (T1,...,xy)
that define the instance I up to isomorphism replacing elements in (ay, . . ., a,, ) by free vari-
ables (1, ..., x,) and the remaining elements by existentially quantified variables (plus the
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necessary equalities x; = x; whenever a; = a;). Every formula 7(1,(a1,...,an))($17 Cey )

can be written in the form (A.4). L]

The next lemma deals with the case when () is a Boolean query. We need to consider
separately the case in which () is satisfied by the empty instance. The empty instance [y
over S is an instance such that for every relational symbol R in S it holds R = (). We
denote by (5 a formula over S such that I |= ¢ if and only if I = Ij. Formula ¢©§ can
be defined as follows. Let m be the maximum of the arities of the relational symbols in S
and consider the tuple of variables & = (21,...,2,). Then ¢j = VZa(z) where «(Z) is
a conjunction of negation of relational atoms of the form = R(z1, ..., xy) for every k-ary

relational symbol R in S.

LEMMA A.2.2. Let () be a Boolean query that is neither a tautology nor inconsistent.
Then Q) is a disjunction of Boolean FO formulas where every disjunct is either of the

form (A.4), with ¥, T and T empty tuples, or is the formula gpg.

PROOF. We consider a construction similar to the one in the proof of Lemma A.2.1.
Consider first the set of all the nonempty instances I such that (/) = true and then con-
struct the disjunction of the formulas ; that define every [ up to isomorphism. Moreover,

if Q(Ip) = true then also include formula ¢ as a disjunct. O

We can now state the relationship between strong determination and rewriting of queries
using views. In the lemma we do not make any assumption about the language used to

specify views or queries over a schema S.

LEMMA A.2.3. Let V be a set of views over schema S, and () a query over schema S.

ThenV = Q if and only if () can be rewritten as a monotone query over ).

PROOF. In the proof we use the following notation. Given a conjunction of relational
atoms () over a schema S, we denote by I,z the instance of S constructed as follows:
for every relational symbol R € S and relational atom R(u) occurring in «(Z), we include

tuple @ in Rle@,
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Assume first that () can be rewritten as a monotone query )y over V. We show now
that V = (). Let [; and /5 be two instances over S and assume that V(1) C V(I). Then by
the monotonicity of Qy, we obtain that (Qy)"™ (1) C (Qy)" (/) and then Q(I;) C Q(I3).
We have shown that if V(I;) C V(I5) then Q(I;) € Q(Iy) for every pair of instances I,
and I, which implies that V = Q.

Assume now that V = (). We need to show that () can be rewritten as a monotone
query )y over schema ). First notice that if () is an inconsistent query over S, then it
is equivalent to any inconsistent query over V. Similarly, if () is a tautology then any
tautology over V is equivalent to (). Thus, we only have to consider the case when () is a
query that is neither inconsistent nor a tautology. Then assume that () is n-ary (with n > 0)
and let & be an n-tuple of distinct variables. By Lemmas A.2.1 and A.2.2 we know that ()
is defined by an FO formula () that is a nonempty (and possibly infinitary) disjunction

of formulas of the form (A.4) plus possibly a formula @3 if () is a Boolean query.

Before describing how to construct a rewriting of () we need some technical claims.
First, assume that () is not Boolean, thus tuple Z in ¢(Z) is not empty and every disjunct
in ¢(z) is of the form (A.4). Let v(z) = Iy(a(T,7) A 0@ g A x(@,7) A O(T,Z") A
Vu w 5)(u)) be one of the disjunct in ¢(Z) in the form (A.4). Consider the instance
Loz 5, we claim that every element in Z’ appears in chasev(fa(j/,g)). To derive a contra-
diction, assume not. Then some element = of Z’ does not appear in chasey (/o3 7). Let
Z* be the tuple obtained from Z’ replacing the element x by a fresh element z*. Notice
that a function that maps = to z* and is the identity otherwise, is an isomorphism be-
tween I,z 5 and I,(z+ z). Thus, since x does not appear in chasey(]a(j/@) we obtain that
chasey(Iyz ) = chasey(lyz+ 5 ) and then V(Iyz 5)) = V(la@+z))- Since V = @ we
obtain that Q(/,(z 7)) = Q(la(z+,5)). Consider now the tuple % = (7', v) where © is a tuple
of elements from 7’ that satisfy the equalities in 6(z’,v). By the form of construction of
Iz 5y and @, we know that I, 5 |= (@) and since y(Z) is a disjunct in the formula
defining (), we have that u € Q(/, a(:?rhz?))- Notice that © contains the element x, thus, since
x does not appear in I,(z+ 5 we have that u ¢ Q(Ia(,—ﬁ’g)). This is a contradiction with

the fact that Q(/nz 7)) = @Q(laz+g ). We have shown that chasey (I, 7)) contains all
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the elements in z’. Thus, we can assume that chasey (/7 7)) is an instance of the form
I3z 1) where 3(Z',y') is a nonempty conjunction of relational atoms of schema )V and ¥/

is a (possible empty) tuple of variables from j.

