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Worst-case optimal join algorithms have gained a lot of attention in the database literature. We now count

several algorithms that are optimal in the worst case, and many of them have been implemented and validated

in practice. However, the implementation of these algorithms often requires an enhanced indexing structure:

to achieve optimality one either needs to build completely new indexes, or must populate the database with

several instantiations of indexes such as B+-trees. Either way, this means spending an extra amount of storage

space that is typically one or two orders of magnitude more than what is required to store the raw data.

We show that worst-case optimal algorithms can be obtained directly from a representation that regards

the relations as point sets in variable-dimensional grids, without the need of any significant extra storage.

Our representation is a compressed quadtree for the static indexes, and a quadtree built on the fly that shares

subtrees (which we dub a qdag) for intermediate results. We develop a compositional algorithm to process full

join queries under this representation, which simulates navigation of the quadtree of the output, and show

that the running time of this algorithm is worst-case optimal in data complexity.

We implement our index and compare it experimentally with state-of-the-art alternatives. Our experiments

show that our index uses even less space than what is needed to store the data in raw form (and replaces it),

and one or two orders of magnitude less space than the other indexes. At the same time, our query algorithm

is competitive in time, even sharply outperforming other indexes in various cases.

Finally, we extend our framework to evaluate more expressive queries from relational algebra, including

not only joins and intersections but also unions and negations. To obtain optimality on those more complex

formulas, we introduce a lazy version of qdags we dub lqdags, which allow us navigate over the quadtree

representing the output of a formula while only evaluating what is needed from its components. We show that

the running time of our query algorithms on this extended set of operations is worst-case optimal under some

constraints. Moving to full relational algebra, we also show that lqdags can handle selections and projections.

While worst-case optimality is no longer guaranteed, we introduce a partial materialization scheme that

extends results from Deep and Koutris regarding compressed representation of query results.
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1 INTRODUCTION
The state of the art in query processing has recently been shaken by a new generation of join

processing algorithms with strong optimality guarantees based on the AGM bound of queries: the

maximum size of the output of the query over all possible relations with the same cardinalities [6].

One of the basic principles of these algorithms is to disregard the traditional notion of a query plan

favoring a strategy that not only takes into account the size of the relations in the database but can

also take advantage of the structure of the query [31, 34].

Our focus is on join processing algorithms that compute all answers of a given query over a

database instance, and specifically in those algorithms that are guaranteed to run in time bounded

by the AGM bound of the query. Several of these algorithms have been implemented and tested in

practice with positive results [16, 35], especially when handling queries with several joins. Because

they differ from what is considered standard in relational database systems, the implementation of

these algorithms often requires additional data structures, a database that is heavily indexed, or

heuristics to compute the best computation path given the indexes that are present. For example,

algorithms such as Leapfrog [41], Minesweeper [32], or InsideOut [19] must select a global order on
the attributes, and assume that relations are indexed in a way that is consistent with this order [35].

However, an ordering that is good for one query may induce a sub-optimal performance on a

different query [32]. Thus, in practice, these algorithms need to work with several possible attribute

orderings, which is commonly achieved with several combinations of B+ trees or other indexes [16].

On the other hand, more involved algorithms such as Tetris [18] or Panda [20] require heavier data

structures that allow reasoning over potential tuples in the answer, and as far as we know there is

no evidence that these heavier structures can be successfully deployed in practice.

Our goal is to develop worst-case optimal join algorithms that eliminate the need to store addi-

tional indexes in the database and compete in practice with the current alternatives. The key here is

the combination of good theoretical and practical performance: current worst-case optimal solutions

depending on heavily indexed databases would remain optimal if the indexes were built on-the-fly

before evaluating each query (it usually takes linear time in data complexity to do so). Such index

construction, however, is in practice orders of magnitude slower than indexed query evaluation

(minutes to hours versus milliseconds to seconds, see our experiments). Practical solutions are thus

forced to compute and store the indexes beforehand so as to achieve competitive query evaluation

times. We address this issue by resorting to compact data structures [27]: representations using a

nearly-optimal amount of space –indeed, almost none on top of compactly storing the raw data–

while supporting all operations we need to answer join queries in worst-case optimal time, without
any need of further indexing.

We show that worst-case optimal algorithms can be obtained when one assumes that the input

data is represented as quadtrees, and stored under a compact representation for cardinal trees [9].

Quadtrees are geometric structures used to represent data points in grids of size ‘ × ‘ (which can

be generalized to any dimension). Thus, a relation R(A) with attributes A = {A1; : : : ;Ad } can be

naturally viewed as a set of points over grids of dimension d , one point per tuple of R: the value of
each attribute Ai is the i-th coordinate of the corresponding point.

To support queries under this representation, our main tool is a new version of quadtrees, which

we denote qdags, where some nodes may share complete subtrees. Using qdags, we can reduce

the computation of a full join query J = R1 Z · · · Z Rn with d attributes, to an algorithm that first

extends the quadtrees for R1; : : : ; Rn into qdags of dimension d , and then intersects them to obtain

a quadtree. Our first result shows that such algorithm is indeed worst-case optimal:
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Theorem 1.1.LetR1¹A 1º; : : : ;Rn ¹A nº ben relations. We can then represent each relationRi using
jA i j + 2+ o¹1º words per entry, so that the joinR1 Z � � � Z Rn can be computed in~O¹AGMº time1.

Note that just storing the tuples in everyRi requiresjA i j words per entry, thus our representation
adds only a small extra space of basically two words per tuple. Instead, any classical index on the
raw data (such as hash tables or B+-trees) would pose a linear extra space,O¹jA i jº words, often
multiplied by a non-negligible constant (especially if one stores multiple indexes on the data).

Our join algorithm works in a rather di�erent way than the most popular worst-case optimal
algorithms. To illustrate this, consider the triangle queryJ = R¹A;Bº Z S¹B;Cº Z T¹A;Cº. The
most common way of processing this query optimally is to follow what Ngo et al. [34] de�ne
as thegenericalgorithm: select one of the attributes of the query (sayA), and iterate over all
elementsa 2 A that could be an answer to this query, that is, alla 2 � A¹Rº \ � A¹Tº. Then, for each
of these elements, iterate over allb 2 B such that the tuple¹a;bº can be an answer: all¹a;bº in
¹R Z � B¹Sºº Z � A¹Tº, and so on. Instead, with quadtrees we divide the output space (which if the
domain of the attributes is»0; ` � 1¼corresponds to a grid of sizè3) into 8 subspaces (or subgrids
of size¹` •2º3), and for each of these we recursively evaluate the query. This can be regarded as
traversing the output space, while computing only what is needed from the joined relations in
order to proceed at each step.

In general, the algorithm of Ngo et al. [34] chooses a subset of the attributes at each step, not
necessarily one. Our algorithm can also be understood as splitting each attributeAi into log`
binary attributes2 A1

i ; : : : ;Alog `
i that hold the highest to the lowest bit ofAi , and then using the

generic algorithm by choosing all the attributesA1
i together, for alli , then all the attributesA2

i , and
so on. As it turns out, this strategy is as good as the generic strategy de�ned by Ngo et al. [34] on
the original attributes, with the advantage that it can always use the same ordering.3

Our join algorithm boils down to two simple operations on quadtrees: anExtend operation
that lifts the quadtree representation of a grid to a higher-dimensional grid, and anAnd operation
that intersects trees. The strategy can be extended to other relational operations. For example,
the synchronizedOr of two quadtrees gives a compact representation of their union, and comple-
menting the quadtree values implements aNot operation. We integrate all these operations in a
single framework, and use it to answer more complex queries given by the combination of these
expressions, in a fully compositional form.

To support these more complex queries in optimal time we traverse the output space using lazy
evaluation. The idea is to be able to delay the computation of an expression until we know such
computation is needed to navigate the output. For this purpose we introduce lazy qdags, or lqdags
for short, in which nodes may be additionally labeled with query expressions. To analyze our
framework we extend the idea of a worst-case optimal algorithm to arbitrary queries: If aworst-case
optimal algorithmto compute the output of a formulaF takes timet over relationsR1; : : : ;Rn of a
databaseD, then there exists a databaseD0 with relationsR0

1; : : : ;R0
n of sizesjR0

i j = O¹jRi jº, and
their complements of sizesjR0

i j = O¹jRi jº, where the output ofF overR0
1; : : : ;R0

n is of size
 ¹t º.
Our framework remains worst-case optimal with lqdags considering joins, union, and negation
operators under some conditions:

Theorem 1.2.LetR1¹A 1º; : : : ;Rn ¹A nº ben relations. LetF be a relational algebra formula com-
posed by join, union and complement operations over the relationsRi , for all 1 � i � n, and where
1The notation ~O hides poly-logS factors,S being the total input size, as well as factors that just depend ond (the number
of attributes) andn (the query size), which are assumed to be constant. We provide a precise bound in Section 3.3.
2Our logarithms are to the base 2 by default.
3The algorithm Tetris [18] also works with a geometrical representation, but uses it to re�ne the search for new tuples, not
as a way to recursively divide the output space.
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no relation appears both complemented and not complemented inF. Each relationRi can then be
represented usingjA i j + 2+ o¹1º words per entry, so thatF can be evaluated in worst-case optimal
time in data complexity.

Consider, for example, the queryJ0 = R¹A;Bº Z S¹B;Cº Z T¹A;Cº, which joinsRandSwith the
complementT of T. One could think of two ways to compute this query. The �rst is just to join
R andS and then see which of the resulting tuples are not inT. But if T is dense (T is small), it
may be more e�cient to �rst computeT and then proceed as on the usual triangle query. Seen at a
very high level, our algorithm is optimal because it can choose locally between both strategies: by
dividing the output into quadrants it �nds dense regions ofT in which computingT is cheaper
(and it only works towards those few cells that exist inT), while in sparse regions the algorithm
�rst computes the join ofRandS(i.e., it only works towards those few cells that exist inR Z S).

We also show that our framework can be extended to handle the full relational algebra, though
in this case worst-case optimality is not guaranteed. However, using lqdags to process relational
algebra queries has other potential advantages: instead of fully materializing the output, we provide
a parameterizable compressed representation, from which the results can be later retrieved with
bounded delay. This extends previous results [10] to the full relational algebra.

Our framework is the �rst in combining worst-case time optimality with the use of compact
data structures. The latter can lead to improved performance in practice, because relations can be
stored in faster memory, higher in the memory hierarchy [27]. This is especially relevant when
the compact representation �ts in main memory while a heavily indexed representation requires
resorting to the disk, which is orders of magnitude slower. For systems that maintain the database in
the aggregate main memory of a cluster, a compact representation leads to using fewer computers,
thus reducing hardware, communication, and energy costs, while improving performance.

In practice.To evaluate how our approach fares in practice, we provide a prototype implementa-
tion of the join algorithm mentioned in Theorem 1.1. Our implementation stores data as compressed
quadtrees, and computes the compressed quadtree representing the result of the joins.

We test our prototype using two di�erent benchmarks for graph databases, namely the wikidata
SPARQL benchmark [16] and a set of queries taken from SNAP [35]. Graph databases give us a good
way of testing worst-case optimal algorithms in practice, because graph queries usually involve
several joins [35]. Further, the selected benchmarks provide a wide range of complex join queries,
and have already been used to test other worst-case optimal join implementations.

We compare against other worst-case optimal implementations [1, 16], as well as some leading
graph database systems. The advantage of using compact data structures is immediately seen when
comparing the size of our representation against all other options: We reduce the storage size used
by graph systems by a factor of 10�20, and this factor is around 250 for EmptyHeaded [1].

Our results show that our implementation of the qdag join algorithm is competitive, in terms
of performance, with other worst-case optimal implementations, outperforming standard graph
systems in many cases. Qdags excel on queries involving up to 4 attributes, outperforming more
sharply the non-wco systems on cyclic queries. Considering the amount of storage space that
is gained by using quadtrees, we �nd these results remarkable. On the other hand, we observe
that the performance of our implementation quickly degrades as the number of join attributes
increases, becoming much slower and with much higher variance than the alternatives. This is
somewhat expected, because our query times depend exponentially on the dimension. All of this
suggests that qdags excel in applications in which the number of join attributes is low, or perhaps
as a component of a more involved algorithm dealing with tree-decomposition of queries, such
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Fig. 1. AquadtreerepresentingR¹A;Bº = f¹4;3º; ¹7; 2º; ¹5; 6º; ¹6; 4º; ¹3; 12º; ¹6; 12º; ¹6; 13º, ¹7; 12º; ¹7; 13º; ¹8; 5º;
¹14;1º; ¹15;0ºg: (a) Representation ofR¹A;Bº in a 24 � 24 grid, with the hierarchical partition defining the
quadtree. The black cells correspond to points inR. (b) ThequadtreerepresentingR. The integers are in the
last level, and the internal nodes are grayed. The shadowed integer1 of the tree corresponds to the point
¹a;bº = ¹3; 12º, highlighted in red in the grid. Concatenating the labels in the path down to the integer yields
the bit-string 0̀1011010' which encodes the first (resp., second) coordinate of¹a;bº in the bits at odd (resp.,
even) positions (a = 3 = 0011;b = 12= 1100).

as EmptyHeaded [1]. We leave these questions, as well as the implementation of lqdags and of
dynamic versions supporting insertions and deletions of tuples, for future work.

