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Worst-case optimal join algorithms have gained a lot of attention in the database literature. We now count
several algorithms that are optimal in the worst case, and many of them have been implemented and validated
in practice. However, the implementation of these algorithms often requires an enhanced indexing structure:
to achieve optimality one either needs to build completely new indexes, or must populate the database with
several instantiations of indexes such as B+-trees. Either way, this means spending an extra amount of storage
space that is typically one or two orders of magnitude more than what is required to store the raw data.

We show that worst-case optimal algorithms can be obtained directly from a representation that regards
the relations as point sets in variable-dimensional grids, without the need of any significant extra storage.
Our representation is a compressed quadtree for the static indexes, and a quadtree built on the fly that shares
subtrees (which we dub a qdag) for intermediate results. We develop a compositional algorithm to process full
join queries under this representation, which simulates navigation of the quadtree of the output, and show
that the running time of this algorithm is worst-case optimal in data complexity.

We implement our index and compare it experimentally with state-of-the-art alternatives. Our experiments
show that our index uses even less space than what is needed to store the data in raw form (and replaces it),
and one or two orders of magnitude less space than the other indexes. At the same time, our query algorithm
is competitive in time, even sharply outperforming other indexes in various cases.

Finally, we extend our framework to evaluate more expressive queries from relational algebra, including
not only joins and intersections but also unions and negations. To obtain optimality on those more complex
formulas, we introduce a lazy version of qdags we dub lqdags, which allow us navigate over the quadtree
representing the output of a formula while only evaluating what is needed from its components. We show that
the running time of our query algorithms on this extended set of operations is worst-case optimal under some
constraints. Moving to full relational algebra, we also show that lqdags can handle selections and projections.
While worst-case optimality is no longer guaranteed, we introduce a partial materialization scheme that
extends results from Deep and Koutris regarding compressed representation of query results.
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1 INTRODUCTION

The state of the art in query processing has recently been shaken by a new generation of join
processing algorithms with strong optimality guarantees based on the AGM bound of queries: the
maximum size of the output of the query over all possible relations with the same cardinalities [6].
One of the basic principles of these algorithms is to disregard the traditional notion of a query plan
favoring a strategy that not only takes into account the size of the relations in the database but can
also take advantage of the structure of the query [31, 34].

Our focus is on join processing algorithms that compute all answers of a given query over a
database instance, and specifically in those algorithms that are guaranteed to run in time bounded
by the AGM bound of the query. Several of these algorithms have been implemented and tested in
practice with positive results [16, 35], especially when handling queries with several joins. Because
they differ from what is considered standard in relational database systems, the implementation of
these algorithms often requires additional data structures, a database that is heavily indexed, or
heuristics to compute the best computation path given the indexes that are present. For example,
algorithms such as Leapfrog [41], Minesweeper [32], or InsideOut [19] must select a global order on
the attributes, and assume that relations are indexed in a way that is consistent with this order [35].
However, an ordering that is good for one query may induce a sub-optimal performance on a
different query [32]. Thus, in practice, these algorithms need to work with several possible attribute
orderings, which is commonly achieved with several combinations of B+ trees or other indexes [16].
On the other hand, more involved algorithms such as Tetris [18] or Panda [20] require heavier data
structures that allow reasoning over potential tuples in the answer, and as far as we know there is
no evidence that these heavier structures can be successfully deployed in practice.

Our goal is to develop worst-case optimal join algorithms that eliminate the need to store addi-
tional indexes in the database and compete in practice with the current alternatives. The key here is
the combination of good theoretical and practical performance: current worst-case optimal solutions
depending on heavily indexed databases would remain optimal if the indexes were built on-the-fly
before evaluating each query (it usually takes linear time in data complexity to do so). Such index
construction, however, is in practice orders of magnitude slower than indexed query evaluation
(minutes to hours versus milliseconds to seconds, see our experiments). Practical solutions are thus
forced to compute and store the indexes beforehand so as to achieve competitive query evaluation
times. We address this issue by resorting to compact data structures [27]: representations using a
nearly-optimal amount of space —indeed, almost none on top of compactly storing the raw data—
while supporting all operations we need to answer join queries in worst-case optimal time, without
any need of further indexing.

We show that worst-case optimal algorithms can be obtained when one assumes that the input
data is represented as quadtrees, and stored under a compact representation for cardinal trees [9].
Quadtrees are geometric structures used to represent data points in grids of size * X “ (which can

naturally viewed as a set of points over grids of dimension d, one point per tuple of R: the value of
each attribute A; is the i-th coordinate of the corresponding point.

To support queries under this representation, our main tool is a new version of quadtrees, which
we denote qdags, where some nodes may share complete subtrees. Using qdags, we can reduce
the computation of a full join query J =Ry Z --- Z R, with d attributes, to an algorithm that first

a quadtree. Our first result shows that such algorithm is indeed worst-case optimal:
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jAij+ 2+ 0ot1°words per entry, so that the jdia Z Z R, can be computed B*AGMP time'.

Note that just storing the tuples in everfg requiresjA ; j words per entry, thus our representation
adds only a small extra space of basically two words per tuple. Instead, any classical index on the
raw data (such as hash tables of Brees) would pose a linear extra spa€®jA ; j° words, often
multiplied by a non-negligible constant (especially if one stores multiple indexes on the data).

Our join algorithm works in a rather di erent way than the most popular worst-case optimal
algorithms. To illustrate this, consider the triangle quedy= RIA;B° Z S'B;C° Z T!A;C°. The
most common way of processing this query optimally is to follow what Ngo et 84[de ne
as thegenericalgorithm: select one of the attributes of the query (say, and iterate over all
elementsa 2 A that could be an answer to this query, thatis, al2 AR\ AIT° Then, for each
of these elements, iterate over &ll2 B such that the tupleta; b® can be an answer: alk;b° in
IRZ BISPZ AITO and so on. Instead, with quadtrees we divide the output space (which if the
domain of the attributes isQ;~  1%/corresponds to a grid of siz€’) into 8 subspaces (or subgrids
of size”«29%), and for each of these we recursively evaluate the query. This can be regarded as
traversing the output space, while computing only what is needed from the joined relations in
order to proceed at each step.

In general, the algorithm of Ngo et al3ff] chooses a subset of the attributes at each step, not
necessarily one. Our algorithm can also be understood as splitting each attrifguieto log"

binary attribute$ Ail; A ;A'iog that hold the highest to the lowest bit of;, and then using the
generic algorithm by choosing all the attribute;!’q1 together, for alli, then all the attributes&iz, and

so on. As it turns out, this strategy is as good as the generic strategy de ned by Ngo e24lof

the original attributes, with the advantage that it can always use the same ordeting.

Our join algorithm boils down to two simple operations on quadtrees:Extend operation
that lifts the quadtree representation of a grid to a higher-dimensional grid, and\ad operation
that intersects trees. The strategy can be extended to other relational operations. For example,
the synchronizedOr of two quadtrees gives a compact representation of their union, and comple-
menting the quadtree values implementd\mt operation. We integrate all these operations in a
single framework, and use it to answer more complex queries given by the combination of these
expressions, in a fully compositional form.

To support these more complex queries in optimal time we traverse the output space using lazy
evaluation. The idea is to be able to delay the computation of an expression until we know such
computation is needed to navigate the output. For this purpose we introduce lazy qdags, or Ilgdags
for short, in which nodes may be additionally labeled with query expressions. To analyze our
framework we extend the idea of a worst-case optimal algorithm to arbitrary querieswbest-case

Our framework remains worst-case optimal with lgdags considering joins, union, and negation
operators under some conditions:

posed by join, union and complement operations over the reRtidosall1l i n, and where

1The notationO hides poly-logS factors,S being the total input size, as well as factors that just dependdofihe number

of attributes) anch (the query size), which are assumed to be constant. We provide a precise bound in Section 3.3.
20ur logarithms are to the base 2 by default.

3The algorithm Tetris L also works with a geometrical representation, but uses it to re ne the search for new tuples, not
as a way to recursively divide the output space.
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no relation appears both complemented and not complemetiteBanh relatiof can then be
represented using ;j + 2+ o'1° words per entry, so th&tcan be evaluated in worst-case optimal
time in data complexity.

Consider, for example, the qued? = RA; B° Z S'B;C° Z T'A;C®, which joinsR andSwith the
complemeniT of T. One could think of two ways to compute this query. The rst s just to join
RandSand then see which of the resulting tuples are notTn But if T is denseT is small), it
may be more e cient to rst computeT and then proceed as on the usual triangle query. Seen at a
very high level, our algorithm is optimal because it can choose locally between both strategies: by
dividing the output into quadrants it nds dense regions @fin which computingT is cheaper
(and it only works towards those few cells that exist i), while in sparse regions the algorithm
rst computes the join ofRandS (i.e., it only works towards those few cells that existihZ S).

We also show that our framework can be extended to handle the full relational algebra, though
in this case worst-case optimality is not guaranteed. However, using lgdags to process relational
algebra queries has other potential advantages: instead of fully materializing the output, we provide
a parameterizable compressed representation, from which the results can be later retrieved with
bounded delay. This extends previous results [10] to the full relational algebra.

Our framework is the rst in combining worst-case time optimality with the use of compact
data structures. The latter can lead to improved performance in practice, because relations can be
stored in faster memory, higher in the memory hierarch®7. This is especially relevant when
the compact representation ts in main memory while a heavily indexed representation requires
resorting to the disk, which is orders of magnitude slower. For systems that maintain the database in
the aggregate main memory of a cluster, a compact representation leads to using fewer computers,
thus reducing hardware, communication, and energy costs, while improving performance.

In practice.To evaluate how our approach fares in practice, we provide a prototype implementa-
tion of the join algorithm mentioned in Theorem 1.1. Our implementation stores data as compressed
guadtrees, and computes the compressed quadtree representing the result of the joins.

We test our prototype using two di erent benchmarks for graph databases, namely the wikidata
SPARQL benchmark and a set of queries taken from SNABY. Graph databases give us a good
way of testing worst-case optimal algorithms in practice, because graph queries usually involve
several joins BY. Further, the selected benchmarks provide a wide range of complex join queries,
and have already been used to test other worst-case optimal join implementations.

We compare against other worst-case optimal implementatich<lf, as well as some leading
graph database systems. The advantage of using compact data structures is immediately seen when
comparing the size of our representation against all other options: We reduce the storage size used
by graph systems by a factor of 10 20, and this factor is around 250 for EmptyHeaded [1].