Assume now that () is Boolean. Then we know that the every disjunct in ¢ is either
of the form (A.4) (with z the empty tuple) or is the formula @%. Let v be a disjunct in
¢ and assume first that v = 3g(a(7) A 65 A x(§) A Vu wy(u)) is in the form (A.4). We
claim that chasey (/) ) is not empty. To derive a contradiction, assume that chasey (1))
is the empty instance. Then we have that the evaluation of every view in V over I,y 18
false which implies that V(1) € V([) for every instance I of S. Thus, since V = @
we have that Q (/.5 ) € Q([) for every I. Notice that Q)(1,y)) = true, thus, Q(/) = true
for every instance of [ of S. This is a contradiction since we are assuming that () is
not a tautology. We have shown that chasey (/) ) is not empty. Thus, we can assume
that chasey (/,(7)) is an instance of the form /g(; where 3(7') is a nonempty conjunction
of relational atoms of schema V and ¥’ is a (possible empty) tuple of variables from g.
Assume now that v = ¢§. Then we know that Q(Iy) = true. We claim that chasey (1)
is not the empty instance. Similarly to the previous case, if we suppose that chasey(ly) is
empty, we have that V(I) C V() for every instance / of S. Then from V = () we have
that Q(y) C Q(I) for every I and since ()(Iy) = true we obtain that () = true for every
I. This is a contradiction since we are assuming that () is not a tautology. We have shown
that if c,og is one of the disjunct in ¢, then chasey([p) is not empty. This implies that at
least one view in ) evaluated over the empty instance generates a nonempty result. We are
assuming that evaluation of a query over an instance can only give as result elements that
are present in the active domain of the instance. Thus, if a view in } generates a nonempty
result over the empty instance, then that view is a Boolean query, and thus, the evaluation
is a O-ary predicate. Therefore, we can assume that chasey([y) is an instance of the form

I3 where 3 is a nonempty conjunction of 0-ary relational atoms of schema V.

We are ready now to describe how to construct a formula /() over schema V defining
a monotone query () that is a rewriting of (). For every disjunct v(Z) in ¢(z) of the

form (A.4), if chasey (Inz 7)) = Is@,5) then we include the formula 3y’ 3(Z', ') Aoz g1y A
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0(z',z") as a disjunct in ¢)(z). Moreover, whenever ¢ is a Boolean formula that contains
goqs) as a disjunct, if /g = chasey(Iy) then we include formula /3 as a disjunct in 7). Let @y
be the query over V defined by formula ¢(Z). First notice that (), is a monotone query.
We show next that () is a rewriting of (). Thus, we need to show that for every instance [

of S, it holds that (Qy)"(I) = Q(I), or equivalently that Qy,(chasey (1)) = Q(I).

We show first that Q(1) C Qy(chasey(])). Let a be a (possibly empty) tuple in Q(7).
Then we know that there exists a disjunct () in ¢(Z) such that I = y(a). Assume first
that v(z) = 35(a(@, §) A Sz 5y AX (T, 5) AO(Z, 2") AV wiz 5 (w)) is in the form (A.4).
Let @’ be the tuple of elements in @ that correspond to the positions of variables Z’ in tuple
Z. From I |= 7(a) and the specific form of formula v(Z) we obtain that there exists an
isomorphism % : (Z',7) — adom(I) such that h(Z') = @' and h(In@ 5) = Lama.g) = 1.
Now assume that chasey, (/43 5)) is an instance of the form /g 5. Then we know that
¥(Z) has a disjunct of the form 3y B(z',4') A dz 5y A 0(Z',Z"). On the other hand, since
Iz ) and I are isomorphic instances via isomorphism h we have that chasey (1) is an
instance of the form I3,z 7). Thus, we have that Igz 7)) = Ip@ w)) FE 30 B(@, ')A
d(a,5)- Moreover, if @” is the the tuple of elements in a that correspond to the positions of