Organization of the paper.In Section 2 we �x the notation on quadtrees and explain their com-
pressed representation. The algorithm for multiway join queries is introduced together with qdags
in Section 3, and our full framework is introduced together with lazy qdags, �rst in Section 4
for Boolean queries and then in Section 5 for the complete relational algebra. Section 6 describes
our implementation of the multiway join algorithm over qdags and Section 7 its experimental
comparison with other state-of-the-art systems and prototypes. We conclude in Section 8. Ap-
pendix A compares this article with its conference version; the others give more detailed data on
implementation and experiments.

2 QUADTREES

A Region Quadtree [12, 37] is a data structure used to store (pairwise di�erent) points in two-
dimensional grids of sizè � ` . We focus on the variant called MX-Quadtree [37, 43], which can be
described as follows. Assume for simplicity that` is a power of 2. If̀ = 1, then the grid has only
one cell and the quadtree is aninteger1 (if the cell has a point) or0 (if not). For` > 1, if the grid
has no points, then the quadtree is aleaf. Otherwise, the quadtree is aninternal nodewith four
children, each of which is the quadtree of one of the four` •2 � ` •2 quadrants of the grid.

Assume each data point is described using the binary representation of each of its coordinates
(i.e., as a pair oflog` -bit strings). We order the grid quadrants so that the �rst contains all points
with coordinates of the form¹0 � ca; 0 � cbº, for log` � 1 bit vectorsca andcb , the second contains
points ¹0 � ca; 1 � cbº, the third ¹1 � ca; 0 � cbº, and the last quadrant stores the points¹1 � ca; 1 � cbº,
where �̀' denotes concatenation of bits. If the corresponding children of internal nodes are labeled
00, 01, 10, and11, then the concatenation of the labels leading from the root to the node storing the
integer1 of a point ¹a;bº interlaces thè -bit representations of the coordinatesa andb. The path
then implicitly represents the point¹a;bº. Figure 1 shows a grid and its deployment as a quadtree.

Quadtrees can be generalized to higher dimensions. A quadtree of dimensiond is a tree represent-
ing data points in ad-dimensional gridG of size`d . In this case, a nonempty grid with sidè> 1
corresponds to an internal node with2d children, which represent the2d subspaces spanning from
combining the �rst bit of each dimension. Generalizing the cased = 2, the children are ordered
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using the Morton [25] partitioning of the grid: a sequence of2d subgrids of size¹` •2ºd in which
the i -th subgrid of the partition, for0 � i < 2d , labeled with the binary encodingl i of i , is de�ned
by all the points with coordinates¹bc1; : : : ;bcd º in which the word formed by concatenating the
�rst bit of each stringbcj is precisely the stringl i .

A quadtree withp points hasp integers1 in its last level, and thus at mostp log` internal nodes
(along the paths of lengthlog` leading from the root to those integers). Since each internal node
can be distinguished from its siblings with its label ofd bits,pdlog` bits are su�cient in principle
to encode the quadtree structure. Note that this is also the space needed by a plain representation
of p points ofd coordinates in»0; ` � 1¼.

Indeed, each point is uniquely identi�ed by the sequence oflog` d-bit labels in the path leading
from the root to its integer1. For the point¹3; 12º in Figure 1, this sequence is01 01 10 10= 1122. A
trie built on thep resulting sequences then corresponds to the gray and the integer-1 nodes of the
right of Figure 1. We store this trie using a compact representation for cardinal trees introduced by
Benoit et al. [7, Thm. 4.3], which requires essentiallyd + 2+ o¹1º bits per node and performs the
needed tree traversal operations in constant time.

Lemma 2.1.(cf. Benoit et al. [7], Thm. 4.3) LetQ be a quadtree storingp points ind dimensions
with integer coordinates in the interval»0; ` � 1¼. Then, there is a representation ofQ that uses
¹d+2+o¹1ººp log`+O¹logdºbits, can be constructed in linear expected time,4 and supports constant time
parent-children navigation on the tree. More precisely, this representation provides integer identi�ers
for the quadtree nodes so that, given the identi�er of a node and the label of a desired child, it returns
in constant time the identi�er of that child, if it exists, and a null value otherwise.

Note that the space overhead of this representation, on top of thedplog` bits needed to represent
the raw data, is essentially2 extra numbers (oflog` bits) per point. Further, this structure can
replacethe raw data, because it can recover the points without the need of storing them separately.

From now on, by quadtree we refer to this compact representation. Next, we show how to
represent relations using quadtrees and evaluate join queries over this representation.

3 MULTI-WAY JOINS USING QDAGS

We assume for simplicity that the domainD¹Aº of an attributeA consists of all binary strings of
length log` , representing the integers in»0; ` � 1¼, and that` is a power of2.

A relation R¹Aº with attributes A = fA1; : : : ;Ad gcan be naturally represented as a quadtree:
simply interpret each tuple inR¹Aº as a data point over ad-dimensional grid with`d cells, and store
those points in ad-dimensional quadtree. Thus, using quadtrees one can represent the relations in
a database using compact space. The convenience of this representation to handle restricted join
queries with naive algorithms has been demonstrated practically on RDF stores [3]. In order to
obtain a general algorithm with provable performance, we introduce qdags, an enhanced version of
quadtrees, together with a new algorithm to e�ciently evaluate join queries over the compressed
representations of the relations.

We start with an example to introduce the basics behind our algorithms and argue for the need
of qdags. We then formally de�ne qdags and explore their relation with quadtrees. Finally, we
provide a complete description of the join algorithm and analyze its running time.

4The construction time is expected because it involves perfect hash functions onN elements, providingO¹1º time evaluation
within O¹N º bits. Although they [7] only consider the (easy and practical) randomized construction of such functions,
those can be built deterministically inO¹N log5 N º worst-case time if desired [2].
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3.1 The triangle query: quadtrees vs qdags

Let R¹A;Bº, S¹B;Cº, T¹A;Cº be relations over the attributesfA;B;Cg, and consider the triangle
queryR¹A;Bº Z S¹B;Cº Z T¹A;Cº. The basic idea of the algorithm is as follows: we �rst compute
a quadtreeQ�

R that represents the cross productR¹A;Bº � All ¹Cº, whereAll ¹Cº is a relation with an
attributeC storing all elements in the domain»0; ` � 1¼. Likewise, we computeQ�

S representing
S¹B;Cº � All ¹Aº, andQ�

T representingT¹A;Cº � All ¹Bº. Note that these quadtrees represent points
in the three-dimensional grid that has a cell for every possible value inD¹Aº � D¹ Bº � D¹ Cº, where
we assume that the domainsD¹�º of the attributes are all»0; ` � 1¼. Finally, we traverse the three
quadtrees in synchronization, building a new quadtree that represents the intersection ofQ�

R, Q�
S,

andQ�
T . This quadtree represents the desired output because

R¹A;Bº Z S¹B;Cº Z T¹A;Cº = ¹R¹A;Bº � All ¹Cºº \ ¹ S¹B;Cº � All ¹Aºº \ ¹ T¹A;Cº � All ¹Bºº:

Though this algorithm is correct, it can perform poorly in terms of space and running time.
The size ofQ�

R, for instance, can be considerably bigger than that ofR, and even than the size of
the output of the query. If, for example, the three relations haveN elements each, the size of the
output is bounded byN3•2 [6], while building Q�

R costs
 ¹N`º time and space. This ine�ciency
stems from the fact that quadtrees are not powerful enough to represent relations of the form
R� ¹Aº = R¹A 0º � All ¹A n A 0º, whereA 0 � A , using space close that of a quadtree representing
R¹A 0º. Due to its tree nature, a quadtree does not bene�t from the regularities that appear in the
grid representingR� ¹Aº . To remedy this shortcoming, we introduce qdags, quadtree-based data
structures that represent sets of the formR¹A 0º � All ¹A n A 0º by adding onlyconstantadditional
space to the quadtree representingR¹A 0º, for anyA 0 � A .

A qdag is animplicit representation of ad-dimensional quadtreeQ (that has certain regularities)
using only a reference to ad0-dimensional quadtreeQ0, with d0 � d, and an auxiliarymapping
function that de�nes how to useQ0 to simulate navigation overQ. Qdags can then represent
relations of the formR¹A 0º � All ¹A n A 0º using only a reference to a quadtree representingR¹A 0º,
and a constant-space mapping function (more precisely, with2d entries).

To illustrate how a qdag works, consider a relationS¹B;Cº, and letQ�
S be a quadtree representing

S� ¹A;B;Cº = All ¹Aº� S¹B;Cº. SinceQ�
S stores points in thè 3 cube, each node inQ�

S has8children. As
All ¹Aº contains all̀ elements, for each original point¹b;cº in S, S� contains` points corresponding
to elements¹0;b;cº; : : : ;¹` � 1;b;cº. We can think of this asextendingeach point inSto a box of
dimension` � 1 � 1. With respect toQ�

S, this implies that, among the8 children of a node, the last
4 children will always be identical to the �rst4, and their type (leaf, internal, or integer) will be
the same as that of the corresponding nodes in the quadtreeQS representingS. In other words,
each of the four subgrids1a1a2 is identical to the subgrid0a1a2, and these in turn are identical to
the subgrida1a2 in QS when projected to dimensionsB;C (see Figure 2 for an example). Thus, we
can implicitly representQ�

S by the pair¹QS;M = »0;1;2;3;0;1;2;3¼ºas follows: the types of the
roots ofQ�

S andQS are the same; if they are integer nodes then both have the same content, and if
they are internal nodes then thei -th child of the root ofQ�

S is represented recursively by the pair
¹Qi ;Mº whereQi is theM»i¼-th child of the root ofQS.

3.2 Qdags for relational data

We now introduce a formal de�nition of the qdags, and describe the algorithms that allow the
evaluation of multijoin queries in worst-case optimal time.

De�nition 3.1 (Qdag).Letd > 0 be an integer. Ad-dimensional qdagQ is a pair¹Q0;Mº in which
Q0 is ad0-dimensional quadtree, ford0 � d, andM : »0; 2d � 1¼ ! »0; 2d0

� 1¼is amappingfunction.
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Fig. 2. An illustration of aqdagfor S� ¹fA;B;Cgº= All ¹Aº � S¹B;Cº, with S¹B;Cº = f¹3;4º; ¹6;4º; ¹6;5º; ¹7;4º;
¹7; 5ºg. (a) A geometric representation ofS¹B;Cº (le�), and S� ¹fA;B;Cgº(right). (b) AquadtreeQS for S¹B;Cº
(le�), and the directed acyclic graph induced by theqdag¹QS;M = »0;1;2;3;0;1;2;3¼º, which represents
S� ¹fA;B;Cgº. The red cell in (a) corresponds to the point¹4; 3; 4º. The leaf representing that point in theqdag
can be reached following the path highlighted in (b). Note the relation between the binary representation
(100,011,100) of ¹4; 3;4º, and the Morton codes101, 011, 010of the nodes in the path to its integer 1.

A d-dimensional qdag can be used to simulate di�erentd-dimensional quadtrees. In particular,
we are interested in the quadtree obtained by the recursive procedure de�ned below.

De�nition 3.2 (Completion of a qdag).Let d;d0 be integers such thatd0 � d, let Q0 be ad0-
dimensional quadtree, and letQ = ¹Q0;Mº be ad-dimensional qdag. ThecompletionQ� of Q is the
uniqued-dimensional quadtree recursively de�ned as follows:

(1) If Q0 represents a single unit-size cell (i.e., the root ofQ0 is an integer node), then the root of
Q� is also an integer node of the same type (either 0 or 1).

(2) If Q0 represents an empty grid of points (i.e., the root ofQ0 is a leaf), thenQ� has also as root
a leaf representing an empty grid.

(3) Otherwise, the rootr 0ofQ0must be an internal node, andQ� has then as root an internal node
r � such that, for all0 � i < 2d , thei -th child of r � is the completion of the qdag¹Q0»M¹i º¼;Mº,
whereQ0»j¼denotes thej-th child of r 0.