Our results show that our implementation of the qdag join algorithm is competitive, in terms
of performance, with other worst-case optimal implementations, outperforming standard graph
systems in many cases. Qdags excel on queries involving up to 4 attributes, outperforming more
sharply the non-wco systems on cyclic queries. Considering the amount of storage space that
is gained by using quadtrees, we nd these results remarkable. On the other hand, we observe
that the performance of our implementation quickly degrades as the number of join attributes
increases, becoming much slower and with much higher variance than the alternatives. This is
somewhat expected, because our query times depend exponentially on the dimension. All of this
suggests that gdags excel in applications in which the number of join attributes is low, or perhaps
as a component of a more involved algorithm dealing with tree-decompaosition of queries, such
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Fig. 1. AgquadtreerepresentingR'A; B° = f14; 30,17, 20,15, 6%, 16; 4°; 13, 122, 16; 12°;16; 1, 17, 122,17, 13; 18, 5%
114 10,115 (°g (a) Representation dRlA;B°in a2* 2 grid, with the hierarchical partition defining the
quadtree The black cells correspond to points i (b) ThequadtreerepresentingR. The integers are in the
last level, and the internal nodes are grayed. The shadowed intdgefrthe tree corresponds to the point
1a;b° = 13; 122, highlighted in red in the grid. Concatenating the labels in the path down to the integer yields
the bit-string 01011010" which encodes the first (resp., second) coordinatetafh® in the bits at odd (resp.,
even) positionsg = 3= 0011b = 12= 1100.

as EmptyHeaded]]. We leave these questions, as well as the implementation of lgdags and of
dynamic versions supporting insertions and deletions of tuples, for future work.

Organization of the papeln Section 2 we x the notation on quadtrees and explain their com-
pressed representation. The algorithm for multiway join queries is introduced together with gdags
in Section 3, and our full framework is introduced together with lazy gdags, rst in Section 4
for Boolean queries and then in Section 5 for the complete relational algebra. Section 6 describes
our implementation of the multiway join algorithm over qdags and Section 7 its experimental
comparison with other state-of-the-art systems and prototypes. We conclude in Section 8. Ap-
pendix A compares this article with its conference version; the others give more detailed data on
implementation and experiments.

2 QUADTREES

A Region Quadtree]2 37] is a data structure used to store (pairwise di erent) points in two-
dimensional grids of sizé *. We focus on the variant called MX-Quadtregq 43, which can be
described as follows. Assume for simplicity thats a power of 2. If = 1, then the grid has only
one cell and the quadtree is antegerl (if the cell has a point) o0 (if not). For™ > 1, if the grid
has no points, then the quadtree id@af Otherwise, the quadtree is anternal nodewith four
children, each of which is the quadtree of one of the fou2 <2 quadrants of the grid.

Assume each data point is described using the binary representation of each of its coordinates
(i.e., as a pair obg " -bit strings). We order the grid quadrants so that the rst contains all points
with coordinates of the fornt0 c4;0 ¢,° forlog™ 1 bit vectorsc, andg,, the second contains
points10 cy;1 ¢,° the third®l c3;0 ¢,° and the last quadrant stores the poirits c;;1 ¢,°,
where "' denotes concatenation of bits. If the corresponding children of internal nodes are labeled
00 01, 10 and11, then the concatenation of the labels leading from the root to the node storing the
integer1 of a pointta; b° interlaces the -bit representations of the coordinatesandb. The path
then implicitly represents the pointa; b°. Figure 1 shows a grid and its deployment as a quadtree.

Quadtrees can be generalized to higher dimensions. A quadtree of dimedssmtree represent-
ing data points in al-dimensional gridG of size™ 9. In this case, a nonempty grid with side> 1
corresponds to an internal node witd? children, which represent th€? subspaces spanning from
combining the rst bit of each dimension. Generalizing the cabe 2, the children are ordered
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111:6 Arroyuelo, Navarro, Reu er, and Rojas-Ledesma

using the Morton 5 partitioning of the grid: a sequence @ subgrids of sizé«2 in which
thei-th subgrid of the partition, for0 i < 29, labeled with the binary encodingy ofi, is de ned

rst bit of each stringby; is precisely the string; .

A quadtree withp points hagp integerslin its last level, and thus at mogtlog ™ internal nodes
(along the paths of lengtiiog ™ leading from the root to those integers). Since each internal node
can be distinguished from its siblings with its label dfits,pdlog " bits are su cient in principle
to encode the quadtree structure. Note that this is also the space needed by a plain representation
of p points ofd coordinates inQ;~ 1%

Indeed, each point is uniquely identi ed by the sequencdad ™ d-bit labels in the path leading
from the root to its integerl. For the pointt3; 122 in Figure 1, this sequence @ 01 10 16 1122 A
trie built on the p resulting sequences then corresponds to the gray and the intdgeodes of the
right of Figure 1. We store this trie using a compact representation for cardinal trees introduced by
Benoit et al. 7, Thm. 4.3], which requires essentialliy+ 2 + 011° bits per node and performs the
needed tree traversal operations in constant time.

Lemma 2.1(cf. Benoit et al.7], Thm. 4.3) LeD be a quadtree storimgpoints ind dimensions
with integer coordinates in the intervlt© 1% Then, there is a representationofhat uses
1d+2+0t1° log * +O%ogd®bits, can be constructed in linear expectedtiame, supports constant time
parent-children navigation on the tree. More precisely, this representation provides integer identi ers
for the quadtree nodes so that, given the identi er of a node and the label of a desired child, it returns
in constant time the identi er of that child, if it exists, and a null value otherwise.

Note that the space overhead of this representation, on top ofdthéog ™ bits needed to represent
the raw data, is essentiallg extra numbers (ofog" bits) per point. Further, this structure can
replacehe raw data, because it can recover the points without the need of storing them separately.
From now on, by quadtree we refer to this compact representation. Next, we show how to
represent relations using quadtrees and evaluate join queries over this representation.

3 MULTI-WAY JOINS USING QDAGS

We assume for simplicity that the domaibD! A° of an attributeA consists of all binary strings of
lengthlog’, representing the integers irD;~  1%and that™ is a power of2.

simply interpret each tuple ifRtA° as a data point over d-dimensional grid with' ¢ cells, and store
those points in al-dimensional quadtree. Thus, using quadtrees one can represent the relations in
a database using compact space. The convenience of this representation to handle restricted join
gueries with naive algorithms has been demonstrated practically on RDF st8tek[order to
obtain a general algorithm with provable performance, we introduce gdags, an enhanced version of
guadtrees, together with a new algorithm to e ciently evaluate join queries over the compressed
representations of the relations.

We start with an example to introduce the basics behind our algorithms and argue for the need
of gdags. We then formally de ne gdags and explore their relation with quadtrees. Finally, we
provide a complete description of the join algorithm and analyze its running time.

“4The construction time is expected because it involves perfect hash functiorl$ efements, providing*1° time evaluation
within ON ° bits. Although they [7] only consider the (easy and practical) randomized construction of such functions,
those can be built deterministically i®N log® N ° worst-case time if desired [2].
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3.1 The triangle query: quadtrees vs qdags

Let RIA; B, SIB; C°, T1A;C° be relations over the attribute$A; B; Cg, and consider the triangle
queryREA; B° Z SIB;C° Z T1A;C°. The basic idea of the algorithm is as follows: we rst compute
a quadtreeQy, that represents the cross produltA; B°  AllZC° whereAll*C° is a relation with an
attribute C storing all elements in the domairD,”  1%Likewise, we comput®q representing
SB;C° AlI*A° andQ; representingl*A;C°  AlI*B°. Note that these quadtrees represent points
in the three-dimensional grid that has a cell for every possible valu®fA° D B° D! C° where
we assume that the domairi3! © of the attributes are alk0;~  1%Finally, we traverse the three
quadtrees in synchronization, building a new quadtree that represents the intersectiQp0Qg,
andQ; . This quadtree represents the desired output because

R'A;B° Z S'B;C° Z T*A;C° = 1RA; B  AIlI'C°\1 SIB;C° AIITA®\1T1A;C° All1B;

Though this algorithm is correct, it can perform poorly in terms of space and running time.
The size o, for instance, can be considerably bigger than thaRptind even than the size of
the output of the query. If, for example, the three relations hdveelements each, the size of the
output is bounded byN*2 [6], while building Q; costs *N'°time and space. This ine ciency
stems from the fact that quadtrees are not powerful enough to represent relations of the form
R1A° =RIA® AlllAnA ® whereA® A , using space close that of a quadtree representing
RA ®, Due to its tree nature, a quadtree does not bene t from the regularities that appear in the
grid representingR tA°. To remedy this shortcoming, we introduce qdags, quadtree-based data
structures that represent sets of the forRtA ®  AllZA n A ® by adding onlyconstanadditional
space to the quadtree representifA ®, foranyA° A .

A gdag is animplicit representation of a-dimensional quadtre€ (that has certain regularities)
using only a reference to ddimensional quadtre®® with d® d, and an auxiliarymapping
functionthat de nes how to useQPto simulate navigation oveR. Qdags can then represent
relations of the formRtA ®  AlIA n A ® using only a reference to a quadtree representiRigh ©,
and a constant-space mapping function (more precisely, v@fttentries).

To illustrate how a qdag works, consider a relati@B; C°, and letQg be a quadtree representing
S1A;B;C° = All'A° S!B; C°. SinceQq stores pointsin the 3 cube, each node Qg has8children. As
AlI*A° contains all* elements, for each original poifb;c®in S;S contains™ points corresponding
to elementsQ;b;c?:: ;Y 1;b;c We can think of this agxtendingeach point inSto a box of
dimension” 1 1 With respect taQg, this implies that, among th& children of a node, the last
4 children will always be identical to the rsi4, and their type (leaf, internal, or integer) will be
the same as that of the corresponding nodes in the quad@geepresentingS. In other words,
each of the four subgrid4a;a; is identical to the subgridia;a,, and these in turn are identical to
the subgrida;a; in Qs when projected to dimensionB; C (see Figure 2 for an example). Thus, we
can implicitly represenQg by the pair'Qs;M = >0; 1, 2, 3;0; 1; 2; 3¥4&s follows: the types of the
roots of Qg andQs are the same; if they are integer nodes then both have the same content, and if
they are internal nodes then thieth child of the root ofQgq is represented recursively by the pair
1Q;; Me where@; is the M»i%th child of the root of Qs.

3.2 Qdags for relational data

We now introduce a formal de nition of the qdags, and describe the algorithms that allow the
evaluation of multijoin queries in worst-case optimal time.