variables 7" in tuple z, from I |= ~(a) we know that §(a’, a”) holds. Thus, we have that

chasey(I) = Ign@ g)) F ¢(a) which implies that a € Qy(chasey([)). This was to be
shown.
Assume now that v = goqs,. Notice that in this case we have that tuple a is the

empty tuple. Now, since / = ~ we have that I = Ij. Moreover, if Iz = chasey (1),
then we have that ¢ has a disjunct of the form /5 and thus Iz = 1 which implies that
chasey(1p) = chasey(I) = 1. We have shown that chasey (/) = v, thus the empty tuple
is in Qy(chasey(1)). This completes the proof that Q () C @y (chasey(])).

We prove now that Qy(chasey (1)) € Q(I). Assume that a is a (possibly empty) tuple
in @y (chasey(1)). Then there exists a disjunct £(z) in 1)(Z) such that chasey([) = £(a).

Since &() is a disjunct in ¢)(Z) we know that there exists a disjunct v(Z) in ¢(Z) such that:
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a) 7(z) = Jy(a(@,9) A d@g A X(@,5) AT, T") A Vu we g)(u)) is in the
form (A.4), it holds that g 5y = chasey(/a@ 5), and £(Z) is of the form
Iy B, y') NS gy NO(Z',Z"), or

b) v = ¢j, it holds that I3 = chasey () and £ = £.

Consider first case a). Given that chasey(/) = &(a) we know that chasey (/) =
3y 5(@’,y') A d@g) and that §(a’, a”) holds where a’ and a” are the tuples of elements
from a corresponding to the positions of variables Z’ and Z” in tuple Z. Then we know
that there exists a 1-1 mapping h : (Z’,3') — adom(chasey(I)) such that h(z') = a’
and gz 5y C chasey (/). Consider now a 1-1 mapping g with domain (z',y) that is
equal to h for every element in (7’,7) and is the identity otherwise. Notice that I,z 5
and I,(4(z 7)) are isomorphic instances. Thus, we have that chasey (/44w 7)) is an in-
stance of the form /g, 5) Which is a subinstance of chasey (/). We have shown that
chasey (I (g(z,5)) C chasey (/) which implies that V(1o gz 7)) € V(I). Since V = Q
we obtain that Q(/.(y.,5))) € Q(I). Now, notice that I,y 5)) = la(@ g) = (@), thus,
Ingz 5)) = (@) which implies that a € Q(/a(g(3,5)))- Finally, since Q(La(gz.5))) € Q)
we have that a € Q(I) which was to be shown.

Consider now case b). In this case we have that a is the empty tuple. Now, since
chasey(I) = [ then we have that /3 = chasey(ly) C chasey(I). Therefore we have that
V(Ip) € V(I), and thus, since V = () we have that Q(Iy) € Q([). Notice that I = ~
which implies that Q)(y) contains the empty tuple and then ()(/) contains the empty tuple
which was to be shown. This completes the proof that @y (chasey (1)) C Q(I). O

A.2.1. Proof of Lemma 6.2.3

Recall that given an st-mapping M = (S, T, >]) where X is a set of FO-T0O-CQ st-
dependencies, the set of queries (views) C, is constructed as follows (see Lemma 4.2.3):
for every dependency of the form ¢(z) — ¢(Z) in X the set Cy contains a query that is a
rewriting of ¢ (%) over the source schema S. We know that such a rewriting always exists
and can be expressed as an FO query (see Lemma 3.3.1). Furthermore, if X is a set of

st-tgds, then the rewriting of () over the source can be expressed as a query in UCQ™
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(see Lemma 3.3.3). Moreover, by following the proof of Lemma 3.3.1 we can conclude
that every target conjunctive query () can be rewritten as a query ' that is a monotone
query over the set of views C, (that is, a monotone combination of the queries in C ). We

use this last fact in the proof of Lemma 6.2.3.

PROOF OF LEMMA 6.2.3. Only if. Assume first that () is target rewritable in M. We
need to show that C & ). By Lemma A.2.3 it is enough to show that () can be rewritten

as a monotone query over the schema C,,. In what follows we show this last property.