De�nition 3.3 (Identity Mapping).LetA be a set of attributes. Theidentity mappingof A , denoted
Id¹Aº , is the mapping functionM : »0;2jA j � 1¼ ! »0;2jA j � 1¼such thatM¹i º = i , for all
0 � i < 2jA j .

We say that a qdag represents the same relationR¹Aº represented by its completion. Note that,
for anyd-dimensional quadtreeQ representingR¹Aº , one can generate a qdag whose completion
is Q by simply using the pair¹Q; Id¹Aºº . Note also that we can use mappings to represent any
desired reordering of the attributes.

In terms of representation, a qdag can abstract from the actual representation used for the
respective quadtree, as long as there is a way to refer to any node in the quadtree. For instance,
when quadtrees are stored using Lemma 2.1, the references to quadtree nodes consist of a pointer
to the data structure representing the quadtree, plus the integer identi�er of the corresponding trie
node in that structure.

For a qdagQ = ¹Q0;Mº, we denote byjQj the number of internal nodes in the base quadtreeQ0,
and byjjQjj the number of internal nodes in the completion ofQ.

Algorithms 1 and 2, based on De�nition 3.2, allow us to simulate the navigation over the
completion of a qdag in a way that abstracts from the representation of the inner quadtree. Operation
Value yields a 0 if and only if the subgrid represented by the qdag is empty (thus the qdag's root
is a leaf or an integer0), a1 if the qdag represents a full single cell (i.e., the qdag's root is the
integer1), and½if its root is an internal node. OperationChild lets us descend by a given child
from internal nodes representing nonempty grids. The operations �integerQ0�, � Q is a leaf�, and
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Algorithm 1 Value ¹Qº

Require: A qdagQ = ¹Q0; Mº with grid side ` .

Ensure: The integer1 if the grid is a single point,0 if the
grid is empty, and½otherwise.

1: if ` = 1 then return the integerQ0

2: if Q0 is a leafthen return 0

3: return ½

Algorithm 2 Child ¹Q; i º
Require: A qdagQ = ¹Q0; Mº on a grid of dimensiond

and sidè , and a child number0 � i < 2d . Assumes
Q0 is not a leaf or an integer.

Ensure: A qdagQi = ¹Q00; Mº corresponding to thei -th
child of Q.

1: return ¹Q»M¹i º¼; Mº

Algorithm 3 Extend ¹Q; Aº
Require: A qdagQ = ¹Q0; M0º representing a relationR¹A 0º, and a setA such thatA 0 � A .
Ensure: A qdag¹Q0; Mº whose completion represents the relationR¹A 0º � All ¹A n A 0º.

1: create arrayM»0; 2d � 1¼
2: d  jA j , d0  jA 0j
3: for i  0; : : : ; 2d � 1 do
4: md  thed-bits binary representation ofi
5: md 0  the projection ofmd to the positions in which the attributes ofA 0 appear inA

6: i 0  the value in»0; 2d 0
� 1¼corresponding tomd 0

7: M»i ¼  M0»i 0¼

8: return ¹Q0; Mº

�Q0»j¼� are implemented in constant time on the compact representation ofQ0: Q0»j¼corresponds to
descending to the child ofQ0by labelj . If there is no such child, the structure of Lemma 2.1 returns
a null value, which we interpret as an integer node0 if its subgrid has a single cell, and as a leaf
otherwise (in both cases, as a node withValue 0). Finally, a non-null node representing a single
cell corresponds to the integer node1 (with Value 1).

3.2.1 OperationExtend . We introduce an operation to obtain, from the qdag representing a
relationR, a new qdag representing the relationRextended with new attributes.

De�nition 3.4. Let A 0 � A be sets of attributes, letR¹A 0º be a relation overA 0, and letQR =
¹Q;M0º be a qdag that representsR¹A 0º. The operationExtend ¹QR; Aº returns a qdagQ�

R = ¹Q;Mº
that represents the relationR� All ¹A n A 0º.

To provide intuition on its implementation, letA 0 be the set of attributesfA;B;Dg and let
A = fA;B;C;Dg, and considerR¹A 0º, QR andQ�

R from De�nition 3.4. Each node of (the completion
of) QR has 8 children, while each node of (the completion of)Q�

R has 16 children. Consider the
child at positioni = 12of Q�

R. This node represents the grid with Morton codem4= 1̀100' (i.e.,
12 in binary), and contains the tuples whose coordinates in binary start with1 in attributesA;B
and with 0 in attributesC;D. This child has elements if and only if the child with Morton code
m3= 1̀10' of QR (i.e., its child at positionj = 6) has elements; this child is in turn theM0»6¼-th
child ofQ. Note thatm3 results from projectingm4 to the positions 0,1,3 in which the attributes
A;B;D appear infA;B;C;Dg. Since the Morton code `1110' (i.e., 14 in binary) also projects tom3,
it holds thatM»12¼= M»14¼= M0»6¼. We provide an implementation of theExtend operation for
the general case in Algorithm 3. The following lemma states the time and space complexity of our
implementation ofExtend . For simplicity, we count the space in terms of computer words used to
store references to the quadtrees and values of the mapping functionM.

Lemma 3.5.Let jAj = d in De�nition 3.4. Then, the operationExtend ¹QR; Aº can be supported in
timeO¹2d º and its output takesO¹2d º words of space.
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Fig. 3. A graphical representation of theMultiJoin algorithm for R¹A;Bº Z S¹B;Cº Z T¹A;Cº.

Proof. We show that Algorithm 3 meets the conditions of the lemma. The computations ofmd
andi 0 are immaterial (they just interpret a bitvector as a number or vice versa). The computation
of m0

d is done with a constant table (that depends only on the database dimensiond) of sizeO¹22d º:
given thed bits ofmd and otherd bits telling which attributes ofA are inA 0, the table stores the
corresponding bitvectorm0

d . A naive algorithm without this table runs in timeO¹d2d º. �

3.3 Join algorithm

Now that we can e�ciently represent relations of the formR¹A 0º � All ¹A n A 0º, for A 0 � A ,
we describe a worst-case-optimal implementation of joins over the qdag representations of the
relations. Our algorithm follows the idea discussed for the triangle query: we �rst extend every
qdag to all the attributes that appear in the query, so that they all have the same dimension and
attributes. We then compute their intersection, building a quadtree representing the output of the
query; see Figure 3 for an illustration. The implementation of this algorithm is surprisingly simple
(see Algorithms 4 and 5), yet worst-case optimal, as we prove later on. Using qdags is essential for
this result; this algorithm would not be at all optimal if computed over relational instances stored
using standard representations such as B+ trees. First, we describe how to compute the intersection
of several qdags, and then analyze the running time of the join.

3.3.1 OperationAnd. We introduce an operationAnd, which computes the intersection of several
relations represented as qdags.

De�nition 3.6. Let Q1; : : : ;Qn be qdags representing relationsR1; : : : ;Rn , all over the attribute
setA . OperationAnd¹Q1; : : : ;Qnº returns a quadtreeQ that represents the relationR1 \ � � � \ Rn .
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Algorithm 4 MultiJoin (R1; : : : ;Rn )

Require: RelationsR1; : : : ; Rn , stored as
quadtreesQ1; : : : ; Qn ; each relationRi
is over attributesA i and A =

Ð
A i .

Ensure: A quadtree representing the output
of J = R1 Z : : : Z Rn .

1: for i  1; : : : ; n do
2: LetQi be the qdag¹Qi ; Id¹Ai ºº
3: Q�

i  Extend ¹Qi ; Aº

4: return And¹Q�
1; : : : ; Q�

n º

Algorithm 5 And (Q1, . . . ,Qn )
Require: n qdagsQ1, . . . ,Qn representing relationsR1¹Aº ; : : : ; Rn ¹Aº .
Ensure: A quadtree representing the relation

Ñ n
i =1 Ri ¹Aº .

1: m  minf Value ¹Q1º; : : : ; Value ¹Qn ºg
2: if ` = 1 then return the integerm

3: if m = 0 then return a leaf
4: for i  0; : : : ; 2d � 1 do
5: Ci  And¹Child ¹Q1; i º; : : : ; Child ¹Qn ; i ºº

6: if maxf Value ¹C0º; : : : ; Value ¹C2d � 1ºg= 0 then return a leaf

7: return a quadtree with childrenC0; : : : ; C2d � 1

We implement this operation by simulating a synchronized traversal among the completions
C1; : : : ;Cn of Q1; : : : ;Qn , respectively, obtaining the quadtreeQ that stores the cells that are present
in all the quadtreesCi (see Algorithm 5). We proceed as follows. If` = 1, then allCi are integers
with values0 or 1, andQ is an integer equal to the minimum of then values. Otherwise, if any
Qi represents an empty subgrid, thenQ is also a leaf representing an empty subgrid. Otherwise,
everyCi is rooted by a nodev i with 2d children, and so isQ, where thej-th child of its rootv is
the result of theAnd operation of thej-th children of the nodesv1; : : : ;vn . However, we need a
�nal pruningstep to restore the quadtree invariants (line 6 of Algorithm 5): ifValue ¹v i º = 0 for
all the resulting children ofv , thenv must become a leaf and the children be discarded. Note that
once the quadtree is computed, we can represent it succinctly in linear expected time (Lemma 2.1)
so that, for instance, it can be cached for future queries involving the output represented byQ.

3.3.2 Analysis of the algorithm.We compute the outputQ of And¹Q1; : : : ;Qnº in time O¹2d �
¹j jQ1j j + � � � + jjQn j jºº. More precisely, the time is bounded byO¹2dn � jQ+ jº, whereQ+ is the
quadtree that would result from Algorithm 5 if we removed the pruning step of line 6. We call this
quadtreeQ+ the non-pruned versionof Q. Although the size of the actual outputQ can be much
less than that ofQ+ , we can still prove that our time is optimal in the worst case. We start with two
technical results, the �rst one (Lemma 3.7) bounding the running time of Algorithm 5 in terms of
the maximum numberm of internal nodes of some level inQ+ , and the second one (Lemma 3.8)
boundingm by the output size of Algorithm 5 over an instance of similar size.

Lemma 3.7.LetQ1; : : : ;Qn be qdags representing relationsR1; : : : ;Rn , all over the attribute setA ,
and leth be the height of the completions ofQ1; : : : ;Qn . Then the operationQ = And¹Q1; : : : ;Qnº
can be supported in timeO¹m � 2dn � hº, wherem is the maximum number of internal nodes in any
level ofQ+ , the non-pruned version ofQ.

Proof. We show that Algorithm 5 meets the conditions of the lemma. Letmk be the number of
nodes of depthk in Q+ , and thenm = max0� k <h mk . The number of steps performed by Algorithm 5
is clearly bounded byn � ¹

Í
0� k <h mk � 2d º � n � m � h � 2d : at each depth we continue traversing

all qdagsQ1; : : : ;Qn as long as they are all nonempty, and we generate the corresponding nodes
in Q+ (even if at the end some nodes will disappear inQ). The cost incurred in leaves and integer
nodes ofQ+ can be charged to their internal parent node. �

Lemma 3.8.LetQ1; : : : ;Qn ben qdags representing relationsR1¹A 1º; : : : ;Rn ¹A nº, respectively,
and letA =

Ð
A i . LetQ = And

�
Extend ¹Q1; Aº ; : : : ;Extend ¹Qn ; Aº

�
, letQ+ be the non-pruned

version ofQ, and letm be the maximum number of internal nodes at any level ofQ+ . Then there exist
relationsR0

1¹A1º; : : : ;R0
n ¹Anº such that:
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Fig. 4. A graphical representation of the construction for the proof of Lemma 3.8. a) An illustration of
the top j-th levels of theqdagsQ1; : : : ;Qn representingR1; : : : ;Rn , respectively, and the topj-th levels
of Q = And

�
Extend ¹Q1; Aº ; : : : ;Extend ¹Qn ; Aº

�
. b) TheqdagsQ0

1; : : : ;Q0
n representing respectively the

relationsR0
1; : : : ;R0

n generated, and thequadtreeQ0 = And
�
Extend ¹Q0

1; Aº ; : : : ;Extend ¹Q0
n ; Aº

�
.

� j R0
i j � j Ri j, for all 1 � i � n;

� If the qdagsQ0
1; : : : ;Q0

n representR0
1¹A1º; : : : ;R0

n ¹Anº, respectively, then the quadtreeQ0 =
And

�
Extend ¹Q0

1; Aº ; : : : ;Extend ¹Q0
n ; Aº

�
has at leastm integer-1 nodes.