De nition 3.1 (Qdag)Letd > O be an integer. Ad-dimensional qda%Q is a pair'Q® Mein which
QVis ad®dimensional quadtree, fat® d,andM : ;2 1% !»0; 2"  1¥4s amappingfunction.
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Fig. 2. An illustration of agdagfor S 1fA; B;Cg°= AlltA° S!B;C°, with SIB;C° = f13; 4°,16; 4%, 16; 5°; 17, 4°,
17;5°g (a) A geometric representation &B;C° (le ), and S ifA; B;Cg°(right). (b) AquadtreeQg for S'B; C°
(le), and the directed acyclic graph induced by thqdag'Qs; M = »0; 1;2; 3; 0; 1; 2; 3¥4°which represents

S 1fA;B;CgC The red cell in (a) corresponds to the poitt; 3; 4°. The leaf representing that point in thgdag

can be reached following the path highlighted in (b). Note the relation between the binary representation
(100,011,100) of 14; 3; 4°, and the Morton coded.01, 011, 0100f the nodes in the path to its integer 1.

A d-dimensional gdag can be used to simulate di erehtlimensional quadtrees. In particular,
we are interested in the quadtree obtained by the recursive procedure de ned below.

De nition 3.2 (Completion of a qdagd)etd;d® be integers such that® d, let Q° be ad®
dimensional quadtree, and 1€ = Q% M° be ad-dimensional qdag. TheompletiorQ of Q is the
uniqued-dimensional quadtree recursively de ned as follows:

(1) If Qrepresents a single unit-size cell (i.e., the rooQftis an integer node), then the root of
Q is also an integer node of the same type (either O or 1).

(2) If QCrepresents an empty grid of points (i.e., the root@¥fis a leaf), therQ has also as root
a leaf representing an empty grid.

(3) Otherwise, the root °of Q°must be an internal node, ar@ has then as root an internal node
r suchthat, forall0 i < 29, thei-th child ofr is the completion of the qdagQ®Mzi°yame,
whereQ%j¥denotes thg-th child of r°.

De nition 3.3 (Identity Mapping)LetA be a set of attributes. Theéentity mappingof A , denoted
Id*A°, is the mapping functiorM : »0; 2141 1Y, | »0;2IA1  1¥such thatMi° = i, for all
0 i<2A,

We say that a qdag represents the same relati®A° represented by its completion. Note that,
for any d-dimensional quadtre® representingRtA°, one can generate a qdag whose completion
is Q by simply using the paifQ;I1dtA®. Note also that we can use mappings to represent any
desired reordering of the attributes.

In terms of representation, a qdag can abstract from the actual representation used for the
respective quadtree, as long as there is a way to refer to any node in the quadtree. For instance,
when quadtrees are stored using Lemma 2.1, the references to quadtree nodes consist of a pointer
to the data structure representing the quadtree, plus the integer identi er of the corresponding trie
node in that structure.

For a qdagQ = Q% M°, we denote byjQjthe number of internal nodes in the base quadt@g
and byjjQjjthe number of internal nodes in the completion €F.

Algorithms 1 and 2, based on De nition 3.2, allow us to simulate the navigation over the
completion of a gdag in a way that abstracts from the representation of the inner quadtree. Operation
Value vyields a 0 if and only if the subgrid represented by the qdag is empty (thus the gdag's root
is a leaf or an integef), al if the gdag represents a full single cell (i.e., the gdag's root is the
integer 1), and%if its root is an internal node. Operatiofhild lets us descend by a given child
from internal nodes representing nonempty grids. The operations inte@8; Qs a leaf , and
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Algorithm 1 Value 1Q° Algorithm 2 Child Q;i°

Require: A qdagQ = 1Q% M° with grid side". Require: A qdagQ = Q% M°on a grid of dimensiord

Ensure: The integerl if the grid is a single pointQif the and side’, and a child numbed i < 2¢. Assumes
grid is empty, andvzotherwise. QUis not a leaf or an integer.

Ensure: AqdagQ = 1Q% Me corresponding to thé-th
child of Q.

1: return 1Q>MtioyM©

1: if * = 1thenreturn the integerQ®
2: if QCis a leafthenreturn 0
3: return Y2

Algorithm 3 Extend 1Q;A°

Require: A gqdagQ = 1Q% M® representing a relatiorR!A ®, and a setA such thatA® A .
Ensure: A qdag!Q® M°whose completion represents the relati®A ® AlltAn A @

1: create arrapM>0, 8 1Y
2:d jAj ,d0 jA O
Zfori G:::;2¢ 1do
mg  thed-bits binary representation off
mgo  the projection ofmy to the positions in which the attributes oA % appear inA

4
5
6: i° thevalueing 2° 1corresponding tango
7
8:

Msiva MGi%,
return 1Q% M°

Q%jYsare implemented in constant time on the compact representatio8fQ%j Ycorresponds to
descending to the child a@°by labelj. If there is no such child, the structure of Lemma 2.1 returns
a null value, which we interpret as an integer no@df its subgrid has a single cell, and as a leaf
otherwise (in both cases, as a node wihlue 0). Finally, a non-null node representing a single
cell corresponds to the integer node(with Value 1).

3.2.1 Operatiotxtend. We introduce an operation to obtain, from the qdag representing a
relationR, a new gdag representing the relatidhextended with new attributes.

De nition 3.4. LetA% A be sets of attributes, |6&tA ® be a relation oveA © and letQg =
1Q; M® be a qdag that represenB&A ®. The operatiorExtend 1Qg; A° returns a qdadl, = 1Q; M°
that represents the relatioR All!tAnA @,

To provide intuition on its implementation, lefA ° be the set of attributesA; B; Dg and let
A = fA;B;C;Dg, and consideR:A ®, Qg andQg from De nition 3.4. Each node of (the completion
of) Qr has 8 children, while each node of (the completion Qf) has 16 children. Consider the
child at positioni = 120f Q. This node represents the grid with Morton coae,="1100 (i.e.,
12 in binary), and contains the tuples whose coordinates in binary start With attributesA; B
and with 0 in attributesC; D. This child has elements if and only if the child with Morton code
ms="110 of Qg (i.e., its child at positiorj = 6) has elements; this child is in turn th&1%6%th
child of Q. Note thatms results from projectingn, to the positions 0,1,3 in which the attributes
A; B; D appear infA; B;C; Dg. Since the Morton codel110 (i.e., 14 in binary) also projects tos,
it holds thatM»12/= Mx»14/= M%6Y4We provide an implementation of thExtend operation for
the general case in Algorithm 3. The following lemma states the time and space complexity of our
implementation ofExtend . For simplicity, we count the space in terms of computer words used to
store references to the quadtrees and values of the mapping fund¥ion

Lemma 3.5LetjAj = d in De nition 3.4. Then, the operatiéxtend :Qg; A° can be supported in
time O124° and its output take®24° words of space.
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Fig. 3. A graphical representation of thdultiJoin algorithm for RtA; B° Z SIB;C° Z T1A;C°.

Proof. We show that Algorithm 3 meets the conditions of the lemma. The computations@f
andi®are immaterial (they just interpret a bitvector as a number or vice versa). The computation
of mg is done with a constant table (that depends only on the database dimeriof sizeO122d°:
given thed bits ofmg and otherd bits telling which attributes ofA are in A ©, the table stores the
corresponding bitvectomg. A naive algorithm without this table runs in tim@©d24°.

3.3 Join algorithm

Now that we can e ciently represent relations of the fornRA ® AlltAnA ® forA° A |

we describe a worst-case-optimal implementation of joins over the qdag representations of the
relations. Our algorithm follows the idea discussed for the triangle query: we rst extend every
gdag to all the attributes that appear in the query, so that they all have the same dimension and
attributes. We then compute their intersection, building a quadtree representing the output of the
guery; see Figure 3 for an illustration. The implementation of this algorithm is surprisingly simple
(see Algorithms 4 and 5), yet worst-case optimal, as we prove later on. Using gdags is essential for
this result; this algorithm would not be at all optimal if computed over relational instances stored
using standard representations such as B+ trees. First, we describe how to compute the intersection
of several gdags, and then analyze the running time of the join.

3.3.1 OperatioAnd. We introduce an operatioAnd, which computes the intersection of several
relations represented as qdags.
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Algorithm 4 MultiJoin (Ry;:::;Ry)  Algorithm 5 And (Qy, ... Qn)

Require: RelationsRy; :::; Ry, stored as Require: n qdagsQy, ... Qn representing relﬁioanA"; 11l R tAC.
quadtree®Qq; : : :; Qn; each rBIatiorRi Ensure: A quadtree representing the relation{_; R 1A°.
is over attributesAj andA =~ Aj. 'm  minfvaluelQ® : : :; Value'Qn°g

Ensure: A guadtree representing the output
of J=R1Z:::ZRy.
1: for i L :::;ndo
2: LetQ; be the qdadQ;; IdA;
3 Q; Extend1Q;; A°

1 if © = 1lthenreturn the integerm

if m = Othenreturn aleaf

cfori Q¥ 1do

Ci And1Child 1Qg; i :::; Child 1Qp; i%

o if maxfValueCo% :::; Value!Cy, ,°g= Othenreturn a leaf

N o ubhwN

4: return AndQy; i Qp° : return a quadtree with childrerCo; :::; Cx 4

We implement this operation by simulating a synchronized traversal among the completions

in all the quadtree£; (see Algorithm 5). We proceed as follows: I£ 1, then allC; are integers

with valuesO or 1, andQ is an integer equal to the minimum of the values. Otherwise, if any

Q represents an empty subgrid, thépis also a leaf representing an empty subgrid. Otherwise,
everyG; is rooted by a node; with 2¢ children, and so i€, where thej-th child of its rootv is

the result of theAnd operation of thej-th children of the nodew1;: : :;v,. However, we need a

nal pruningstep to restore the quadtree invariants (line 6 of Algorithm 5)Vilue v;° = 0 for

all the resulting children of, thenv must become a leaf and the children be discarded. Note that
once the quadtree is computed, we can represent it succinctly in linear expected time (Lemma 2.1)
so that, for instance, it can be cached for future queries involving the output represente&g by

jQujj+  + jjQnjj®. More precisely, the time is bounded §29n jQ*j°, whereQ" is the
guadtree that would result from Algorithm 5 if we removed the pruning step of line 6. We call this
guadtreeQ* the non-pruned versioof Q. Although the size of the actual outp® can be much
less than that of)*, we can still prove that our time is optimal in the worst case. We start with two
technical results, the rst one (Lemma 3.7) bounding the running time of Algorithm 5 in terms of
the maximum numbem of internal nodes of some level i@*, and the second one (Lemma 3.8)
boundingm by the output size of Algorithm 5 over an instance of similar size.

can be supported in tin@m 29n he, wheran is the maximum number of internal nodes in any
level ofQ*, the non-pruned version @f

Proof. We show that Algorithm 5 meets the conditions of the lemma. bgt be the number of
nodes of deptlk in Q*, anq therm = maxy k<nh Mk. The number of steps performed by Algorithm 5
is clearly bounded by * o oMk 2° n m h 29:ateach depth we continue traversing

in Q* (even if at the end some nodes will disappeaiQ). The cost incurred in leaves and integer
nodes ofQ* can be charged to their internal parent node.