Since () is target rewritable in M, then there exists a query )’ over T such that
Q(I) = certainp(Q', I) for every source instance /. The strategy of this part of the proof
is the following. We construct first a query (" over T defined by a (possibly infinitary)
disjunction of queries in CQ™7", such that certain (@', I) = certain (Q", I) for every
source instance /. We then construct a source query (Q* that is a monotone combination
of the queries in C and such that certain(Q", I) = Q*(I) for every source instance I.
Finally, since (1) = Q*(I) for every I, we obtain that () can be rewritten as a monotone

query over the set of views C,, and thus, by Lemma A.2.3 we obtain that C( = Q.

To construct the query ()" we first define a set tip(Q’) as follows:

tip(Q") = {(J,a) | a is a tuple of elements from dom(.J) N C and
for every instance J' of T, if there exists a homomorphism
h : dom(J) — dom(J'), thena € Q'(J)}.
Now for every (J,a) € tip(Q') we define a formula x(;4)(Z) over T as follows. As-
sume that a = (ay,...,a;), where k > 0, and dom(J) = {c1,..., ¢, n1,. .., 0y}, Where
{c1,...,c0} € C, ¢ >0, {ny,...,ny,} € N and m > 0. Moreover, let {y,...,y,

21,. .., %m} be a set of variables and p a substitution defined as p(c;) = y; and p(n;) = z;,

for every ¢ € [1,{] and j € [I,m]. Letz = (z1,...,2%), ¥ = (Y1,...,y¢) and Z =
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(#1,- .., Zm). Then the formula x(;z)(Z) is given by:

23 (6, () 005) A ) A (A RO ). (AS)

ReT

ter’
where 0(z, p(a)) is the formula z; = p(ai) A -+ A xp = p(ag), 6(y) is the conjunction
of inequalities y; # y; for every ¢,j € [1,/] such that ¢ # j, and C(y) is the formula

C(y1) A -+ A C(ye). Now consider the query Q" over T given by the formula:

x@ =\ xua@)

(J,a)etip(Q’)

Notice that y(7) is a disjunction of formulas in CQ~=7°. We show next that certain (Q’, I) =

certainy (Q", I).

We show first that certain (@', I) C certaina(Q”, I). Assume thata € certainy (@', I),
and let J* be the canonical universal solution for I under M. Given that J* is a universal
solution for I under M and M is specified by a set of FO-TO-CQ st-dependencies, we
know that if there exists a homomorphism A : dom(J*) — dom(J) then J € Solp ().
Then given that @ € certainy(Q’, I) and a is a tuple of constants, we have that if there
exists a homomorphism A : dom(J*) — dom(J) then a € @Q'(J). This implies that
(J*,a) € tip(Q'), and thus the formula x (s« 4)(Z) is a disjunct in x(Z). Now, by definition
of X(s+a)(Z), we know that J* |= x(« a)(a). Hence, given that x(j« 5)(Z) is closed under
homomorphisms and J* is a universal solution for / under M, we conclude that for every
J € Solp (1) it holds that J = x (s« a)(a). We have shown that X« 4)(Z) is a disjunct in
x(Z) and that for every J € Soly (/) it holds that J |= x(j+a)(a). This implies that for
every J € Solx(I) it holds that J |= x(a) and thus a € certain,(Q”, I) which was to be

shown.

We show now that certain v (Q)", I) C certainy(Q’, I). Assume thata € certainy (Q”, I),
and again let J* be the canonical universal solution for / under M. We know that J* |=
x(@) (since J* € Soly (1)), and then, there exists a disjunct x5 (7) of x(¥) such that
(J,b) € tip(Q’) and J* = x(s5(a). Thus, by definition of x;3 (%), we have that there
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exists an instance .J’ of T such that (1) (J,0) = (J',a), (2) (J',a) € tip(Q'), and (3) there
exists a homomorphism A : dom(J’) — dom(.J*) (which is the identity on the constants).

Next we use this property to prove that a € certain (Q’, I).

Let J” € Sola(1). Given that J* is a universal for / under M solution, we have that
there exists a homomorphism ¢ : dom(J*) — dom(J"). Then hog : dom(J") — dom(J")
is a homomorphism that is the identity on the constants. Therefore, since (J', a) € tip(Q’)
and there is a homomorphism from .J' to .J” we obtain that a € @)'(.J”). We have shown that
forevery J” € Solp([), itholds that a € @'(J”). Thus, we have that a € certain(Q’, I),

which was to be shown.