Proof. Let the maximum numberm of internal nodes be reached at depth0 � j < log` of Q+ .
We construct the relationsR0

i , for 1 � i � n, as follows: For a binary stringc, let pre¹c; j º denote
the �rst j bits ofc. Then, for each relationRi and each tuple¹c1; : : : ;cdi º in Ri , wheredi = jA i j,
let R0

i contain the tuples¹0log ` � j pre¹c1; j º; 0log ` � j pre¹c2; j º; : : : ;0log ` � j pre¹cdi ; j ºº, corresponding to
taking the �rst j bits of each coordinate and prepending them with a string oflog` � j 0s. While
this operation may send two tuples in an original relation to a single tuple in the corresponding
new one, we still have that each relationR0

i contains at most as many tuples as relationRi .
Let us show that the quadtreeQ0 = And

�
Extend ¹Q0

1; Aº ; : : : ;Extend ¹Q0
n ; Aº

�
has at leastm

integer-1 nodes. Imagine that we represent eachR0
i using a qdagQ0

i . Because the �rstlog` � j bits
of every tuple component inR0

i are all 0, in the toplog` � j levels of (the completion of)Q0
i there

will be only one internal node per level, with only the �rst child of each of these not being a leaf.
Moreover, the remainingj levels at the bottom ofQ0

i will be exactly the same as the topj levels of
Qi , except for the last one, in which the internal nodes ofQi become integer-1 nodes inQ0

i , and
the leaves representing empty grids become integer-0 nodes (see Figure 4 for an illustration).

Now suppose that we run Algorithm 5 overExtend ¹Q0
1; Aº ; : : : ;Extend ¹Q0

n ; Aº , and letQ0 be
its output quadtree. Note that, as before, in the toplog` � j levels ofQ0 there will be only one
internal node per level, with only the �rst child of each of these nodes not being a leaf. Then, since
the j levels at the bottom ofQ0

i are the same as the topj levels ofQi , for all 1 � i � n, the remaining
j levels at the bottom ofQ0 will be exactly the same as the topj levels ofQ, except for the last one,
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in which the internal nodes ofQ at the j-th level become integer-1 nodes inQ0. Therefore,Q0 must
have at leastm integer-1 nodes at the last level. �

Since the running time of Algorithm 4 is dominated by the execution of Algorithm 5, we can use
the bounds established in Lemmas 3.7 and 3.8 to prove the worst-case optimality of Algorithm 4.
We do this in Theorem 3.9. For a join queryJ on a databaseD, we use2� � ¹J;Dº to denote the AGM
bound [6] of the queryJ overD, that is, the maximum size of the output ofJ over any relational
database having the same number of tuples asD in each relation.

Theorem 3.9.Let J = R1 Z : : : Z Rn be a full join query over a databaseD with schema
fR1; : : : ;Rn g, letd be the number of di�erent attributes inD, and assume the domains of all the
attributes are in»0; ` � 1¼. LetA i be the set of attributes ofRi , for all 1 � i � n, N =

Í
i jRi j be the

total number of tuples in the database, andS =
Í

i jA i j � jRi j its total number of tuple components.
The relationsR1; : : : ;Rn can then be stored withinSlog` + 2N log` + o¹Slog`º + O¹n logdº bits, so
that later the output forJ can be computed in timeO¹2� � ¹J;Dº � 2dn log min¹`; Sºº = ~O¹2� � ¹J;Dºº.

Proof. First, assume thatlog` is O¹logSº. The space bound can be achieved by storing the
relationsR1; : : : ;Rn as quadtreesQ1; : : : ;Qn , respectively. When these quadtrees are stored using
the data structure of Lemma 2.1, the total space used is

Í
i ¹jA i j + 2+ o¹1ººjRi j log` + O¹n logdº =

Slog` + ¹2+o¹1ººN log` +O¹n logdº bits, which is within the claimed space bound. These quadtrees
are built during the initialization of the databaseD, and not as part of the query evaluation algorithm.
To solve the join queryJ we �rst create the qdags¹Q1; Id¹A 1ºº; : : : ;¹Qn ; Id¹Anºº, which takes
constant time per relation. Then we use these qdags as parameters for Algorithm 4 to compute the
result of the query.

We now show that Algorithm 4 runs in time within the bound of the theorem. The cost of the
Extend operations is onlyO¹2dnº, according to Lemma 3.5, so the main cost of Algorithm 4 owes
to the And operation. LetQ be the quadtree resulting from step 4 of Algorithm 4, letQ+ be its non-
pruned version, and letm be the maximum number of internal nodes at any level ofQ+ . By Lemma 3.7
we know that the running time of this step isO¹m�2dn�log` º, which isO¹m�2dn�log min¹`; Sººsince
log` is O¹logSº. Furthermore, by Lemma 3.7 we know that there are relationsR0

1¹A1º; : : : ;R0
n ¹Anº

with jR0
i j � j Ri j, for all 1 � i � n, such that if the qdagsQ0

1; : : : ;Q0
n representR0

1¹A1º; : : : ;R0
n ¹Anº,

respectively, then the quadtreeQ0 = And
�
Extend ¹Q0

1; Aº ; : : : ;Extend ¹Q0
n ; Aº

�
has at leastm

integer-1 nodes. Since running Algorithm 4 overR0
1¹A1º; : : : ;R0

n ¹Anº returnsQ0, the output of the
queryR0

1 Z : : : Z R0
n has at leastm tuples. Therefore,m = O¹2� � ¹J;Dºº and the running time of

Algorithm 4 overR1; : : : ;Rn is O¹2� � ¹J;Dº � 2dn log min¹`; Sºº.
Now, let us consider the case whenlogS is o¹log` º (e.g., when the attribute values are �xed-

length strings). In this case, if we proceed as before we will still meet the space bound, but the
height of the quadtrees storing the relations could be! ¹logSº, and then Algorithm 4 would not
run in the claimed time because of Lemma 3.7. With a slight variation on how we store the
relations, however, we can convertO¹log` º to O¹logSº in the time complexity of this algorithm
while preserving the space bound. First we store the values of the attributes appearing in any
relation in an auxiliary data structure (e.g., an array), and associate anO¹logSº-bits identi�er to each
di�erent value in »0; ` � 1¼that appears inD (e.g., the index of the corresponding value in the array).
Then, we represent the relationsR1; : : : ;Rn in quadtrees using the data structure of Lemma 2.1,
but this time storing the identi�ers of the attribute values instead of the values themselves. This
representation requires at mostSlog` bits for the representation of the distinct attribute values,
andSlogS+ ¹2 + o¹1ººN logS+ O¹n logdº bits for the quadtrees, which iso¹Slog`º + O¹n logdº.
The total is then within the claimed space. As already mentioned, this representation is computed
during the initialization of the databaseD, and is not part of the query evaluation algorithm. The
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analysis of the running time of Algorithm 4 is the same as in the previous case, but this time when
reporting the output we must map theO¹logSº-bits identi�er of an attribute value to its original
O¹log` º-bits value. This can be done by adding only a constant-time overhead per output (e.g.,
when the auxiliary data structure is an array, theO¹logSº-bits identi�er is directly the position
in this array where its corresponding attribute value is stored). Thus, the space and running time
bound claimed also hold for this case, which completes the proof. �

In a practical implementation of Theorem 3.9, given a databaseD with n relations andd attributes
in total, we only store the relations as quadtrees, a lookup table of sizeO¹22d º to support theExtend
operation e�ciently (as described in the proof of Lemma 3.5), and an array or hash table to store
the original values of attributes requiring more than! ¹logSº bits in their representation (e.g.,
string-valued attributes). Thus, the initialization of the database consists of building then quadtrees
and computing the lookup table. We assumed in Theorem 3.9 that the domain of all the attributes
is the same, but one can overcome this restriction in practice by combining the two di�erent
representations described in the proof of the theorem. With respect to the output of the queries
note that, although Algorithms 4 and 5 return a quadtree representing the output, they can be easily
modi�ed to just report the values found. For instance, in Algorithm 5 it is enough to remove lines
6-7, and replace thereturn statement in line 2 by one reporting the output tuple corresponding to
the leaf found. In this case, the working memory used by Algorithms 4 and 5 isO¹log min¹`; Sºº,
which is the height of the quadtrees representing the relations.

We present and describe in depth a practical implementation in Section 6, and compare its
performance with state-of-the-art alternatives in Section 7.

3.4 Be�er space and time on clustered datasets

As noted in Section 2, storingp points in a quadtree requires at mostp log` internal nodes, because
each point stored at an integer-1 node induces a path oflog` internal nodes leading to it. This is,
however, an upper bound, because those paths are not disjoint; see in Figure 1 the paths leading to
¹6;12º, ¹7;12º, ¹6;13º, and¹7;13º. It is not hard to show that the quadtree has indeed fewer nodes
on clustered data (cf. Gagie et al. [13, Thm. 1] for two dimensions).

Lemma 3.10.A quadtree in dimensiond containingp points distributed alongc clusters, with the
i -th cluster containingpi points inside a subgrid of sizesi

d , hasO¹c � 2d log` +
Í

i pi logsi º internal
nodes.

Proof. It is su�cient to count the number of ancestors of the nodes in each cluster separately.
Consider thei -th cluster, within a hypercube of sizesi

d . Since the quadtree nodes at depthhi =
blog¹` •si ºc span a subgrid of size at leastsd

i , the cluster hypercube intersects at most two such
nodes in each dimension, for a total of2d nodes. Adding up their ancestors, it turns out that the
cluster has at most2d log¹` •si º ancestors of depthhi or less. In addition, each of thepi points of
the cluster haspi ¹log` � hi º < pi ¹1+ logsi º ancestors deeper thanhi . Summing up we have the
upper boundO¹c � 2d log` +

Í
i pi logsi º. �

This reduction directly impacts on the space required to store quadtrees. Indeed, quadtrees have
been shown to work well in applications such as RDF stores or web graphs, where data points
are distributed in clusters [3, 9]. We can further show that clustering also impacts positively on
query times if we represent the data using quadtrees: by combining their space analysis with the
technique we used to prove Theorem 3.9, we obtain better time bounds, and a small re�nement of
the AGM bound itself. Those improvements will show up empirically in Section 7.

Consider again the triangle queryR¹A;Bº Z S¹B;Cº Z T¹A;Cº, and assume the points in each
relation are distributed inc clusters, each of them �tting in a square grid of width at mosts and size
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at mosts � s, and withp points in total. Then, at depthlog¹` •sº, the quadtrees ofT, R, andShave
at most22 = 4 internal nodes per cluster: at this level one can think of the trimmed quadtree as
representing a coarser grid of cells of sizes� s, and therefore each cluster can intersect at most two
of these coarser cells per dimension. Thus, lettingQ0

R, Q0
S, andQ0

T be the quadtrees forR, SandT
trimmed up to levellog¹` •sº (and where internal nodes take value1), then the proof of Theorem 3.9
yields a bound for the number of internal nodes at levellog¹` •sº of the non-pruned quadtreeQ+

of the output: this number must be bounded by the AGM bound of the instances given byQ0
R, Q0

S
andQ0

T , which is at most¹c � 22º3•2 = 8c3•2. Going back to the data for the quadtreeQ+ , the bound
on the number of internal nodes means that the points of the output are distributed in at most
8c3•2 clusters of size at mosts3. In turn, the maximal number of1s in the answer is bounded by the
AGM bound itself, which here isp3•2. This means, by Lemma 3.10, that the size ofQ+ is bounded
by O¹c3•2 log` + p3•2 logsº, and so is also the running time of the algorithm. This is an important
reduction from the general boundO¹p3•2 log` º if the numberc of clusters and their widths are
small, as we now multiply the number of answers bylogs instead oflog` .

Corollary 3.11. If, in the scenario of Theorem 3.9, the points in each relation are distributed inc
clusters of widths, then the join algorithm works in timeO

�
¹2� � ¹J;Ds º log¹` •sº + 2� � ¹J;Dº logsº � 2dnº,

whereDs denotes the database with all the values trimmed to their highestblog¹` •sºc bits and thus
2� � ¹J;Ds º � c � 2

Í
i jA i j � c � 2dn .