Lemma 3{_§Let Qq;:::;Qn ben gdags representing relatidRgA 1° :: 1 ;R,1A 1°, respectively,

and letA =~ A;.LetQ = And Extend1Qq;A°;:::;ExtendQ,;A° , letQ* be the non-pruned
version of), and letm be the maximum number of internal nodes at any lev&*ofThen there exist
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Fig. 4. A graphical representation of the construction for the proof of Lemma 3.8. a) An illustration of
the top j-th levels of theqdagsQs;:::;Qn representingRy; : : :;Rn, respectively, and the top-th levels
of Q = And ExtendQq; A%;:::;ExtendQn;A° . b) TheqdagsQ?:: : :;QY representing respectively the
relationsRY; : : : ;R0 generated, and thejuadtreeQ®= And Extend QP A°;:::;Extend1QY; A° .

iRy jRjforalll i n;

Proof. Letthe maximum numbem of internal nodes be reached at depth j < log™ of Q*.
We construct the relationRQ, forl i n,asfollows: For a binary string, let pre'c; j° denote

taking the rst | bits of each coordinate and prepending them with a stringlag~ j 0s. While
this operation may send two tuples in an original relation to a single tuple in the corresponding
new one, we still have that each relatid® contains at most as many tuples as relatign

integer-1 nodes. Imagine that we represent e&?rusing a qdagQiO. Because the rstog™ | bits

of every tuple component irR-O are all 0, in the todog™ | levels of (the completion oniOthere
will be only one internal node per level, with only the rst child of each of these not being a leaf.
Moreover, the remaining levels at the bottom oQiOwiII be exactly the same as the tgdevels of
Qi, except for the last one, in which the internal nodes@f become integer-1 nodes t@io, and
the leaves representing empty grids become integer-0 nodes (see Figure 4 for an illustration).

its output quadtree. Note that, as before, in the tlqg~  j levels ofQ°there will be only one
internal node per level, with only the rst child of each of these nodes not being a leaf. Then, since
thej levels at the bottom oQiOare the same as the tgdevels ofQ;, foralll i n, the remaining

j levels at the bottom oQ°will be exactly the same as the tgpevels ofQ, except for the last one,
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in which the internal nodes of) at thej-th level become integer-1 nodes @°. ThereforeQ® must
have at leasin integer-1 nodes at the last level.

Since the running time of Algorithm 4 is dominated by the execution of Algorithm 5, we can use
the bounds established in Lemmas 3.7 and 3.8 to prove the worst-case optimality of Algorithm 4.
We do this in Theorem 3.9. For a join quedyon a databas®, we use2 "*P° to denote the AGM
bound [6] of the query J overD, that is, the maximum size of the output dfover any relational
database having the same number of tupledaim each relation.

Theorem 3.9.Letd = Ry Z ::: Z R, be a full join query over a databaBewith schema
fRy; ;1 1Ry g, letd be the number of di erent attributes D, and assume the doimains of all the
attributes are inQ;~  1YlLetA; be the set ofiattributes Bf, foralll i n,N = ;jRjbethe
total number of tuples in the database, &wl ; jA;j |Rjits total number of tuple components.

that later the output fod can be computed in tin@2 *»P° 2nlog mint'; o= 012 "%:P%,

Proof. First, assume thalbg" is OtlogS°. The space bound can be achieved by storing the

the data structure of Lemma 2.1, the total space used;i§Aj+ 2+ 0'1°jR jlog™ + Onlogd® =
Slog™ +12+0!1°°N log " + O™ logd® bits, which is within the claimed space bound. These quadtrees
are built during the initialization of the databad®, and not as part of the query evaluation algorithm.

constant time per relation. Then we use these qdags as parameters for Algorithm 4 to compute the
result of the query.

We now show that Algorithm 4 runs in time within the bound of the theorem. The cost of the
Extend operations is only0'29ne, according to Lemma 3.5, so the main cost of Algorithm 4 owes
to the And operation. LeQ be the quadtree resulting from step 4 of Algorithm 4, @t be its non-
pruned version, and leh be the maximum number of internal nodes at any leve@f. By Lemma 3.7
we know that the running time of this step i©'m 29n log"°, which isO'm 2n log mint*; S°since

Now, let us consider the case whéogSis otlog " ° (e.g., when the attribute values are xed-
length strings). In this case, if we proceed as before we will still meet the space bound, but the
height of the quadtrees storing the relations could bdog<°, and then Algorithm 4 would not
run in the claimed time because of Lemma 3.7. With a slight variation on how we store the
relations, however, we can conve@itlog " ° to O!log S in the time complexity of this algorithm
while preserving the space bound. First we store the values of the attributes appearing in any
relation in an auxiliary data structure (e.g., an array), and associat®¥og S*-bits identi er to each
dierentvalue in»0;" 1%hat appears irD (e.g., the index of the corresponding value in the array).

but this time storing the identi ers of the attribute values instead of the values themselves. This
representation requires at mostlog" bits for the representation of the distinct attribute values,
andSlogS+ 12+ 0'1°°N log S+ O!nlogd? bits for the quadtrees, which ig'Slog " ° + O!nlogd®.

The total is then within the claimed space. As already mentioned, this representation is computed
during the initialization of the databasB, and is not part of the query evaluation algorithm. The
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analysis of the running time of Algorithm 4 is the same as in the previous case, but this time when
reporting the output we must map th@tog S*-bits identi er of an attribute value to its original
Otlog " °-bits value. This can be done by adding only a constant-time overhead per output (e.g.,
when the auxiliary data structure is an array, th@tlog S*-bits identi er is directly the position

in this array where its corresponding attribute value is stored). Thus, the space and running time
bound claimed also hold for this case, which completes the proof.

In a practical implementation of Theorem 3.9, given a datalaseth n relations andd attributes
in total, we only store the relations as quadtrees, a lookup table of 6i¥2%4° to support theExtend
operation e ciently (as described in the proof of Lemma 3.5), and an array or hash table to store
the original values of attributes requiring more thantlog S bits in their representation (e.g.,
string-valued attributes). Thus, the initialization of the database consists of buildingntheadtrees
and computing the lookup table. We assumed in Theorem 3.9 that the domain of all the attributes
is the same, but one can overcome this restriction in practice by combining the two di erent
representations described in the proof of the theorem. With respect to the output of the queries
note that, although Algorithms 4 and 5 return a quadtree representing the output, they can be easily
modi ed to just report the values found. For instance, in Algorithm 5 it is enough to remove lines
6-7, and replace theeturn statement in line 2 by one reporting the output tuple corresponding to
the leaf found. In this case, the working memory used by Algorithms 4 and@tleg mint’; S%°,
which is the height of the quadtrees representing the relations.

We present and describe in depth a practical implementation in Section 6, and compare its
performance with state-of-the-art alternatives in Section 7.

3.4 Be er space and time on clustered datasets

As noted in Section 2, storing points in a quadtree requires at mogtog " internal nodes, because
each point stored at an integer-1 node induces a patlogf internal nodes leading to it. This is,
however, an upper bound, because those paths are not disjoint; see in Figure 1 the paths leading to
16,122, 17,122, 16, 12, and'7; 1. It is not hard to show that the quadtree has indeed fewer nodes

on clustered data (cf. Gagie et al. [13, Thm. 1] for two dimensions).

Lemma 3.10A quadtree in dimensiahcontainingp points distributed alqntgclusters, with the
i-th cluster containing; points inside a subgrid of sigé, hasOc 2 log” + | pi logs®internal
nodes.

Proof. Itis su cient to count the number of ancestors of the nodes in each cluster separately.
Consider tha -th cluster, within a hypercube of sizg?. Since the quadtree nodes at degth=
Hog! ¢ °c span a subgrid of size at Ieasi, the cluster hypercube intersects at most two such
nodes in each dimension, for a total 8 nodes. Adding up their ancestors, it turns out that the
cluster has at mos¥ logt 5 ° ancestors of depth; or less. In addition, each of thg points of
the cluster hag;tlog” hi°|< pit1+ logs° ancestors deeper tham . Summing up we have the
upper bounddic X log” + ; pi logs®.

This reduction directly impacts on the space required to store quadtrees. Indeed, quadtrees have
been shown to work well in applications such as RDF stores or web graphs, where data points
are distributed in clusters3, 9]. We can further show that clustering also impacts positively on
guery times if we represent the data using quadtrees: by combining their space analysis with the
technique we used to prove Theorem 3.9, we obtain better time bounds, and a small re nement of
the AGM bound itself. Those improvements will show up empirically in Section 7.

Consider again the triangle quertA; B° Z S'B;C° Z T*A;C°, and assume the points in each
relation are distributed irc clusters, each of them tting in a square grid of width at mostnd size
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at mosts s, and withp points in total. Then, at depthiog!” «s°, the quadtrees of , R, andS have

at most2? = 4internal nodes per cluster: at this level one can think of the trimmed quadtree as
representing a coarser grid of cells of size s, and therefore each cluster can intersect at most two
of these coarser cells per dimension. Thus, lettig, Q2, andQ? be the quadtrees foR, SandT
trimmed up to levelog! «s° (and where internal nodes take valug, then the proof of Theorem 3.9
yields a bound for the number of internal nodes at leved* »s° of the non-pruned quadtre®*

of the output: this number must be bounded by the AGM bound of the instances giveﬂggqygg
andQ?, which is at mostic 22032 = 832, Going back to the data for the quadtré¥’, the bound

on the number of internal nodes means that the points of the output are distributed in at most
822 clusters of size at mosE. In turn, the maximal number ots in the answer is bounded by the
AGM bound itself, which here ig®2. This means, by Lemma 3.10, that the siz&bfis bounded

by Oc*?log” + p*?logs?, and so is also the running time of the algorithm. This is an important
reduction from the general boun®p2log"° if the numberc of clusters and their widtts are
small, as we now multiply the number of answers lygsinstead oflog".