Up to this point we have shown that certain,(Q’, I) = certainy(Q", ) for every
source instance /, and since ()’ is a target rewriting of () we have that Q(I) = certain(Q", I).
We show next that Q" can be rewritten back over the source as a query Q* such that
Q*(I) = certainy(Q", I) for every source instance / and such that Q)* is a monotone

combination of the queries in C .

Let (J,a) € tip(Q') and x(;4)(Z) the formula defined in (A.5). Define v(;4)(Z,7) as
the formula obtained from x4 (%) by removing the existential quantification over 7 and

the formulas ¢(7) and C(7), that is:

umie.a) = 3 (s@p@) A (A R6O)). (A0

ReT

teRr’
Given that M is a mapping specified by a set of FO-T0-CQ dependencies and 7y )(Z, ¥) is
a conjunctive query (with equalities) over 'T', we have that there exists a formula 7, (Z,9)
that is a monotone query over C 4 that defines a rewriting of (;4)(Z, ) over the source (see

Lemma 3.3.1). Since 7{; (%, §) is a source rewriting of 7(;,4)(Z, §), we have that for every

source instance I and tuples b and ¢ from dom([), it holds that:

I'EA{ w6 iff K | va(b,c) forevery K € Soly(I). (A.7)
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Consider now the formula

X?J,a) () = 3

Y|
VR
=
k*
EI/
@
S
>
=
<
S~—
~~

and the query Q* defined by the formula

Notice that since 7(;, (Z,) is a monotone query over Cy we have that x{,,(Z) is a
monotone query over C,y, and thus, x*(Z) is also a monotone query over C,,. We show

next that Q* (1) = certainn(Q", I) for every source instance /.

We prove first that certain, (Q”, I) C Q*(I). Recall that )" is defined by the formula

x@ =\ xwa@.

(J,a)etip(Q’)
Now, let b € certainy(Q", I). We need to show that b € Q*(I). Let J* be the canonical
universal solution for I under M. Since J* € Solr(I) we have that J* = y(b) and then
there exists a disjunct x(s4)(Z) in x(Z) such that J* |= x(74)(b). Notice that x(;4)(Z) =
35 (Ys.a) (@, 5) A 6(y) A C(y)). Thus, from J* |= x(sa)(b), we conclude that there exists
a tuple ¢ of pairwise distinct elements from dom(J*) N C such that J* = 7(s4)(b, ).
Therefore, given that M is a mapping specified by a set of FO-TO-CQ st-dependencies,
V() (T, ¥) is a conjunctive query J* is the canonical universal solution for / under M, and
b and ¢ are tuples of constants values, we conclude that for every K € Soly([) it holds
that K |= (7,4 (b, ¢). Thus, from (A.7) we conclude that I |= 77, (b, ¢). But this implies
that I |= x{,, )( ) since ¢ is a tuple of pairwise distinct elements and, thus, since x{; ;) (Z)
is a disjunct in x*(Z) we have that I |= x*(b). This last fact implies that b € Q*(I) which

was to be shown.

We prove now that Q*(I) C certainn(Q”,I). Assume that b € Q*(I). We need
to prove that b € certain(Q”,I). Now, since b € Q*(I) then there exists a disjunct
X{sa)(Z) in x*(Z) such that I |= x{; ( ). By the definition of x{; , () we know that there

exists a tuple ¢ of pairwise distinct elements from dom([) such that I = 7, (b, €). Thus,
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from (A.7) we conclude that for every K € Soly(I) it holds that K = v(;4)(b, ). But we
know that ¢ is a tuple of pairwise distinct elements from C and, thus, K |= X () (b) for
every K € Solu(]). Finally, since x(;4)(Z) is a disjunct in x(Z) we conclude K |= x(b)

for every K € Soly(I), and thus, b € certaina(Q”, I). This was to be shown.

Finally, we have shown that if () is target rewritable in M, then there exists a query
@Q* that is a monotone query over Cnq such that Q(I) = Q*(I) for every instance I of S.
By Lemma A.2.3 we obtain that C = ), completing the proof of the “only if” part of the

lemma.