Proof. Assumes is a power of2, by increasing it to the closest one if needed, and calldi = jA i j.
LetRs

i be the relations resulting out of trimming the values inRi to their highesth = log¹` •sº bits,
andDs be the instance given by the relationsfRs

1; : : : ;Rs
n g. Every empty (resp., nonempty) subgrid

of sizesdi of the quadtree ofRi then becomes an integer-0 (resp., integer-1) leaf of the quadtree of
Rs

i . Further, every cluster of sizesdi in Ri results in at most2di points in Rs
i , and thusjRs

i j � c � 2di .
Now consider the non-pruned quadtreeQ+ built during the application of Algorithm 5. The

number of nodes at depthh correspond to the last-level nodes of the output of the queryJ applied
on Ds, that is, at most2� � ¹J;Ds º. The total number of internal nodes inQ+ can then be bounded by
splitting them into two parts: (i) the nodes at depthh in Q+ and their ancestors, and (ii) the deeper
nodes inQ+ . While the �rst part is clearlyO¹2� � ¹J;Ds º log¹` •sºº, the second part can be bounded
as in Theorem 3.9: take the level ofQ+ with the maximum numberm of nodes, which is at most
2� � ¹J;Dº, and multiply it by thelog` � h = logs levels that are accounted for in (ii). The result then
follows by charging theO¹2dnº cost incurred by the intersection algorithm on each node ofQ+ . The
last inequality follows from the fact that then restricted relationsRs

i are of maximum cardinality
c � 2di and2� � ¹J;Ds º � � i jRs

i j � c � 2
Í

i di � c � 2dn . �

3.4.1 Geometric interpretation.As quadtrees have a direct geometric interpretation, it is natural to
compare them to the algorithm based ongap boxesproposed by Khamis et al. [18]. In a nutshell,
this algorithm uses a data structure that stores relations as a set of multidimensional cubes that
contain no data points, which the authors call gap boxes. Under this framework, a data point is
in the answer of the join queryR1 Z � � � Z Rn if the point is not part of a gap box in any of the
relationsRi . The authors then compute the answers of these queries using an algorithm that �nds
and merges appropriate gap boxes covering all cells not in the answer of the query, until no more
gap boxes can be found and we are left with a covering that misses exactly those points in the
output of the query. Such an algorithm is subject of a �ner analysis: the runtime of queries can
be shown to be bounded by a function of the size of acerti�cateof the instance (and not its size).
The certi�cate in their case is simply the minimum amount of gap boxes from the input relations
that is needed to cover all the gaps in the answer of the query. Finding such a minimal cover is
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NP-hard, but a slightly restricted notion of gap boxes maintains the bounds within anO¹logd ` º
approximation factor.

While any index structure can be thought of as providing a set of gap boxes [18], quadtrees
provide a particularly natural and compact representation. Each leaf or node valued0 in a quadtree
signals that there are no points in its subgrid, and can therefore be understood as ad-dimensional
gap box. Now letJ = R1 Z � � � Z Rn be a join query overd attributes, and letR�

i denote the
extension ofRi to the attributes ofJ. As in Khamis et al. [18], a quadtree certi�catefor J is a set of
gap boxes (i.e., emptyd-dimensional grids obtained from any of theR�

i s) such that every coordinate
not in the answer ofJ is covered by at least one of these boxes. LetCJ;D denote a certi�cate forJ
of minimum size; then we can reinterpret the running time of Theorem 3.9 as follows.

Corollary 3.12. Given multijoinJ on a databaseD, Algorithm 4 runs in timeO¹¹jCJ;D j + jJ¹Dºjº �
2dn log`º, whereJ¹Dº is the output of the queryJ overD.

Now, one can easily construct instances and queries such that the minimal certi�cateCJ;D is
comparable to2� � ¹J;Dº. So this will not give us instance-optimality results, as discovered [18, 32]
for acyclic queries or queries with bounded treewidth. This is a consequence of increasing the
dimensionality of the relations. Nevertheless, the bound does yield a good running time when we
know thatCJ;D is small, as evidenced in Corollary 3.11. It is also worth mentioning that our join
algorithm directly computes the only possible representation of the output as gap boxes (because
its boxes come directly from the representation of the relations). This means that there is a direct
connection between instances that give small certi�cates and instances for which the representation
of the output is small.

4 EXTENDING WORST-CASE OPTIMALITY TO BOOLEAN QUERIES

Next we turn to design worst-case optimal algorithms for more general queries of the relational
algebra. We start in this section with the Boolean queries: we already studied theintersection
(which corresponds to operationAnd over the qdags), and will show thatunion(operationOr) and
complement(operationNot ) can be solved optimally as well. What is most intriguing, however, is
whether we can obtain worst-case optimality on combined relational formulas. We introduce a
notion of worst-case optimality that generalizes the AGM bound on multijoin queries, and then
design a worst-case optimal algorithm (in data complexity) to evaluate formulas that combine
join, union, and complement operations. We refer to those formulas asJUC queries5; note that the
intersection is a particular case of join.

De�nition 4.1. Let F be a formula in the relational algebra over relationsR1¹A 1º; : : : ;Rn ¹A nº
from a databaseD. We de�neF¹Dº� as the maximum size of the output ofF over instancesD0 with
relationsR0

1; : : : ;R0
n of respective sizesjR0

i j = O¹jRi jº, and their complements of sizesjR0
i j = O¹jRi jº,

for all 1 � i � n. An algorithm to evaluateF is said to beworst-case optimalif it evaluatesF in
time O¹F¹Dº� º, andworst-case optimal in data complexityif it evaluatesF in time ~O¹F¹Dº� º, which
is O¹F¹Dº� º multiplied by factors that depend only on the sizejFj of the formula, the total number
d = j [ i A i j of attributes, and at most polylogarithms of the data and domain sizes.

The guard about the sizes ofR0
i is important whenRi appears negated inF, to avoid the com-

plement ofR0
i to be very large and induce a poor boundF¹Dº� . For instance, letF = R1 \ R2 and

5Strictly speaking, JUC queries are incomparable to relational algebra because complement operations can only be simulated
with di�erence when the domain of the relations coincides with the active domain. However, to streamline the comparison
between boolean queries and relational algebra, we assume that the domain and active domain of relations coincide, and
therefore complement and di�erence are interchangeable.
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Algorithm 6 Value on extended qdags
Require: A qdag¹Q; Mº with grid side ` .
Ensure: Value0 or 1 if the grid represented byQ is totally empty or full, respectively, otherwise½.

1: if Q is a leafthen return the integer0 or 1 associated withQ

2: return ½

Fig. 5. (a) A grid representing the complementR¹A;Bº of the relation R¹A;Bº in Fig 1. (b) Thequadtree
representingR. The integers can now appear at any level, and they represent either empty or full subgrids.
The internal nodes are grayed.

jR2j = `d � O¹1º, so every possible output ofF is of sizeO¹1º. Yet, if we can choose a relationR0
2

with jR0
2j = jR2j•2 = O¹jR2jº, then the output ofF on R0

2 can be of size up tòd •2+ O¹1º, and hence
F¹Dº� = � ¹`d º. Our de�nition avoids this by enforcing thatjR0

2j = O¹jR2jº = O¹1º. We do not need
to enforce this condition on the relationsRi that do not appear negated inF.

In the particular case whereF is a multijoin formulaJ (no negations), we haveF¹Dº� = 2� � ¹J;Dº,
and we have achieved the corresponding worst-case optimality (in data complexity) in Theorem 3.9.
The key technique to obtain worst-case optimality on more complex queries is to deal with them
in a lazy form, allowing unknown intermediate results so that all the components of a formula
are evaluated simultaneously. To do this we introduce lazy qdags (or lqdags), an alternative to
qdags that can navigate over the quadtree representing the output of a formula without the need
to entirely evaluate the formula. We then give a worst-case optimal algorithm to compute the
completionof an lqdag, that is, the quadtree of the grid represented by the lqdag.

4.1 Lqdags for relational formulas

To support worst-case optimal evaluation of relational formulas we introduce two new ideas: we
add �full leaves� to the quadtree representation to denote subgrids full of 1s, and we introduce
lqdags to represent the result of a formula as animplicit quadtree that can be navigated without
fully evaluating the formula.

While the last-level nodes of quadtrees represent a single cell and store its value,0 or 1, quadtree
leaves at higher levels always represent subgrids full of0s. We now generalize the representation,
so that those quadtree leaves at higher levels also store an integer,0 or 1, which is the value of
all the cells in the subgrid represented by the leaf. This generalization is introduced in order to
complement empty subgrids in constant time; see Figure 5. It is now more convenient to callleaves
all the quadtree nodes, in the last level or higher, whose subgrids are all0s or all1s, and thus storing
the corresponding integer (see Figure 5). The generalization impacts on the way to computeValue ,
as depicted in Algorithm 6. We will not use qdags in this section, however; the lqdags build directly
on quadtrees.

ACM Trans. Datab. Syst., Vol. 37, No. 4, Article 111. Publication date: August 2018.



111:18 Arroyuelo, Navarro, Reu�er, and Rojas-Ledesma

Fig. 6. Illustration of the syntax tree of anlqdagfor the formula¹R¹A;Bº Z S¹B;Cºº Z T¹A;Cº. Thequadtrees
QR;QS;QT represent the relationsR;S;T, respectively.

In terms of the compact representation, this generalization is implemented by resorting to an
impossible quadtree con�guration: a string shorter thanlog` in the trie structure of Lemma 2.1
will be used to denote the path of a quadtree node ending at a leaf full of1s. We emphasize that we
are allowed to use leaves with value1 when possible, but not forced: quadtrees with those nodes
partially or fully expanded are also valid andequivalent, in the sense that they represent the same
set of points. A relation can then be represented by di�erent quadtrees.

The second novelty, the lqdags, are de�ned as follows.

De�nition 4.2 (lqdag).An lqdagL is a pair¹f ;oº, wheref is afunctorando is a list ofoperands,
recursively built using the following rules. The rules also de�ne thecompletionof L , which is a
quadtreeQR representing a relationR¹Aº ; we also say thatL representsR.

(1) L = ¹QTREE;QRº.
(2) L = ¹NOT;QRº, whereQR is a quadtree representing the complement ofR;
(3) L = ¹AND; L 1; L 2º, whereL 1 andL 2 are lqdags, andQR represents the intersection of their

completions;
(4) L = ¹OR; L 1; L 2º, whereL 1 andL 2 are lqdags, andQR represents the union of their comple-

tions;
(5) L = ¹EXTEND; L 1; Aº , whereL 1 is an lqdag representing a relationR0¹A 0º, A is a set of

attributes such thatA 0 � A , andR¹Aº = R0¹A 0º � All ¹A n A 0º.

To illustrate the de�nition of lqdags, consider the triangle queryR¹A;Bº Z S¹B;Cº Z T¹A;Cº,
with A = fA;B;Cg and the relations represented by quadtreesQR, QS, andQT . This query can
then be represented as the lqdag

¹AND; ¹AND; ¹EXTEND; ¹QTREE;QRº; Aº ; ¹EXTEND; ¹QTREE;QSº; Aºº ; ¹EXTEND; ¹QTREE;QT º; Aºº :

Lqdags as syntax trees.An lqdagL = ¹f ;oº can be interpreted as asyntax treeof the formulaF
that it represents. The leaves of this tree correspond to the lqdags with functorsQTREEandNOT
(i.e., those having a quadtree as their operand) present inL , while its internal nodes correspond to
lqdags with functorsOR, AND, andEXTEND(i.e., those having lqdags as their operands). The root of
the syntax tree forL is a node corresponding to the functorf , and there is an edge from a node
for an lqdagL 1 to a node for an lqdagL 2 if and only if L 2 is an operand ofL 1 (see Figure 6 for an
illustration). The lqdags corresponding to each node of this syntax tree are calledfnodesof L .

Deriving other functors and the limitations of theNOToperand.For a quadtreeQR representing
a relationR¹A 0º, and a set of attributesA such thatA 0 � A , the qdag¹QR;MA º that represents
the relationR¹A 0º � All ¹A n A 0º can be expressed as the lqdag¹EXTEND; ¹QTREE;QRº; Aº . In this
sense, lqdags are extensions of qdags. Note also that JUC queries, and even other more general
formulas, can be expressed as lqdags. WhileUNIONandCOMPLEMENTare equivalent toORandNOT,
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respectively, one can de�ne other operations, likeJOINandDIFF, by composing the operations
introduced in De�nition 4.2:

¹JOIN; L 1¹A 1º; L 2¹A 2ºº = ¹AND; ¹EXTEND; L 1; A 1 [ A 2º; ¹EXTEND; L 2; A 1 [ A 2ºº (1)

¹DIFF; L 1¹Aº ; L 2¹Aºº = ¹AND; L 1; ¹NOT; L 2ºº (2)

Note that in the de�nition of the lqdag forNOT, the operand is a quadtree instead of an lqdag,
and then, for example,L 2 should be a quadtree in the de�nition ofDIFFin Eq. (2), in principle. We
can get around that restriction by pushing down theNOToperators until the operand is a quadtree
or the NOTis cancelled with anotherNOT. We formalize this process in Lemma 4.3. Proceeding in
this way, however, does limit the types of formulas for which we achieve worst-case optimality, as
shown later in Section 4.2.