Corollary 3.11. If, in the scenario of Theorem 3.9, the points in each relation are distribated in
clusters of widtls, then the join algorithm works in tin@ 12 *3D*°|ogt es?+ 2 JD°|ogs® 2ne,
whereD® denotes the database with all the values trimmed to their higlog&tes°c bits and thus
2 D ¢ 2 Al ¢ 2N,

Proof. Assumesis a power of2, by increasing it to the closest one if needed, and dak jA;j.
LetR® be the relations resulting out of trimming the values R to their highesth = logt’ s° bits,

of sizes¥ of the quadtree oR then becomes an integer-0 (resp., integer-1) leaf of the quadtree of
RS. Further, every cluster of sizé in R results in at mos2® points in R, and thusjR’j ¢ 2.

Now consider the non-pruned quadtre@" built during the application of Algorithm 5. The
number of nodes at depth correspond to the last-level nodes of the output of the quérgipplied
on DS, thatis, at mos®2 *%P*°. The total number of internal nodes i@* can then be bounded by
splitting them into two parts: (i) the nodes at depthin Q" and their ancestors, and (ii) the deeper
nodes inQ*. While the rst part is clearlyO12 *:P*°|ogl +s%, the second part can be bounded
as in Theorem 3.9: take the level @f with the maximum numbem of nodes, which is at most
2 '3P° and multiply it by thelog™ h = logs levels that are accounted for in (ii). The result then
follows by charging thed*2n° cost incurred by the intersection algorithm on each node@f. The
last inequality follows from the fagt that the restricted relations¥® are of maximum cardinality
¢ Mand2 P* iR ¢ 2% ¢ 2N

3.4.1 Geometric interpretatiofss quadtrees have a direct geometric interpretation, it is natural to
compare them to the algorithm based gap boxeproposed by Khamis et al1B. In a nutshell,

this algorithm uses a data structure that stores relations as a set of multidimensional cubes that
contain no data points, which the authors call gap boxes. Under this framework, a data point is
in the answer of the join quenR; Z Z R, if the point is not part of a gap box in any of the
relationsR; . The authors then compute the answers of these queries using an algorithm that nds
and merges appropriate gap boxes covering all cells not in the answer of the query, until no more
gap boxes can be found and we are left with a covering that misses exactly those points in the
output of the query. Such an algorithm is subject of a ner analysis: the runtime of queries can
be shown to be bounded by a function of the size afexti cate of the instance (and not its size).
The certi cate in their case is simply the minimum amount of gap boxes from the input relations
that is needed to cover all the gaps in the answer of the query. Finding such a minimal cover is

ACM Trans. Datab. Syst., Vol. 37, No. 4, Article 111. Publication date: August 2018.



111:16 Arroyuelo, Navarro, Reu er, and Rojas-Ledesma

NP-hard, but a slightly restricted notion of gap boxes maintains the bounds withit®aog® *°
approximation factor.

While any index structure can be thought of as providing a set of gap boxé} fuadtrees
provide a particularly natural and compact representation. Each leaf or node valie@ quadtree
signals that there are no points in its subgrid, and can therefore be understoodiadimensional
gap box. Now let] = Ry Z Z R, be a join query oved attributes, and leR denote the
extension ofR} to the attributes ofJ. As in Khamis et al. 18, a quadtree certi catdor Jis a set of
gap boxes (i.e., empty-dimensional grids obtained from any of tH& s) such that every coordinate
not in the answer ofl is covered by at least one of these boxes.Cgb denote a certi cate ford
of minimum size; then we can reinterpret the running time of Theorem 3.9 as follows.

Corollary 3.12. Given multijoinJ on a databasB, Algorithm 4 runs in tim®©*|C;.pj + jJD°j°
2nlog"°, where)lDe is the output of the queryoverD.

Now, one can easily construct instances and queries such that the minimal certi Caig is
comparable t® "P°. So this will not give us instance-optimality results, as discover&d B
for acyclic queries or queries with bounded treewidth. This is a consequence of increasing the
dimensionality of the relations. Nevertheless, the bound does yield a good running time when we
know thatC;.p is small, as evidenced in Corollary 3.11. It is also worth mentioning that our join
algorithm directly computes the only possible representation of the output as gap boxes (because
its boxes come directly from the representation of the relations). This means that there is a direct
connection between instances that give small certi cates and instances for which the representation
of the output is small.

4 EXTENDING WORST-CASE OPTIMALITY TO BOOLEAN QUERIES

Next we turn to design worst-case optimal algorithms for more general queries of the relational
algebra. We start in this section with the Boolean queries: we already studiedrtegsection
(which corresponds to operatioAnd over the qdags), and will show thatnion (operationOr) and
complemenfoperationNot ) can be solved optimally as well. What is most intriguing, however, is
whether we can obtain worst-case optimality on combined relational formulas. We introduce a
notion of worst-case optimality that generalizes the AGM bound on multijoin queries, and then
design a worst-case optimal algorithm (in data complexity) to evaluate formulas that combine
join, union, and complement operations. We refer to those formulag € queries note that the
intersection is a particular case of join.

foralll i n.Analgorithm to evaluate- is said to beworst-case optiméil it evaluatesF in
time O'FD° ©, andworst-case optimal in data complexitit evaluatesF in time O'FD° °, which
is O'FLDe ° multiplied by factors that depend only on the siZEj of the formula, the total number
d=j[i A;jof attributes, and at most polylogarithms of the data and domain sizes.

The guard about the sizes ﬁ) is important whenR appears negated iR, to avoid the com-
plement ofRto be very large and induce a poor boudD° . For instance, leE = R;\ R, and

5strictly speaking, JUC queries are incomparable to relational algebra because complement operations can only be simulated
with di erence when the domain of the relations coincides with the active domain. However, to streamline the comparison
between boolean queries and relational algebra, we assume that the domain and active domain of relations coincide, and
therefore complement and di erence are interchangeable.
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Algorithm 6 Value on extended qdags

Require: A qdag'Q; M° with grid side .
Ensure: ValueOor 1if the grid represented by is totally empty or full, respectively, otherwis&

1: if Q is aleafthen return the integerOor 1 associated withQ
2: return %2

Fig. 5. (a) A grid representing the compleméertA; B° of the relation R'A; B° in Fig 1. (b) Thequadtree
representingR. The integers can now appear at any level, and they represent either empty or full subgrids.
The internal nodes are grayed.

jRoj =9 011° so every possible output df is of sizeO11°. Yet, if we can choose a reIaticFRg
with jjo = jRyj*2 = O%)Ryj°, then the output ofF on Rg can be of size up to%¢2+ 01°, and hence
Fipe = 1do Qur de nition avoids this by enforcing thaj@j = O%jRyj° = O1°. We do not need
to enforce this condition on the relation®; that do not appear negated iR.

In the particular case wher€ is a multijoin formulaJ (no negations), we have!D® =2 'JP°
and we have achieved the corresponding worst-case optimality (in data complexity) in Theorem 3.9.
The key technique to obtain worst-case optimality on more complex queries is to deal with them
in a lazy form, allowing unknown intermediate results so that all the components of a formula
are evaluated simultaneously. To do this we introduce lazy gdags (or Igdags), an alternative to
gdags that can navigate over the quadtree representing the output of a formula without the need
to entirely evaluate the formula. We then give a worst-case optimal algorithm to compute the
completiorof an Igdag, that is, the quadtree of the grid represented by the Igdag.

4.1 Lqdags for relational formulas

To support worst-case optimal evaluation of relational formulas we introduce two new ideas: we
add full leaves to the quadtree representation to denote subgrids full of 1s, and we introduce
lgdags to represent the result of a formula as iamplicit quadtree that can be navigated without
fully evaluating the formula.

While the last-level nodes of quadtrees represent a single cell and store its v@brel, quadtree
leaves at higher levels always represent subgrids fuldefWe now generalize the representation,
so that those quadtree leaves at higher levels also store an int@ger], which is the value of
all the cells in the subgrid represented by the leaf. This generalization is introduced in order to
complement empty subgrids in constant time; see Figure 5. It is now more convenient tteaaks
all the quadtree nodes, in the last level or higher, whose subgrids ar@sail all 1s, and thus storing
the corresponding integer (see Figure 5). The generalization impacts on the way to corvalute,
as depicted in Algorithm 6. We will not use qdags in this section, however; the Iqgdags build directly
on quadtrees.
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Fig. 6. lllustration of the syntax tree of alydagfor the formulatRIA; B° Z SIB;C Z T!A;C°. Thequadtrees
QRr; Qs; Qr represent the relation&; S; T, respectively.

In terms of the compact representation, this generalization is implemented by resorting to an
impossible quadtree con guration: a string shorter thdwmg ™ in the trie structure of Lemma 2.1
will be used to denote the path of a quadtree node ending at a leaf fulsofiVe emphasize that we
are allowed to use leaves with valdewhen possible, but not forced: quadtrees with those nodes
partially or fully expanded are also valid anetjuivalentin the sense that they represent the same
set of points. A relation can then be represented by di erent quadtrees.

The second novelty, the Igdags, are de ned as follows.

De nition 4.2 (Igdag).An lqdagL is a pairtf ;0% wheref is afunctorandois a list ofoperands
recursively built using the following rules. The rules also de ne tikempletiorof L , which is a
guadtreeQg representing a relatiofRA°; we also say that representRR.

(1)L =*QTRERR".

(2) L =NOTQg®, whereQg is a quadtree representing the complementRyf

(3) L = TANEL ;L 2° whereL ; andL ; are Igdags, an@r represents the intersection of their

completions;

(4) L =10RL 1;L 2° whereL ; andL » are Igdags, an@g represents the union of their comple-

tions;

(5) L = lEEXTEND;A°, wherel 1 is an Iqdag representing a relatioR®A ®, A is a set of

attributes such thatA © A , andRIA® = RZA®  AlItAnA @,

To illustrate the de nition of Igdags, consider the triangle queRA; B° Z S'B;C° Z T1A;C°,
with A = fA;B;Cgand the relations represented by quadtre@s, Qs, andQyr. This query can
then be represented as the Iqgdag

IANDANDEXTENBQTREBR?; A°: IEXTENBQTREBS?; A®; LEXTENBQTRED; % A%

Lgdags as syntax tree®n IgdagL = 1f ;0° can be interpreted as syntax treeof the formulaF
that it represents. The leaves of this tree correspond to the Iqgdags with funcprREBRNdNOT
(i.e., those having a quadtree as their operand) presert jiwhile its internal nodes correspond to
lgdags with functorsORANDandEXTEN(Re., those having Igdags as their operands). The root of
the syntax tree forl is a node corresponding to the functdr, and there is an edge from a node
for an IqdagL ; to a node for an Igdad. » if and only if L , is an operand oL ; (see Figure 6 for an
illustration). The Igdags corresponding to each node of this syntax tree are célledesof L .