If. Assume now that C = (). We need to show that () is target rewritable in M. That is,
we need to show that there exists a query )’ over T such that (/) = certain(Q’, I') for
every source instance /. Since Cy = () from Lemma A.2.3 we know that () can we written
as a monotone query over C,. Assume that () is an n-ary query and let & = (x1,...,z,)
be a tuple of variables. Thus, we know that () is defined by formula ¢(z) that is a (possible

infinitary) disjunction of formulas of the form

v(z) =3y (B(E',Y) A b g NO(T,T")) (A.8)

where:

e 7/ and 7" are tuples of variables in = with no variables in common, = = (z/, "),
and 6(z',z") is a conjunction of equalities of the form v = v with u a variable
in 7' and v a variable in Z” and such that all the variables in Z” are mentioned in
at least one equality,

® (5 1s a conjunction of inequalities u # v for every pair of distinct variables u
and v in (7', ), and

e (7, y) is a nonempty conjunction of queries in C .

We first show that the conjunction 3(Z’,y) in formula (A.8) can be rewritten into a target
query. We construct a formula 3*(z/, i) over T as follows. First notice that 5(z/, ) is a

conjunction of formulas a(u) € Cyq with @ a tuple of variables in (Z’, ). Moreover we
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know that for every conjunct (@) in G(%’, y) there exists a dependency p(u) — ¥ (u) € X
such that o (@) is a rewriting of (@) over the source schema. Thus, to construct 3*(z’, 7)
we replace every conjunct «(u) of 5(7’, y) by 1»(u). We show next that 5*(z’, ) is a target

rewriting of 3(7’, y).

Let I be a source instance and assume that f : (Z’,y) — C is an assignment of
constants to the variables in (Z’, §) such that I = G(f(Z',y)). We show first that for every
J € Solpm([) it holds that J = B*(f(2',y)). Let J € Soly(I) and let i(u) be the
conjunctions in 3*(Z’, §) obtained from formula a(u) in 3(z’, 7). Since I = G(f(Z/,7))
we know that I = «a(f(u)), and given that o (@) is a source rewriting of 1/(u) we obtain
that J = ¢ (f(u)). This last fact holds for every conjunct in 3(f(Z/,y)) and B*(f(Z,y))
implying that J = 8*(f(z',y)) which was to be shown. The opposite direction is similar.
Assume that for every J € Soly([) it holds that J = 5*(g(Z',y)) where g : (Z',y) —
C U N is an assignment of variables to constant and null values (notice that in this case we
cannot directly assume that g assigns only constant values). Consider the conjunctions o ()
in 3(Z', y) and its associated conjunctions v (u) in 5*(Z’, y). Since for every J € Sol (/)
we have that J = §*(g(%',y)) then J |= ¢(g(u)) for every J € Soln (). Thus, given that
a(u) is a source rewriting of ¢)(u) we have that I |= a(g(u)) obtaining that I = ((g(Z', 7)).
This completes the proof that 5*(z/, y) is a target rewriting of 5(z’, y).

To continue with the proof of the lemma, recall that the query () is defined by a formula
() that is a (possibly infinitary) disjunction of formulas v(Z) of the form (A.8). We show

now that the query ¢*(z) obtained from ¢(Z) replacing every disjunct v(z) by
v (Z) =3y (B°(&,9) AN C(F, ) A b g AT, Z")) (A.9)

is a target rewriting of ©(Z). Let I be a source instance and assume / = ¢(a) for some
tuple a of constant values. Then I |= ~y(a) for some 7(Z) in the form (A.8) that is a disjunct
of ¢(Z). Let @’ and @” be the tuples of elements from a corresponding to the positions
of variables 7’ and Z” in tuple Z. Then, we know that there exists a tuple b of constant

values such that I |= 3(a’,b) A 6 5 A 0(a’,@”). Consider now an instance .J € Soly(I).
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Since (3*(¥',7) is a target rewriting of 3(z’,7) we obtain that J |= (3(a’,b) and since
C(a',b) Ao 5 AO(a', a") holds, we have that J = 3y (8(a’, §) AC (@', b) Aoy AB (@', a”)),
and thus J = v*(a). We have shown that if [ = ¢(a) then for every J € Soln([) it holds
that J = ~*(a) for a disjunct v*(z) of ¢(Z), and thus, for every J € Solx(1) it holds
that J = ¢*(a). The opposite direction is similar. Assume that a is a tuple of values such
that for every J € Solr(I) we have that J = ¢*(a). Let J* be the canonical universal
solution for I under M. Then we know that J* = ¢*(a) and then, there exists a disjunct
v*(Z) (of the form (A.8)) in ¢* () such that J* = v*(a). Thus, there exists a tuple b such
that J* |= (3*(a’,b) A C(@',b) A 0y A O(a,@”). Notice that 5*(z',7) is a conjunctive
query, and since (a’,b) are constant values we know that there exists a homomorphism A
(that is the identity on C) such that every conjunct in h(3*(@’, b)) is a fact in .J*. Moreover,
by the properties of universal solutions we know that for every J € Soln(/) there exists
a homomorphism g from J* to J. Therefore, the homomorphism A o g is such that every
conjunct in (ho g)(3*(a’,b)) is a factin J, and thus, J = 3*(@’, b). We have shown that for
every J € Solp(1) it holds that J = 3*(a@’, b), and thus, since 3*(', ) is a target rewriting
of 3(z',7) we have that I |= 3(a’,b). Now we have that I = 3(a’,b) and we also know
that C(a@’, b) A6z 5y A O(a,@") holds, then I |= 3y (6(a’, §) ANC(@,§) A g NO(@,a")),
and thus, I |= v(a) which implies that I |= ¢(a) which was to be shown. O