Lemma 4.3.LetL = ¹f ;oº be an lqdag, and letk be the total number of functors that appear inL ,
includingf and all those present recursively ino. LetNOT� ¹Lº denote the quadtree representing the
complement of the completion ofL . Then there is an lqdagL = ¹f 0;o0º whose completion isNOT� ¹Lº ,
and containsk functors in total (i.e., includingf 0 and those present recursively ino0).

Proof. We prove the lemma by induction onk. Whenk = 1, L must be either¹QTREE;oº or
¹NOT;oº, with o being a quadtree. In this caseL 0 = ¹NOT;oº, or L 0 = ¹QTREE;oº, respectively.

Whenk > 1, f must be eitherAND, or OR, or EXTEND. ForL = ¹AND; L 1; L 2º, the number of
functorsk1;k2 present inL 1; L 2, respectively, must be less thank. Thus, by induction there are
lqdagsL 1; L 2, containing exactlyk1;k2 functors, respectively, and whose completions areNOT� ¹L 1º,
NOT� ¹L 2º. By the de Morgan law, the completion of the lqdagL = ¹OR; L 1; L 2º isNOT� ¹Lº . Moreover
it contains exactly1 + k1 + k2 = k functors in it, and thus the statement is true for this case.
Analogously, whenL = ¹OR; L 1; L 2º, L = ¹AND; L 1; L 2º containsk functors and hasNOT� ¹Lº as
its completion.

We are left with the case whenL = ¹EXTEND; L 1; Aº . SinceL 1 must containk � 1 functors, there
is by induction an lqdagL 1 containing exactlyk1 functors and whose completion isNOT� ¹L 1º. We
can show that the completion ofL = ¹EXTEND; L 1; Aº is preciselyNOT� ¹Lº . By De�nition 4.2, the
completion ofL 1 must represent a relationR0¹A 0º with A 0 � A , while the completion ofL must
represent a relationR¹Aº = R0¹A 0º � All ¹A n A 0º. LetR¹Aº ;R0¹A 0º denote the complements of
R¹Aº ;R0¹A 0º, respectively. LettX denote the projection of a tuplet to a set of attributesX. Note
that R¹Aº can be written as

R¹Aº = f t 2 All ¹Aº j tA 0 < R0¹A 0º or tAnA 0 < All ¹A n A 0ºg:

Since the complement ofAll ¹A n A 0º is empty,R¹Aº = f t 2 All ¹Aº j tA 0 2 R0¹A 0ºg, which is the
same asR¹Aº = R0¹A 0º � All ¹A n A 0º. By De�nition 4.2, this is the relation represented by the
completion of the lqdagL = ¹EXTEND; L 1; Aº , thus completing the proof. �

Laziness of lqdags.To understand why we call lqdags lazy, consider the operationQ1 And Q2
over quadtreesQ1;Q2. If eitherValue at the roots ofQ1 or Q2 is 0, then the result of the operation
is for sure a leaf withValue 0. If either Value is 1, then the result of the operation is the other
quadtree. However, if both roots haveValue ½, one cannot be sure of theValue of the resulting
root until the And between the children ofQ1 andQ2 has been computed. Solving this dependency
eagerly would go against worst-case optimality: it forces us to fully evaluate parts of the formula
without considering it as a whole. To avoid this, we allow theValue of a node represented by an
lqdag to be, apart from0, 1, and½, the special valuê . This indicates that one cannot determine
the value of the node without computing the values of its children.
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Algorithm 7 Value (L )
Require: An lqdagL
Ensure: Value of the root ofL .

1: if L = ¹QTREE; Qº then
2: return Value ¹Qº

3: if L = ¹NOT; Qº then
4: return 1 � Value ¹Qº

5: if L = ¹AND; L 1; L 2º then
6: if Value ¹L 1º = 0 or Value ¹L 2º = 0 then return 0

7: if Value ¹L 1º = 1 then return Value ¹L 2º

8: if Value ¹L 2º = 1 then return Value ¹L 1º

9: return ^

10: if L = ¹OR; L 1; L 2º then
11: if Value ¹L 1º = 1 or Value ¹L 2º = 1 then return 1

12: if Value ¹L 1º = 0 then return Value ¹L 2º

13: if Value ¹L 2º = 0 then return Value ¹L 1º

14: return ^

15: if L = ¹EXTEND; L 1; Aº then
16: return Value ¹L 1º

Algorithm 8 Child (L ; i )

Require: An lqdagL¹Aº and an integer0 � i < 2jAj .
Ensure: An lqdag for thei -th child of L .

1: if L = ¹QTREE; Qº then
2: return ¹QTREE; Child ¹Q; i ºº

3: if L = ¹NOT; Qº then
4: return ¹NOT; Child ¹Q; i ºº

5: if L = ¹AND; L 1; L 2º then
6: if Value ¹L 1º = 1 then return Child ¹L 2; i º

7: if Value ¹L 2º = 1 then return Child ¹L 1; i º

8: return ¹AND; Child ¹L 1; i º; Child ¹L 2; i ºº

9: if L = ¹OR; L 1; L 2º then
10: if Value ¹L 1º = 0 then return Child ¹L 2; i º

11: if Value ¹L 2º = 0 then return Child ¹L 1; i º

12: return ¹OR; Child ¹L 1; i º; Child ¹L 2; i ºº

13: if L = ¹EXTEND; L 1¹A 0º; Aº then
14: d  jA j , d0  jA 0j
15: md  thed-bits binary representation ofi
16: md 0  the projection ofmd to the positions in which

the attributes ofA 0 appear inA

17: i 0  the value in»0; 2d 0
� 1¼corresponding tomd 0

18: return ¹EXTEND; Child ¹L 1; i 0º; Aº

As we did for qdags, in order to simulate the navigation over the completionQ of an lqdagL
we need to describe how to obtain the value of the root ofQ, and how to obtain an lqdag whose
completion is thei -th child of Q, for any giveni . We implement those operations in Algorithms 7
and 8, both constant-time. Note thatChild can only be invoked whenValue = ½or ^ . The base
case occurs whenL = ¹QTREE;Qº or L = ¹NOT;Qº, where we enter the quadtree and resort to the
algorithms based on the compact representation ofQ. As per Algorithm 6,Value ¹Qº returns½for
internal nodes, and thus the implementation ofValue for EXTENDis trivial in Algorithm 7.

Note that the recursive calls of Algorithms 7 and 8 traverse the fnodes of the lqdag, and terminate
immediately upon reaching an fnode of the form¹QTREE;Qº or ¹NOT;Qº. Therefore, their time
complexity depends only on the size of the formula represented by the lqdag. We show next how,
using these implementations ofValue andChild , one can e�ciently evaluate a relational formula
using lqdags.

4.2 Evaluating JUC queries

To evaluate a formulaF represented as an lqdagL F, we compute the completionQF of L F, that is,
the quadtreeQF representing the output ofF (as detailed in Algorithm 9).

To implement this we introduce the idea ofnon-pruned completionof an lqdag. The non-pruned
completionQ+

F of L F is the quadtree induced by navigatingL F, and interpreting the valueŝ
as½(as in Algorithm 9 omitting lines 4 and 5). Note that, by interpreting values^ as½, we are
disregarding the possibility of pruning resulting subgrids full of0s or1s and replacing them by
single leaves with values0 or 1 in QF. Therefore,Q+

F is a non-prunedquadtree (just asQ+ in
Section 3.3) that nevertheless represents the same points ofQF. Moreover,Q+

F shares withQF a
key property: all its nodes with value1, including the last-level leaves representing individual cells,
correspond to actual tuples in the output ofF.
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Fig. 7. Illustration of the evalua-
tion of an lqdag for the formula
¹R¹A;Bº Z S¹B;Cºº Z T¹A;Cº. The
quadtrees QR;QS;QT represent the
relationsR;S;T, respectively. We show
the top values ofQ+

F on top and ofQT
on the bo�om. The gray upward arrows
show how the value1 in the quadrant
00of QT becomes0s in octants000and
010of Q+

F without accessingQR or QS.
The red upward arrows show how the
value0 in the quadrant11of QT makes
the quadrants101and111of Q+

F depend
only on their le� child (and, assuming
their value is½, becomes â in Q+

F).

Algorithm 9 Completion ¹L Fº
Require: An lqdagL F whose completion represents a formulaF over relations withd attributes.
Ensure: The completionQF of L F .

1: if Value ¹L F º 2 f0; 1g then return a leaf with valueValue ¹L F º

2: for i  0; : : : ; 2d � 1 do
3: Ci  Completion ¹Child ¹L F ; i ºº

4: if maxf Value ¹C0º; : : : ; Value ¹C2d � 1ºg= 0 then return a leaf with value0

5: if minf Value ¹C0º; : : : ; Value ¹C2d � 1ºg= 1 then return a leaf with value1

6: return a quadtree with value½and childrenC0; : : : ; C2d � 1

To see how lqdags are evaluated, let us consider the queryF = R¹A;Bº Z S¹B;Cº Z T¹A;Cº. This
corresponds to an lqdagL F:

¹AND; ¹AND; ¹EXTEND; ¹QTREE;QRº; Aº ; ¹EXTEND; ¹QTREE;QSº; Aºº ; ¹EXTEND; ¹NOT;QT º; Aºº :

Assuming that some of the quadtrees involved inL F have internal nodes, the non-pruned
completionQ+

F �rst produces8 children. Suppose the grid ofT is full of 1s in the �rst quadrant (00).
Then the �rst child (00) of QT has value1, which becomes value0 in ¹NOT;QT º. This implies that
¹EXTEND; ¹NOT;QT ºº also yields value0 in octants000and010. Thus, when functionChild is called
on child000of QF, our 0 is immediately propagated andChild returns0, meaning that there are
no answers forF on this octant, without ever consulting the quadtreesQR andQS (see Figure 7 for
an illustration). On the other hand, if the value of the child11of T is 0, then¹EXTEND; ¹NOT;QT ºº
will return value 1 in octants101and111. This means that the result on this octant corresponds to
the result of joiningRandS; indeedChild towards101in QF returns

¹AND;Child ¹¹EXTEND; ¹QTREE;QRº; Aº ; 101º;Child ¹¹EXTEND; ¹QTREE;QSº; Aº ; 101ºº:

If Child ¹¹EXTEND; ¹QTREE;QRº; Aº ; 101º andChild ¹¹EXTEND; ¹QTREE;QSº; Aº ; 101º are trees with
internal nodes, the resultingANDcan be either an internal node or a leaf with value0 (if the
intersection is empty), though not a leaf with value1. Thus, for now, theValue of this node is
unknown, a^ . See Figure 7 for an illustration.

Note that the running time of Algorithm 9 isO¹jQ+
F jº. Lines 4 and 5 compactQ+

F to obtainQF,
without a�ecting the complexity of traversingQ+

F. Thus, boundingjQ+
F j yields a bound for the
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running time of evaluatingF. While jQ+
F j can be considerably larger than the actual sizejQF j of

the output, we show thatjQ+
F j is bounded by the worst-case output size of formulaF for a database

with relations of approximately the same size.
We will not use the^ values in the proof, because these are not needed when all we want is to

materialize the output of the query; we can just replace them all by½in that case. Thê values
are useful, instead, to evaluate the formula progressively, for example to provide an iterator over
the output.

4.2.1 Analysis of the algorithm.Let L F be an lqdag for a formulaF, and consider the syntax tree
corresponding toL F. We callatomic expressions ofL F the lqdags associated with the leaves of
this tree (i.e., the fnodes with functorsQTREEandNOT, see Figure 6 again). We say that two atomic
expressionsL 1 andL 2 are equal if both their functors and operands are equal. For example, in the
formula

F = ¹OR; ¹AND; ¹QTREE;QRº; ¹QTREE;QSºº; ¹AND; ¹QTREE;QRº; ¹QTREE;QT ººº

there are three di�erent atomic expressions,¹QTREE;QRº, ¹QTREE;QSº, and¹QTREE;QT º, while in
F 0 = ¹AND; ¹QTREE;QRº; ¹NOT;QRºº there are two atomic expressions. Notice that in formulas like
F 0, where a relation appears both negated and not negated, the two occurrences are seen as
di�erent atomic expressions. We return later to the consequences of this de�nition.

The following lemma is key to bound the running time of Algorithm 9 for evaluating a formula.

Lemma 4.4.Let F be a JUC query represented by an lqdagL F in dimensiond, and letQ+
F be

the non-pruned completion ofL F. LetR1¹A 1º; : : : ;Rn ¹A nº be the relations that appear inF, and
assumeF does not contain subexpressions¹QTREE;Qº and¹NOT;Qº for a same quadtreeQ. Letm be
the maximum number of internal nodes in any level ofQ+

F . Then, there is a databaseD0 with relations
R0

1¹A 1º; : : : ;R0
n ¹A nº of sizesjR0

i j = jRi j for all 1 � i � n, such that the output ofF evaluated overD0

has size
 ¹mº.