Deriving other functors and the limitations of tN®DperandFor a quadtre®r representing
arelationRlA ®, and a set of attributed suchthatA ® A | the qdadQgr; Ma © that represents
the relationRtA ®  All1A n A ® can be expressed as the lqddEXTENBQTREBR?, A°. In this
sense, lgdags are extensions of gdags. Note also that JUC queries, and even other more general
formulas, can be expressed as Iqdags. WbilONMnd COMPLEMBRTequivalent tctORand NOT
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respectively, one can de ne other operations, lid®INand DIFF, by composing the operations
introduced in De nition 4.2:

LJOINL 1A 1% L 5'A 5
IDIFF L 11A%; L 5tA%

IANDEXTEND ;A1 [A 2%1EXTEND2A1[A 2° (1)
IANEL 1; INOTL ,0° (2

Note that in the de nition of the Igdag forfNOjTthe operand is a quadtree instead of an Igdag,
and then, for examplé., » should be a quadtree in the de nition oDIFFin Eqg. (2), in principle. We
can get around that restriction by pushing down ti¢ODperators until the operand is a quadtree
or the NOTs cancelled with anotheNOTWe formalize this process in Lemma 4.3. Proceeding in
this way, however, does limit the types of formulas for which we achieve worst-case optimality, as
shown later in Section 4.2.

Lemma 4.3LetL = if;0° be an Igdag, and &t be the total number of functors that appeatin
includingf and all those present recursivelpih.etNOTL® denote the quadtree representing the
complement of the completionLof Then there is an lqddg = *f % 0® whose completion $OTL®,
and containg functors in total (i.e., includinf®and those present recursivelph

Proof. We prove the lemma by induction ok. Whenk = 1, L must be eitherQTRERE® or
INOe®, with 0 being a quadtree. In this cade® = INOT?, or L 0= 1QTREE®, respectively.

Whenk > 1, f must be eitherANDor ORor EXTENDBorL = *ANDL ;;L 2°, the number of
functorsky; ko present inl 1; L », respectively, must be less th&n Thus, by induction there are
lgdagsL 1; L », containing exactlks; k, functors, respectlvely, and whose completlons AOTL 1°,
NOTL ,°. By the de Morgan law, the completion of the Iqdag= ORL 1; L ,°is NOTL®. Moreover
it contains exactlyl + k1 + ko = k functors in it, and thus the statement is true for this case.
Analogously, wherL = 1ORL 1;L°, L = *ANEL ;L ,° containsk functors and hasNOT.L® as
its completion.

We are left with the case wheh = 1EXTEND 1; A°. Sincel ;1 must containk 1 functors, there
is by induction an lgdad- 1 containing exactlyk; functors and whose completion INOTLL 1°. We
can show that the completion df = 1EXTEND 1; A° is preciselyNOTL®. By De nition 4.2, the
completion ofL ; must represent a relatioR™A ®with A°® A , while the completion oL must
represent a relatiolRIA° = RZA ®  AllZA n A ®, LetRIA°; RZA ® denote the complements of
RIA°; RAA @ respectively. Lety denote the projection of a tupleto a set of attributes<. Note
that RTA° can be written as

RIA° = ft 2 AllIZA° j tAo<R°1A‘bortAnAo<AlllA nA ®g

Since the complement afllITA n A ®is empty,RIA® = ft 2 AllZA° j tao 2 REA ®g which is the
same asIA° = REA ®  Al[2A n A @, By De nition 4.2, this is the relation represented by the
completion of the Igdad- = (EXTEND 1; A°, thus completing the proof.

Laziness of Igdag3o understand why we call lgdags lazy, consider the operat@arAnd Q.
over quadtree®);; Q. If either Value at the roots ofQ; or Q, is 0, then the result of the operation
is for sure a leaf withValue 0. If either Value is 1, then the result of the operation is the other
guadtree. However, if both roots hawéalue ¥, one cannot be sure of théalue of the resulting
root until the And between the children 0®; andQ; has been computed. Solving this dependency
eagerly would go against worst-case optimality: it forces us to fully evaluate parts of the formula
without considering it as a whole. To avoid this, we allow tMalue of a node represented by an
lgdag to be, apart frond, 1, and%; the special valué . This indicates that one cannot determine
the value of the node without computing the values of its children.
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Algorithm 7 Value (L) Algorithm 8 Child (L ;i)
Require: An lgdagL Require: AnlgdagL1A° and anintegei0 i < 2/l
Ensure: Value of the root ofL . Ensure: An lgdag for thei-th child of L .

1:if L = '\QTRE®® then

1. if L =1QTRER then

. 1 oy ild 10 i 00
2 return Value 1Q° 2: return 'QTREENhIld 1Q; i
3:if L =INOJTQ°then
3:if L =INOJTQ° then 4: return INOITChild 1Q; i
4: return 1 Value!Q® 5:if L = ANDL 1; L ,°then
6: if ValuelL 1°= 1thenreturn Child 1L ;i°
[T =1 . o
Z: ' Lif_Va?u’\:EII: 1"’I:ZO g:e\?aluelL ° = Othenreturn O I if Value?L 2°= 1then return Child L 1;i°
' . t- Z- 8: return TANDChild IL ;i Child 1L ;i
7 if ValueL 1°= 1lthenreturn ValuellL °
© =1 . ()
8 if ValuelL,°= 1thenreturn ValuelL ;° 9:if L =10RL 1 L 2°then _ _
9:  return ~ 10:  if ValuelL 1°= Othenreturn Child 1L 5 i°

11: if ValuelL 2° = 0thenreturn Child 1L q;i°

10:if L =10RL 1; L2°then 12:  return *ORChild 1L 4; % Child 1L 5 i%

11: if Valuell 1°= lor ValuelL°=1thenreturn 1 q3.j | = IEXTEND 1*A ® A° then

12:  if ValuelL 1°= Othenreturn ValuelL 5° 14: d jAj ,d° jA 9

13: if ValueL 2°= Othenreturn ValuellL 1° 15: mq  thed-bits binary representation of

14:  return 16: mgqgo the projection ofmg to the positions in which
the attributes ofA %appear inA

15:if L =EXTEND ;; A° then 17: %  the value in, 24° 1¥corresponding tango

16:  return Value'l 1° 18:  return !EXTENRhild L 5;i% A°

As we did for gdags, in order to simulate the navigation over the completpof an IgdagL
we need to describe how to obtain the value of the root@fand how to obtain an Igdag whose
completion is tha-th child of Q, for any giveni. We implement those operations in Algorithms 7
and 8, both constant-time. Note th&hild can only be invoked whevalue = %or * . The base
case occurs wheh =1QTREBRCor L = INOJQ°, where we enter the quadtree and resort to the
algorithms based on the compact representatiorQpfAs per Algorithm 6,Value Q° returns %2for
internal nodes, and thus the implementation ¥alue for EXTENIB trivial in Algorithm 7.

Note that the recursive calls of Algorithms 7 and 8 traverse the fnodes of the Igdag, and terminate
immediately upon reaching an fnode of the fort@ TRER® or INOJIQ°. Therefore, their time
complexity depends only on the size of the formula represented by the Igdag. We show next how,
using these implementations d&falue andChild , one can e ciently evaluate a relational formula
using lgdags.

4.2 Evaluating JUC queries

To evaluate a formuld represented as an lgddgg, we compute the completio@r of L g, that is,
the quadtreeQr representing the output of (as detailed in Algorithm 9).

To implement this we introduce the idea @fon-pruned completiasf an Iqgdag. The non-pruned
completionQf of L  is the quadtree induced by navigatirigr, and interpreting the value$
as¥(as in Algorithm 9 omitting lines 4 and 5). Note that, by interpreting valuesas’; we are
disregarding the possibility of pruning resulting subgrids full 68 or 1s and replacing them by
single leaves with value® or 1in Qr. Therefore Qf is anon-prunedquadtree (just a®* in
Section 3.3) that nevertheless represents the same poir@oMoreoverQf shares withQr a
key property: all its nodes with valud, including the last-level leaves representing individual cells,
correspond to actual tuples in the output &
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Fig. 7 lllustration of the evalua-
tion of an lIgdag for the formula
RAB® Z SB;C® Z TA;C°. The
quadtrees QR;Qs;Qr represent the
relationsR; S, T, respectively. We show
the top values oiQ; on top and ofQr
on the bo om. The gray upward arrows
show how the valuel in the quadrant
000of Qr becomeDs in octantsO00and
0100f Qf without accessingQr or Qs.
The red upward arrows show how the
valueOin the quadrant11lof Qr makes
the quadrants10land 111of Q; depend
only on their le child (and, assuming
their value is¥; becomes & in Qf).

Algorithm 9 Completion 1L g°

Require: AnlgdagL g whose completion represents a formufaover relations withd attributes.
Ensure: The completionQg of L g.

1: if ValuelL g° 2 O, 1gthen return a leaf with valueValuelL g°

cfori 0:::;2 1do

Ci Completion *Child 1L g; i

s if maxfValue!Co® :::; Value!Cx ,°g= Othenreturn a leaf with valueO
- if minfValueiCe® :::; Value'Cq ,°g= lthenreturn aleaf with valuel

o U A WN

: return a quadtree with valuézand childrenCg; : @ :; Coxa 4

To see how lgdags are evaluated, let us consider the qifieryR!A; B° Z S!B;C° Z T?A;C°. This
corresponds to an Iqdab r:

IANDANPIEEXTENBRTRERRS A° ;i EXTENBRTRERS® A%, (EXTENENOTQ ©; A%

Assuming that some of the quadtrees involved lin= have internal nodes, the non-pruned
completionQ¢ rst produces 8 children. Suppose the grid df is full of 1s in the rst quadrant 00).
Then the rst child (00 of Qr has valuel, which becomes valu@in *NOjQy°. This implies that
IEXTENINO]Qr also yields valu@® in octants000and01Q Thus, when functionChild is called
on child 000of Qr, our 0 is immediately propagated an@hild returns0O, meaning that there are
no answers for on this octant, without ever consulting the quadtre€x andQs (see Figure 7 for
an illustration). On the other hand, if the value of the child.of T is 0, then!EXTENENO]Qr ©°
will return value 1in octants10land111 This means that the result on this octant corresponds to
the result of joiningR andS; indeedChild towards101in Qf returns

LANDChild BEXTENBRTRERR? A°; 10P; Child “EXTENBRTRERS®; A°; 10P°;
If Child “EXTENBRTRERR®; A°; 10P and Child LEXTENBRQTREBs®, A°; 10P are trees with
internal nodes, the resultingANOzan be either an internal node or a leaf with vale(if the
intersection is empty), though not a leaf with value Thus, for now, theValue of this node is
unknown, a” . See Figure 7 for an illustration.