A.2.2. Proof of Lemma 6.2.4

Recall that for sets of queries (views) C; and C, we say that C; strongly determines Co,
and write C; = C,, when for every query ) € Cs it holds that C; = (). We prove now
Lemma 6.2.4.

PROOF OF LEMMA 6.2.4. Let M = (S, T, ) be amapping with 3 a set of FO-T0-CQ
st-dependencies. From Lemma 4.2.3 we know that the following property of the set C g

holds: for every pair of instances [1, s, if Caq(11) C Caq(13) then Soly (1) € Sola(17).

Consider now the mappings M and M in the statement of the lemma. We show next

that M; <y M, if and only if Crq, = Caq,. Notice that Cyq, = Cpy, if and only if for
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every pair of source instances [ and K, if Ca, (1) C Cay,(K) then Coy, (I) C Cpy, (K).
Thus, we know that Cpq, & Cyay, if and only if for every pair of source instances / and K,
if Solag, (K) C Solpy, (1) then Soly, (K) C Solpy, (). This last property is exactly the
characterization of < in Proposition 6.1.8. Thus, we have shown that M; <y M, if and

OIllyifC./\/l2 IZ>CM1. |

A.2.3. Proof of Lemma 6.2.6

The proof of this lemma is heavily based on the proof of Lemmas A.2.3 and 6.2.3.

PROOF OF LEMMA 6.2.6. We describe how the procedure TARGETREWRITING works.
Let a(Z) be a formula in UCQ™7 that is target rewritable under M. By combining Lem-
mas A.2.3 and 6.2.3 we know that a(Z) can be written as a monotone query over C . Thus
the procedure TARGETREWRITING first rewrites () to obtain a logically equivalent for-
mula that is a monotone query over Cu. To achieve this, we first write «(z) as a finite

disjunction of formulas of the form

(V@ 9) A S gy N O, Z")).

where = (Z/, ") where z’ and Z” have no variables in common, 0(Z’, ") is a conjunction
of equalities that respect the inequalities in «(Z) and such that for every u in z” we have
that 6(z’, z”) contains an equality u = v with v in Z’, v(Z/, 7) is a subset of the conjuncts
of a(z) with variables in Z’ replaced according to the equalities in 0(z', z"), and d(z g is
a conjunction of inequalities for every pair of distinct variables in (', y). Then we use
the process described in the proof of Lemma A.2.3 to obtain the desired rewriting over
C . Notice that in this case we can effectively obtain such a rewriting since the number of
disjunct defining () is finite. The process in the proof of Lemma A.2.3 essentially chase
with Cpq every instance I,z 5 for every disjunct v(z', ) defining a(z). If after chasing
I(# 5 the instance obtained is I, (z 5, then we include 3y (v*(Z', §') A d(zr gy N O(Z', T"))

as a disjunct in the rewriting.
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Notice that after the above described process we have the formula «(Z) written as a
finite disjunction of formulas of the form (A.8) as described in the “if”” part of the proof
of Lemma 6.2.3. Thus, we can effectively compute a target rewriting of «(%) by using the
process described in the proof of that lemma. Moreover, by inspecting the process in the
proof of Lemma 6.2.3 it is not difficult to see that the formula 3(z) generated as a target
rewriting of a/(Z) is in UCQ™7C such that if an inequality = # y occurs in 3(z) then the

atoms C(x) and C(y) also occurs in 3(Z). O
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