Proof. Letmk be the number of internal nodes in levelk of Q+
F and j be a level wherem =

mj is maximum. LetA1; : : : ;An be the distinct atomic expressions ofL F andQ1; : : : ;Qn their
corresponding quadtrees (note that this is the number of relations intervening inF, because
both subexpressions¹QTREE;Qº and ¹NOT;Qº cannot appear for the sameQ). LetQ0

1; : : : ;Q0
n be

the quadtrees that result from trimming the levels at depths higher thanj � 1 from Q1; : : : ;Qn ,
respectively, and replacing each node with value½in level j by a leaf valued 0 or 1 depending on
whether the functor ofAi is NOTor QTREE, respectively. We �rst show thatQ0

1; : : : ;Q0
n represent

relationsR0
1; : : : ;R0

n with jR0
i j � j Ri j such that, whenF is evaluated over these relations, the output

of the formula is at leastm. Then we complete the proof by showing how to augmentR0
i so that

jR0
i j = jRi j, while preserving an output size of at leastm whenF is evaluated over the new relations.

From internal nodes to output tuples.LetQ+
F

0be the non-pruned completion ofL F when evaluated
overQ0

1; : : : ;Q0
n . We will show thatQ+

F
0 has at leastm nodes with value 1 at the last level (thej-th),

and thus the output ofF over the relations represented byQ0
1; : : : ;Q0

n is at leastm.
First, consider the completionA�

i of Ai evaluated overQi , and the completionA�
i
0of Ai evaluated

overQ0
i , for all 1 � i � n. We say thatA�

i � A�
i
0 if both have the same topology up to the last level

of A�
i
0, and the value of each node inA�

i
0 is not smaller than that of its homologous node inA�

i .
The value of a node in the quadtree resulting from anANDor ORoperand ismonotonicon the

values of the homologous nodes of the operands (i.e., when a node value in an operand is increased,
the value in the homologous node of the result never decreases). A simple inductive argument on
the syntax tree ofL F shows that the value of each node inQ+

F is also monotonic on the values of
the homologous nodes from the quadtreesA�

i involved in its computation. Thus, if we show that
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Fig. 8. An illustration of the construction ofQ0
i andQ0

i in the proof of Lemma 4.4 for an atomic expression
Ai = ¹NOT;Qi º. The number inside each node represents its value, and the relations� and � drawn between
trees apply to the value of each pair of corresponding nodes. The figure assumes that the maximum number of
internal nodes inQi occurs at the fourth level. The red node inQi has been compacted into a leaf with value
0 since their children had all value 0 a�er the transformation of values½to 0. These nodes are un-compacted
back inQ0

i to ensureQi andQ0
i have the same topology up to level four.

A�
i � A�

i
0 for all i , we prove thatQ+

F � Q+
F

0. This implies thatQ+
F

0 has at leastm nodes with value 1
in its last level: inQ+

F there are at leastm internal nodes at levelj that become leaves in the last
level ofQ+

F
0, and since their values cannot be 0 due to monotonicity, they must be 1.

If Ai is of the form¹QTREE;Qi º, showing thatA�
i � A�

i
0 is easy: the values in the �rstj � 1 levels

of A�
i are respectively equal to those in thej � 1 levels ofA�

i
0, and the only change in thej-th level

is that the values½were increased to1 when converting everyQi to Q0
i .

WhenAi = ¹NOT;Qi º, we show instead thatA�
i
0 is equivalent to a quadtreeQ0

i (i.e., both represent
the negation ofQ0

i ) such thatA�
i � Q0

i . When we convert the nodes at levelj with value ½ in
Qi to leaves with value0 in Q0

i , we may create nodesv in Q0
i whose descendant leaves are all of

value0, and thus those nodesv would become leaves with value0 themselves. This changes the
topology ofA�

i
0with respect toA�

i , and it is the reason why we instead compareA�
i with a quadtree

Q0
i equivalent toA�

i
0. We constructQ0

i by using the same topology ofQ0
i , and complementing the

values0 and1 of every leaf (see Figure 8). In addition, we expand up to levelj all those new leaves
v of Q0

i that were created via pruning (which is valid because the leaves we expand inQ0
i are of

value1). After this expansion,Q0
i has the same topology ofA�

i up to levelj , its node values are
never smaller than those of the corresponding nodes inA�

i , and thusA�
i � Q0

i .
So far, we showed how to obtainn relations over the same set of attributes as the original ones

such that, whenF is evaluated over them, the output size is
 ¹mº. Moreover, since each quadtree
Q0

i is obtained by trimmingQi at some level, we know these quadtrees represent relationsR0
i such

that jR0
i j � j Ri j. The values inR0

1; : : : ;R0
n belong, however, to a smaller universe ofj -bit values. This

is remedied by simply appending¹log` � j º 0s at the beginning of the binary representation of
these values. Restoring the size of the universe also gives space to augment the generated relations
so that their cardinalities coincide with the original ones. We show next how to achieve this.
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Augmenting the relations.After appending the¹log` � j º 0s at the beginning of the binary
representation of each value inR0

i , the points represented by eachQ0
i are distributed in a subgrid of

size2d j from the total space of size2d log` = `d . There are2d log` •2d j = 2dc such subgrids in the
domain ofRi , for c = log` � j > 0. Thus, we have2dc � 1 > 0 empty subgrids where we can add
spurious points in order to increase the size ofR0

i . We show that the amount of points within these
subgrids is enough to augmentR0

i so thatjR0
i j = jRi j.

We �rst consider the case whenAi = ¹NOT;Qi º. For the purpose of the proof, assumeQi has leaves
with value 1 whenever possible.6 The points ofRi can be classi�ed into the pointsOi represented
by a node with value1 at levelk � j in Qi , and the pointsIi represented by a node that descends
from a½-valued node at levelj of Qi . ThusjRi j = jOi j + jIi j, and:

� Each node valued1 at levelk � j in Qi induces2d¹j � k º points inR0
i and2d¹log` � k º points in

Ri ; therefore there are2dc points inOi per point inR0
i . Those are all the points inR0

i , so to
matchjOi j we must insert2dc � 1 further points for each point inR0

i .
� For every empty cell inR0

i there can be up to2dc � 1 points in Ii , because if the2dc points
existed in the subgrid ofRi corresponding to the cell ofR0

i , then they would have induced a1
at levelj of Qi , not a½. Therefore, to matchjIi j we must insert up to2dc � 1 further points
for each empty cell inR0

i .

Summing up both cases, it su�ces to add2dc � 1 points for each of the2d j cells ofR0
i , full or empty.

Then, we have su�cient space in all the other2dc � 1 > 0 subgrids, each of2d j cells, to add the
spurious points needed to makeR0

i of sizejRi j.
The case ofAi = ¹QTREE;Qi º follows easily from the previous case. LetR00

i be a relation rep-
resented by the quadtreeQ00

i generated via trimming at thej-th level for the atomic expression
¹NOT;Qi º. Then,jR0

i j = jR00
i j + m because inQ0

i them internal nodes in thej-th level are converted
into nodes with value 1, while inQ00

i they become leaves with value 0. We already know that there
is enough room in the new subgrids to augmentR00

i so thatjRi j = jR00
i j, and therefore the same can

be achieved forR0
i , which requires fewer points. �

For a formulaF represented as ad-dimensional lqdagL F that involves relationsR1; : : : ;Rn ,
we can bound the time needed to compute the non-pruned completionQ+

F of L F using the same
reasoning as in Section 3.3. Sincem is the maximum number of internal nodes in a level ofQ+

F , the
number of internal nodes inQ+

F is at mostm log` . Now, each internal node inQ+
L F

results from the
application ofjFj operations on each of the2d children being generated, all of which take constant
time. Thus the non-pruned completion can be computed in timeO¹m � 2d jFj log` º. On the other
hand, by De�nition 4.1, it holds thatF¹Dº� = 
 ¹mº, and therefore the queryF can be computed in
timeO¹F¹Dº� � 2d jFj log` º. This means that the algorithm is worst-case optimal in data complexity.
By using the same technique of Theorem 3.9 to convertlog` into log min¹`; Sº, we obtain the result.

Theorem 4.5.LetF be a JUC query on the relationsfR1; : : : ;Rn gof a databaseD, withd attributes
in total, and where the domains of the relations are in»0; ` � 1¼. LetA i be the set of attributes ofRi , for
all 1 � i � n, N =

Í
i jRi j be the total number of tuples in the database, andS =

Í
i jA i j � jRi j its total

number of entries. The relationsR1; : : : ;Rn can then be stored withinSlog` + 2N log` + o¹Slog`º +
O¹n logdº bits so that, if the lqdag ofF does not contain both subexpressions¹QTREE;Qº and¹NOT;Qº
for someQ, its output can be computed in timeO¹F¹Dº� � 2d jFj log min¹`; Sºº = ~O¹F¹Dº� º.

This result generalizes Theorem 3.9, whereF¹Dº� = 2� � ¹F;Dº and jFj = 
 ¹nº. Moreover, it does
not matter how we write our formulaF to achieve worst-case optimal evaluation. For example, our
algorithms behave identically on¹¹R Z Sº Z Tº and on¹R Z ¹S Z Tºº.
6Alternatively, when generatingQ0

i , we convert to1, not to 0, the values½whose descendant leaves are all1s.
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Lemma 4.4 requires that no single quadtreeQi appears in both forms,¹QTREE;Qi º and¹NOT;Qi º,
in the formula, because for each of those atoms we create di�erent versions ofQ0

i to construct the
worst-case databaseD0. This restriction carries over to Theorem 4.5. To see why it is necessary,
consider again our example formulaF 0 = ¹AND; ¹QTREE;QRº; ¹NOT;QRºº. While the answer of this
query is always empty, and thereforejQF0j = 0, it holds jQ+

F0j = 
 ¹jRj•2d º for everyR, and our
algorithm will take time
 ¹jRjº. Our algorithm is then worst-case optimal only if we consider the
possible output size of a more general formula,F 00= ¹AND; ¹QTREE;QRº; ¹NOT;Q0

Rºº. This impacts
in other operations of the relational algebra: we can write them all as lqdags, but for some of them
we will not ensure their optimal evaluation.

In case the formulaF contains (after pushing down theNOToperators) both atomic subexpres-
sions¹QTREE;Qº and¹NOT;Qº for the sameQ, Theorem 4.5 can still yield an upper bound on a more
relaxed formulaF 0, where the occurrences of¹NOT;Qº are replaced by¹NOT;Q0º andQ0 is a copy
of Q. Note, however, that the optimality in the evaluation ofF 0does not imply the optimality onF,
because a worst-case instance ofF 0 may choose di�erent instances forQ andQ0.

5 FULL RELATIONAL ALGEBRA ON LQDAGS

Lqdags can be elegantly extended to handle the full relational algebra, even if in general we cannot
provide optimality guarantees when the remaining operations are included. We consider in the
sequel the operations not covered in Section 4 (recall that set di�erence is handled as in Eq. (2), and
its optimality holds under the same conditions of Theorem 4.5).

First, note that attribute renaming,� Ai •A j ¹Lº , requires no computation in our framework: we
retain the same lqdag ofL¹Aº but interpret it asL¹A 0º, whereA 0 = Anf Ai g[f Aj g, assuming that
the dimension ofL that representedAi now representsAj . Relation renaming is also immaterial.
Note that renaming can be used to alter the order of the attributes in a relation, and to include it
with various orders in the same formula. This is supported in our framework with various qdags
¹Q;Mi º referring to the same quadtree and with di�erent permutationsMi of its attributes.

5.1 Selection and � -join

The selection operation in relational algebra,� � ¹Fº, takes a subexpressionF and apredicate� ,
which is a logical expression on the attributes ofF. This can be written with our lqdags as

¹SELECT; L F¹Aº ; � º = ¹AND; L F¹Aº ;pred¹� ; Aºº ; (3)

whereL F is an lqdag representingF, andpred¹� ; Aº is a virtual lqdag onA whose cells are exactly
those that satisfy the predicate� . For example, a simple predicate like� � ¹ Ai = aº, which �xes the
value of the attributeAi , can be written as

pred¹¹Ai = aº; Aº = ¹EXTEND; ¹QTREE; haiº ; A n f Ai gº;

wherehai is a quadtree in one dimension, on attributeAi , with a single cell with valuea. Logical
disjunctions, conjunctions, and negations in� can be handled by using the lqdag operationsOR,
AND, andNOT, respectively. All thosepred¹� ; Aº lqdags can then be easily formed from very small
quadtrees and the Boolean lqdag operations.