Note that the running time of Algorithm 9 i©*jQfj°. Lines 4 and 5 compa@f. to obtainQr,
without a ecting the complexity of traversingQf. Thus, boundingQfj yields a bound for the
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running time of evaluating. While jQfj can be considerably larger than the actual sj@g] of
the output, we show thajQgj is bounded by the worst-case output size of formidor a database
with relations of approximately the same size.

We will not use the” values in the proof, because these are not needed when all we want is to
materialize the output of the query; we can just replace them allin that case. Theé values
are useful, instead, to evaluate the formula progressively, for example to provide an iterator over
the output.

4.2.1 Analysis of the algorithioet L £ be an Igdag for a formul#&, and consider the syntax tree
corresponding toL . We callatomic expressions bt the Iqgdags associated with the leaves of
this tree (i.e., the fnodes with functor® TRE&nd NO Tsee Figure 6 again). We say that two atomic
expressiond 1 andL ; are equal if both their functors and operands are equal. For example, in the
formula

F = 'OR'ANDQTRERR’ *QTRERs; *ANDQTRERR® *QTRER °°

there are three di erent atomic expressionQTREBRR?, 1QTRERs®, and:QTREBy°, while in
F 0= tANDQTREBR®; INOTQR® there are two atomic expressions. Notice that in formulas like
F % where a relation appears both negated and not negated, the two occurrences are seen as
di erent atomic expressions. We return later to the consequences of this de nition.
The following lemma is key to bound the running time of Algorithm 9 for evaluating a formula.

Lemma 4.4LetF be a JUC query represented by an Igdagn dimensiord, and letQf be
the non-pruned completion ot. LetRj*A 1% :: 1 ;R,1A 1© be the relations that appear i) and
assumé- does not contain subexpressi@NBREB° andNOJQP for a same quadtre@. Letm be
the maximum number of internal nodes in any leveDpf Then, there is a databa3@with relations
R“A 1% 1;R0IA 0 of sizegR = jRjforalll i n,such that the output ¢f evaluated oveD®
has size 1m0

Proof. Letmy be the number of internal nodes in levilof Q; andj be a level wheren =
m; is maximum. LetA;:::;An be the distinct atomic expressions afs andQq;:::;Qn their
corresponding quadtrees (note that this is the number of relations mtervenm@rbecause
both subexpressionxQTRER® and 1NOTQ° cannot appear for the sam@) Leth; ::1;Q0 be

respectively, and replacing each node with valdean levelj by a leaf valued O or 1 depending on
whether the functor ofA; is NOr QTREEespectively. We rst show than; 22 1;QQ represent
relationsRY; : : : ;RO with jRY  j R j such that, wherF is evaluated over these relations, the output
of the formula is at leastn. Then we complete the proof by showing how to augmeF?,?tso that
jROJ = jRj, while preserving an output size of at leastwhen F is evaluated over the new relations.

From internal nodes to output tupleetQFobe the non-pruned completion df r when evaluated
overQl; -2 1;QY. We will show thatQ+ has at leastn nodes with value 1 at the last level (theth),
and thus the output of- over the relatlons represented l@l; :;QUlIs at Ieas'm

First, consider the completioA; of A; evaluated ovef), and the completior, O9of A evaluated
overQ0 foralll i n.Wesay thatA A Oif both have the same topology up to the last level
of A, %, and the value of each node i %is not smaller than that of ts homologous node Ay .

The value of a node in the quadtree resulting from ANDr ORoperand ismonotonimn the
values of the homologous nodes of the operands (i.e., when a node value in an operand is increased,
the value in the homologous node of the result never decreases). A simple inductive argument on
the syntax tree ol  shows that the value of each node Q; is also monotonic on the values of
the homologous nodes from the quadtreg&sinvolved in its computation. Thus, if we show that
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Fig. 8. An illustration of the construction dDiOandaioin the proof of Lemma 4.4 for an atomic expression

Aj = INOIQ;°. The number inside each node represents its value, and the relatioand drawn between
trees apply to the value of each pair of corresponding nodes. The figure assumes that the maximum number of
internal nodes inQ; occurs at the fourth level. The red node @ has been compacted into a leaf with value

0 since their children had all value 0 a er the transformation of valuésto 0. These nodes are un-compacted

back in@oto ensureQ; andaiohave the same topology up to level four.

A A Ofor all i, we prove thatQf 0 . This implies tha@*ohas at leastn nodes with value 1
|n its Iast Ievel mQF there are at Ieasrln internal nodes at level that become leaves in the last
level onF , and since their values cannot be 0 due to monotonicity, they must be 1.

If Aj is of the form*!QTRER; °, showing thatA, A is easy the valuesinthe rsf 1llevels
of A; are respectively equal to those in the 1 IeveIs ofA , and the only change in the-th level
is that the values/zwere increased td when converting ever;Qi to Q°

WhenA; = INOTQ; °, we show instead thad, Ois equivalent to a quadtre@io(i.e., both represent

the negation ofQY such thatA, ~ Q° When we convert the nodes at levewith value %in

Qi to leaves with value in Qio, we may create nodesin Qiowhose descendant leaves are all of
valueO, and thus those nodaswould become leaves with valugthemselves. This changes the
topology ofA, Owith respect toA, , and it is the reason why we instead compake with a quadtree
aioequivalent toA, 0 We construclﬁi0 by using the same topology (Qio, and complementing the
valuesO and1 of every leaf (see Figure 8). In addition, we expand up to Ig¢\al those new leaves
v of Qiothat were created via pruning (which is valid because the leaves we expa@ are of
valuel). After this expansion(ji0 has the same topology @& up to levelj, its node values are

never smaller than those of the corresponding node#\jn and thusA, ~ Q°.

So far, we showed how to obtaimrelations over the same set of attributes as the original ones
such that, wherF is evaluated over them, the output size iSm°. Moreover, since each quadtree
Qois obtained by trimmingQ; at some level, we know these quadtrees represent relatla(f‘such
thatJROJ j Rj. The values |ng’; .2 1;RY belong, however, to a smaller universejebit values. This
is remedied by simply appendingog™ j° Os at the beginning of the binary representation of
these values. Restoring the size of the universe also gives space to augment the generated relations
so that their cardinalities coincide with the original ones. We show next how to achieve this.
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Augmenting the relationg\fter appending thetlog™ j° Os at the beginning of the binary
representation of each value RO, the points represented by ea@f’ are distributed in a subgrid of
size2di from the total space of siz#'°9" = *d There are2d'°9 « i = 29¢ gych subgrids in the
domain ofR, forc = log™ j > 0. Thus, we haved® 1> 0empty subgrids where we can add
spurious points in order to increase the sizeRft We show that the amount of points within these
subgrids is enough to augmeR° so thatjRY = jR j.

We rst consider the case wheA; = INOJQ;°. For the purpose of the proof, assur@ehas leaves
with value 1 whenever possibl€ The points ofR can be classi ed into the point§); represented
by a node with valuel at levelk  j in Q;, and the pointd; represented by a node that descends
from a%2valued node at levgl of Q;. ThusjR j = jG;j + jlij, and:

Each node valued at levelk  j in Q induces2® *° points inR°and2"°9" ° points in
R ; therefore there ar@¢ points inO; per point in R®. Those are all the points iRC, so to
matchjO; j we must insertd¢ 1 further points for each point inRC.

For every empty cell irR-Othere can be up t@&¢ 1pointsinl;, because if thed° points
existed in the subgrid oR corresponding to the cell dRO then they would have induced &
at levelj of Q;, not a% Therefore, to matcljl;j we must insert up to¢ 1 further points
for each empty cell irR".

Summing up both cases, it su ces to ad#® 1 points for each of the2d! cells of RS, full or empty.
Then, we have su cient space in all the othe2d¢ 1 > 0 subgrids, each a#¥ cells, to add the
spurious points needed to mak® of sizejR j.

The case oA\ = :QTRER);° follows easily from the previous case. LBf°be a relation rep-
resented by the quadtre@ioogenerated via trimming at thg-th level for the atomic expression
INOTQ;°. Then,jRY = jR%] + m because ifQ°them internal nodes in thg-th level are converted
into nodes with value 1, while irQiOOthey become leaves with value 0. We already know that there
is enough room in the new subgrids to augmeRt%so thatjR j = jR}, and therefore the same can
be achieved foR?, which requires fewer points.

we can bound the time needed to compute the non-pruned comple@rof L ¢ using the same
reasoning as in Section 3.3. Sirmds the maximum number of internal nodes in a level @, the
number of internal nodes IQf is at mostmlog . Now, each internal node i@ . results from the

application ofjFj operations on each of the" children being generated, all of which take constant
time. Thus the non-pruned completion can be computed in ti®fen 29jFjlog"°. On the other
hand, by De nition 4.1, it holds thaF!D® = m®°, and therefore the quer{ can be computed in
time OFD°  29jFjlog °. This means that the algorithm is worst-case optimal in data complexity.
By using the same technique of Theorem 3.9 to convegt’ into log mint*; S, we obtain the result.

in total, and wher? the domains of the relations as€jin  1¥LetA be the 53{ of attributes Bf, for
alll i n,N= ;]jRjbethetotal number of tuples in the database,&nd ; jA;j JR]its total
number of entries. The relatidRs : : : ;R, can then be stored withBlog™ + 2N log™ + 0'Slog "° +
O!nlogd® bits so that, if the Iqgdag & does not contain both subexpressiQIRRER° andNOJQ°
for someQ, its output can be computed in ti®&FD°  29jFjlog mint’; S*° = OFLDO ©°,

This result generalizes Theorem 3.9, whé#®° =2 'FP°andjFj= n° Moreover, it does
not matter how we write our formulaF to achieve worst-case optimal evaluation. For example, our
algorithms behave identically oHR Z S°Z T°and on'RZ 1S Z T,

SAlternatively, when generating}io, we convert tol, not to 0, the values/2whose descendant leaves are Hl
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Lemma 4.4 requires that no single quadt®eappears in both formsiQTREB); ° andNOJQ;°,
in the formula, because for each of those atoms we create di erent versior@’sb construct the
worst-case databad®®. This restriction carries over to Theorem 4.5. To see why it is necessary,
consider again our example formula® = tANP*QTREBR?; *NOTQg. While the answer of this
query is always empty, and therefoi@roj = 0, it holds jQr.j = 1jRje 240 for everyR, and our
algorithm will take time 1jRj°. Our algorithm is then worst-case optimal only if we consider the
possible output size of a more general formufa?’= :AND}QTRERR?; INOTQ3. This impacts
in other operations of the relational algebra: we can write them all as Igdags, but for some of them
we will not ensure their optimal evaluation.