However,� can be in general a logical formula over more complex conditions than an attribute
being equal to a constant: two attributes, or an attribute and a constant, can be compared with any
operator inf =; , ; � ; � ; <; >g. A general way to handle any such predicate is to setpred¹� ; Aº =
¹QTREE;Q� º without building an actual quadtreeQ� on A (see Figure 9 for an example ofQ� ).
Instead, we simulate the navigation throughQ� , keeping track of the subgrid boundaries as we
descend, and returningValue for the current node as follows:

� 0 if � does not hold for any cell in the current subgrid;
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Fig. 9. An illustration ofQ� for the predicate� : A < B, with A;B a�ributes. a) A representation in a grid of
the tuples matching� when` = 24. b) Thequadtreethat represents the tuples matching� .

� 1 if � holds for every cell in the current subgrid;
� ½otherwise.

Whether� holds for some or for all cells in a given subgrid of the output can be easily determined
in time O¹j� jº for the logical formulas comparing attributes and constants we have discussed above
(e.g., as in Figure 9,A < B holds somewhere i�sa < eb and it holds everywhere ifea < sb , where
»sa;ea¼and»eb;sb¼are the ranges of values of the attributesA andB, respectively, in the subgrid).
For a formulaF represented by the lqdagL F = ¹SELECT; L ; � º, if we count j� j as a part ofjFj, then
we can compute the output ofL F in time O¹jQ+

F j � 2d jFjº, whereQ+
F is the super-completion of

L F. This complexity is indeed worst-case optimal when� selects tuples from a single relationR:
the AGM bound forL F = ¹AND; ¹QTREE;Rº; ¹QTREE;Q� ºº is F¹Dº� = min¹jRj; jQ� jº because there
exists a relationR0 with jRj points placed at the coordinates that satisfy� , unless of course there
are fewer of the latter. The quadtreeQ+

F we virtually traverse, on the other hand, contains exactly
the ancestors of the leaves of the quadtree ofR that also belong toQ� , of which there are at most
O¹F¹Dº� log min¹`; Sºº. We then obtain the same bounds of Theorem 4.5.

The complexity of evaluating our formula might not be worst-case optimal, however, when�
combines attributes from two or more tables, becausejQ+

F j may no longer be bounded byF¹Dº� in
that case. To see this, letL R; L S be lqdags representing relationsR¹A;Bº;S¹B;Cº, respectively, and
consider the lqdag

L F = ¹SELECT; ¹JOIN; L R; L Sº;A = Cº:

Because each value ofA in R can now match only one value ofC in S, F¹Dº� is linear in the
size ofR andS. In terms of lqdags, however, computingQ+

L F
amounts to intersecting the lqdag

¹JOIN; L R; L Sº with a virtual treeQA=C of dimensionsfA;Cgand whose points lie on the diagonal
whereA = C. The problem is that checking whether a point in¹JOIN; L R; L Sº intersects with this
diagonal may require inspecting all the way down to the leaves of this lqdag. This implies that the
size of the non-pruned completionQ+

F is actually bounded byjR Z Sj.
In terms of our results, if we apply Theorem 4.5 on the formula of Eq. (3), thenF¹Dº� is allowed

to replaceQ� by any other relation of the same cardinality onA . In the example above, the running
time for � A=C¹R Z Sº is bounded by the worst case running time of the join ofR, Sand any other
binary relation with ` tuples.

Therefore, we can retain worst-case optimality upon selections whenever the predicates can be
pushed down to the leaves of the syntax tree, that is, to the individual relations. Otherwise, our
technique still handles them correctly, though not optimally. The same happens if� is an arbitrary
formula whose validity can only be tested for individual cells; in this case we can only evaluateF
and discard one by one the cells that do not satisfy� .

The Cartesian product is a variant of the join where the relations have no common attributes;
our join formula in Eq. (1) actually computes the Cartesian product in this case. The� -join selects
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the tuples from the Cartesian product that satisfy the predicate� . We can then de�ne

¹THETAJOIN; L 1; L 2; � º = ¹SELECT; ¹JOIN; L 1; L 2º; � º;

which also allows the relations to share attributes. Once again, our lqdag evaluation of this expres-
sion is correct but not worst-case optimal.

5.2 Projection and derivatives

The projection,� A 0¹Fº, takes a subexpressionF on attributesA and projects it ontoA 0 � A . We
de�ne the corresponding lqdagL = ¹PROJECT; L F¹Aº ; A 0º as follows. LetjAj = d, jA 0j = d0, and
L F be an lqdag forF. If Value ¹L Fº is0or 1thenValue ¹Lº = Value ¹L Fº, otherwiseValue ¹Lº = ^ .
In the latter case, the root of the non-pruned completionQ+

L F
of L F has2d children, and the root

of the non-pruned completion ofQ+
L of L has2d0

children. Thei -th child of Q+
L is computed as the

ORof all childrenj of Q+
L F

such that the projection of thed-bit representation ofj to the positions
in which attributes inA 0 appear inA is precisely thed0-bit representation ofi (see Figure 10 for
an illustration). For example, ifValue ¹L F¹fA;B;Cgººis not 0 or 1 andL = ¹PROJECT; L F; fA;Bgº,
we have that

Child ¹L ;0º = ¹PROJECT; ¹OR;Child ¹L F; 0º;Child ¹L F; 1ºº; fA;Bgº;

Child ¹L ;1º = ¹PROJECT; ¹OR;Child ¹L F; 2º;Child ¹L F; 3ºº; fA;Bgº;

Child ¹L ;2º = ¹PROJECT; ¹OR;Child ¹L F; 4º;Child ¹L F; 5ºº; fA;Bgº;

Child ¹L ;3º = ¹PROJECT; ¹OR;Child ¹L F; 6º;Child ¹L F; 7ºº; fA;Bgº:

Supporting projection on lqdags then enables the remaining operations of the relational algebra:

¹SEMIJOIN; L 1¹A 1º; L 2¹A 2ºº = ¹PROJECT; ¹JOIN; L 1; L 2º; A 1º

¹ANTIJOIN; L 1¹A 1º; L 2¹A 2ºº = ¹PROJECT; ¹JOIN; L 1; ¹NOT; L 2ºº; A 1º

¹DIVISION; L 1¹A 1º; L 2¹A 2ºº = ¹DIFF; L 0
1; ¹PROJECT; ¹DIFF; ¹JOIN; ¹L 0

1; L 2º; L 1º; A 1 n A 2ºº

whereL 0
1 = ¹PROJECT; L 1; A 1 n A 2º andA 2 � A 1

Just as in the case of selection, our strategy to handle projections does not ensure worst-case
optimality either. Consider, for example, the projectionF represented by the lqdag

L F = ¹PROJECT; ¹JOIN; L R; L Sº; fAgº;

whereL R; L S are lqdags representing relationsR¹A;Bº;S¹B;Cº, respectively. Since its output is
of dimension 1,F¹Dº� � ` . We have, essentially, the same problem encountered for the case of
selection: As we navigateL F to project out values in the lqdag¹JOIN; L R; L Sº, we may have to
inspect all the way down to the leaves. In total, the non-pruned completionQ+

L F
of L F may be of

sizejR Z Sj.
A projectionL = ¹PROJECT; L F¹Aº ; A 0º from ad-dimensional lqdagL F to d0 dimensions has

one further problem: itsChild translation makes the resulting formula to grow by2d� d0
elements

every time we move to a child inQ+
L . Thus, during a traversal ofQ+

L , the lqdagL may grow up to
sizejLj � 2c¹d� d0º for nodes at levelc, possibly becoming as large asQL F . Therefore, the sizejLj
cannot be anymore considered constant in data complexity when projections are considered.

A consequence of the non-optimality of our strategy in this section is that, unlike in Section 4,
the way in which the formula is written does matter. For example, if we rewriteL F in the preceding
example as

¹PROJECT; ¹JOIN; L R; ¹AND; ¹PROJECT; L R; f Bgº; ¹PROJECT; L S; f Bgººº; fAgº;
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Fig. 10. An illustration of theChild operation for a 2-dimensionallqdagwith functor PROJECT. a) A relation
R¹A;Bº in a two dimensional grid (le�), its projection toB in a 1-dimensional grid (center), and thequadtree
QF that represents the projection (right). b) AnlqdagL = PROJECT¹¹QTREE;QRº; f Bgºwhose completion isQ,
with QR denoting thequadtreethat representsR¹A;Bº. Note thatQ1;Q2 in a) are the completions ofL 1; L 2
in b), respectively. Thus,Child ¹L ;0º = L 1, andChild ¹L ;1º = L 2.

then we havejQ+
L F

j � j Rj + jSj. On the other hand, as noted, evaluating each node ofQ+
L F

can be
more expensive now because the formula may grow due to the internal projections.

5.2.1 Yannakakis' algorithm.Having de�ned the projection, a natural question is whether one can
use it to obtain �ner bounds for acyclic queries or for queries with bounded treewidth. For example,
even though the AGM bound forR¹A;Bº Z S¹B;Cº is quadratic, one can use Yannakakis' algorithm
[44] to compute it in timeO¹jRj + jSj + jR Z Sjº. This is commonly achieved by �rst computing
� B¹Rº and� B¹Sº, intersecting them, and then using this join to �lter outRandS. Unfortunately,
expressing this strategy directly in our lqdag framework, even if we push down the projections,

¹JOIN; ¹JOIN; L R; Iº ; ¹JOIN; L S; Iºº

whereI = ¹AND; ¹PROJECT; L R; f Bgº; ¹PROJECT; L S; f Bgºº;

would still give us a quadratic algorithm, even for queries with small output, because after extending
I it may take quadratic time to compute the join.

More generally, this also rules out the possibility to achieve optimal bounds for queries with
bounded treewidth or similar measures. We return to this point in the Conclusions.

5.3 Partial materialization of query results
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Fig. 11. A comparison betweenQ;Q+ , and ~Q. ThequadtreeQ is obtained by pruning fromQ+ the subtrees
explored by Algorithm 9 that did not produce an output tuple. Similarly,~Q is obtained fromQ by pruning
the subtrees ofQ for which, to produce an output tuple, Algorithm 9 does not traverse more than� internal
nodes before finding it. We call the subtrees meeting this property output-dense zones.

The algorithms we have described can generate the outputQ of the formulaF explicitly, in the
same compressed quadtree format of the input relations, and as such they can be used compo-
sitionally. It is worth reminding that the output of a join query can be considerably larger than
the input relations, which is particularly relevant in the context of using little space for query
processing. In this section we show another advantage of using quadtrees for representing the
query results: Because the output is a function of the input relations, it can be not only represented
as a compressed quadtree, but alsomaterialized only partially, as long as one is willing to pay extra
time to navigate such output. This parameterizable materialization of the query output, where we
can trade space for traversal time, is inspired by a similar result by Deep and Koutris [10].

We compute a partial quadtree representation~Q that containsj ~Qj � min¹jQj; jQ+ j•� º nodes,
for any parameter� � 1 �xed at query time, and allows us to traverse the result with delay
O¹� � 2dV¹Fº log min¹`; Sºº, whereV¹Fº is the time to computeValue on F using Algorithm 7. The
time to produce ~Q is the same as for generatingQ using Algorithm 9, that is,O¹jQ+ j � 2dV¹Fºº.

Our partial result ~Q is a version ofQ where some subtrees are pruned. The quadtree representation
we use for ~Q is a slight extension of the one we have been using. In this case, leaves may have
Value 0, 1, or ½. A leaf node with value½means that the resultQ has elements below that node but
these are not stored in~Q, and thus must be recomputed (see Figure 11 for an illustration). In terms
of the representation of Lemma 2.1, a leaf with value½is seen as an internal node with no children,
a con�guration that cannot occur in the basic quadtrees but that the compact representation allows.

The key is that leavesv with value ½in ~Q will be produced only when, in a DFS traversal of
Q+ belowv, (1) the number of internal nodes ofQ+ visited between any two consecutive internal
nodes ofQ is at most� , and (2) the number of internal nodes ofQ+ visited before the �rst and
after the last internal node ofQ, are at most� •2. This then guarantees the promised delay when
rerunning the intersection algorithm to recover the values omitted belowv in ~Q.

To produce ~Q instead ofQ, we modify Algorithm 9 so that every recursive call may, after
computing the subtree ofQ below a nodev in line 6, choose to return instead a leaf with value½.
In case it returns a leaf, the algorithm accompanies it with the following numbers:

� For a leaf withValue = 0, the numberc of internal nodes ofQ+ visited belowv (this is the
number of times it reached line 2 in further recursive calls).

� For a leaf withValue = ½, the numbersl andr of internal nodes ofQ+ visited before the �rst
internal node ofQ and after the last internal node ofQ, respectively.

� For a leaf withValue = 1, the numbersl = r = 0.
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