In case the formuld contains (after pushing down thBlODperators) both atomic subexpres-
sionstQTRER® andNOIQC for the sameQ, Theorem 4.5 can still yield an upper bound on a more
relaxed formulaF © where the occurrences 8BNOTQP are replaced byNOTQ® andQCis a copy
of Q. Note, however, that the optimality in the evaluation &f°does not imply the optimality orF,
because a worst-case instanceFof may choose di erent instances fa@ andQC

5 FULL RELATIONAL ALGEBRA ON LQDAGS

Lqdags can be elegantly extended to handle the full relational algebra, even if in general we cannot
provide optimality guarantees when the remaining operations are included. We consider in the
sequel the operations not covered in Section 4 (recall that set di erence is handled as in Eqg. (2), and
its optimality holds under the same conditions of Theorem 4.5).

First, note that attribute renaming, 4, ., *L°, requires no computation in our framework: we
retain the same lgdag df*A° butinterpretitasLA ® whereA °= Anf A g[f Aj g, assuming that
the dimension ofL that representedy; now represents\;. Relation renaming is also immaterial.
Note that renaming can be used to alter the order of the attributes in a relation, and to include it
with various orders in the same formula. This is supported in our framework with various qdags
1Q; M; ° referring to the same quadtree and with di erent permutatiold; of its attributes.

5.1 Selectionand -join

The selection operation in relational algebra,'F°, takes a subexpressidhand apredicate ,
which is a logical expression on the attributes Bf This can be written with our Igdags as

'SELEGT £*A°; © = 'ANDL *A°;pred ;A%; (3)

wherelL f is an Iqdag representing, andpred ; A° is a virtual Igdag onA whose cells are exactly
those that satisfy the predicate. For example, a simple predicate like * A;j = a° which xes the
value of the attributeA;, can be written as

pred?A; = a%A° = IEXTENBRTREREi®; AnfA;ig°

wherehai is a quadtree in one dimension, on attribuge, with a single cell with value. Logical
disjunctions, conjunctions, and negations incan be handled by using the Igdag operatiddR
ANDandNOTrespectively. All thos@red ; A° Igdags can then be easily formed from very small
guadtrees and the Boolean Iqdag operations.

However, can be in general a logical formula over more complex conditions than an attribute
being equal to a constant: two attributes, or an attribute and a constant, can be compared with any
operator inf=;, ; ; ;<;>g. A general way to handle any such predicate is to pe¢d ;A° =
IQTRER ° without building an actual quadtre€ on A (see Figure 9 for an example @f ).
Instead, we simulate the navigation throudh , keeping track of the subgrid boundaries as we
descend, and returninyalue for the current node as follows:

0if does not hold for any cell in the current subgrid;
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Fig. 9. An illustration ofQ for the predicate :A < B, with A; B a ributes. a) A representation in a grid of
the tuples matching when" = 2* b) Thequadtreethat represents the tuples matching.

1if holds for every cell in the current subgrid;
Y otherwise.

Whether holds for some or for all cells in a given subgrid of the output can be easily determined
in time O?] j°for the logical formulas comparing attributes and constants we have discussed above
(e.g., asin Figure & < B holds somewhere is; < g and it holds everywhere i€, < 5, where
5, e.and»g,; s, Yare the ranges of values of the attribut@sand B, respectively, in the subgrid).
For a formulaF represented by the Iqdag r = 1SELECT ; ¢, if we countj j as a part ofiFj, then
we can compute the output df ¢ in time OQf | 2jFje, whereQf is the super-completion of
L . This complexity is indeed worst-case optimal wherselects tuples from a single relatidi
the AGM bound forL f = IAND'QTRER?;, 1QTRER °°is FID° = minijRj; jQ j° because there
exists a relatiorROwith jRj points placed at the coordinates that satisfyunless of course there
are fewer of the latter. The quadtre@F we virtually traverse, on the other hand, contains exactly
the ancestors of the leaves of the quadtreeRthat also belong t&@ , of which there are at most
OFD° log mint’; S*°. We then obtain the same bounds of Theorem 4.5.

The complexity of evaluating our formula might not be worst-case optimal, however, when
combines attributes from two or more tables, becaj®gj may no longer be bounded b§'D° in
that case. To see this, létg; L s be lqdags representing relatio@A; B°; S'B; C°, respectively, and
consider the lgdag

Lr = 1SELECTIOINL g;L %A =CO
Because each value éfin R can now match only one value o in S, FID° is linear in the
size ofRandS. In terms of Iqdags, however, computir@f_F amounts to intersecting the lgdag
1JOINL g; L s®with a virtual tree Qa=c of dimensiond A; Cgand whose points lie on the diagonal
whereA = C. The problem is that checking whether a point #{1OIN L g; L s° intersects with this
diagonal may require inspecting all the way down to the leaves of this Igdag. This implies that the
size of the non-pruned completio@; is actually bounded byR Z §j.

In terms of our results, if we apply Theorem 4.5 on the formula of Eq. (3), th#DP is allowed
to replaceQ by any other relation of the same cardinality of . In the example above, the running
time for a=c'RZ S is bounded by the worst case running time of the join Bf Sand any other
binary relation with * tuples.

Therefore, we can retain worst-case optimality upon selections whenever the predicates can be
pushed down to the leaves of the syntax tree, that is, to the individual relations. Otherwise, our
technique still handles them correctly, though not optimally. The same happenssfan arbitrary
formula whose validity can only be tested for individual cells; in this case we can only evaldate
and discard one by one the cells that do not satisfy

The Cartesian product is a variant of the join where the relations have no common attributes;
our join formula in Eq. (1) actually computes the Cartesian product in this case. Fjoén selects
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the tuples from the Cartesian product that satisfy the predicat&\Ve can then de ne
ITHETAJOJN ;L ; © = 1SELECTIOINL 4;L 2% ¢

which also allows the relations to share attributes. Once again, our lgdag evaluation of this expres-
sion is correct but not worst-case optimal.

5.2 Projection and derivatives

The projection, oF°, takes a subexpressidhon attributesA and projectsitontoA © A . We
de ne the corresponding lgdad. = *PROJECIT£1A°; A @ as follows. LejAj = d, jA Y = d° and
L r be anlgdag foF. If Value 1L °isOor 1thenValue L° = ValuelL g° otherwiseValuelL® =",
In the latter case, the root of the non-pruned completiQ’IIF of L g has2® children, and the root

of the non-pruned completion o®] of L has2¢° children. Thei-th child of Q[ is computed as the
ORof all childrenj of Q’[ such that the projection of thel-bit representation of to the positions
in which attributes inA Yappear inA is precisely thed®bit representation of (see Figure 10 for
an illustration). For example, Walue 1L fA; B;Cg®is notOor 1andL = PROJECO;fA;Bg°
we have that
ChildiL;0°® = PROJECDRChiIld L g; 0% Child 1L ; 1°% fA; BgS
ChildiL;1° = PROJECDRChiIld L g; 2% Child 1L g; 3% fA; BgS
ChildiL;20 = 1PROJECTORCHhiIld 1L ;4% Child 1L g; 5% fA; Bg®
Child 1L ;3° = PROJECTORCHhiIld 1L ;6% Child 1L g; 7°° fA; Bg®
Supporting projection on Iqdags then enables the remaining operations of the relational algebra:

ISEMIJOINL 11A 1% L 1A 5 IPROJECTOINL 1;L 2% A 1°

IANTIJOINL 11A 1% L 1A 5 IPROJECTOINL 1; INOTL 52 A 1°

IDIVISIONL 11A 1% L 1A 5 IDIFE L 2 'PROJECDIFEJOINIL &L 2% L 1% A 1 n Ay
whereL { = tPROJECIT ;A1 nAandA, A i

Just as in the case of selection, our strategy to handle projections does not ensure worst-case
optimality either. Consider, for example, the projecti¢irepresented by the Iqdag

Lr = 'PROJECTOINL g; L % fAQ®

wherelL g; L s are Igdags representing relatioi8A; B°;, S'B; C°, respectively. Since its output is

of dimension 1F1D°  °. We have, essentially, the same problem encountered for the case of
selection: As we navigatk r to project out values in the IgdagJOIN L g; L s°, we may have to
inspect all the way down to the leaves. In total, the non-pruned comple@j:nF of L g may be of
sizejRZ §j.

A projectionL = 'PROJECT (A°; A ® from ad-dimensional lqgdagd. ¢ to d°dimensions has
one further problem: itsChild translation makes the resulting formula to grow k& & elements
every time we move to a child ith . Thus, during a traversal (:(Dt , the IlgdagL may grow up to
sizejLj 2 d® for nodes at levet, possibly becoming as large s .. Therefore, the siz¢ |
cannot be anymore considered constant in data complexity when projections are considered.

A consequence of the non-optimality of our strategy in this section is that, unlike in Section 4,
the way in which the formula is written does matter. For example, if we rewilite in the preceding
example as

IPROJECTIOINL g; tANP'PROJECT g; fBgS tPROJECT s; fBg©® fAQS
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Fig. 10. An illustration of theChild operation for a 2-dimensiondtjdagwith functor PROJECA) A relation
RIA; B° in a two dimensional grid (le ), its projection toB in a 1-dimensional grid (center), and theuadtree
Qr that represents the projection (right). b) AlgdagL = PROJECDTRERR?®; f Bg°whose completion i€),
with Qr denoting thequadtreethat representsRtA; B°. Note thatQ1; Q2 in a) are the completions of 1; L 2
in b), respectively. ThusChild tL ;0°= L 1, andChild 1L ;1°= L ».

then we havejQEFj j Rj +]Sj. On the other hand, as noted, evaluating each nod@pg can be
more expensive now because the formula may grow due to the internal projections.

5.2.1 Yannakakis' algorithiHaving de ned the projection, a natural question is whether one can
use it to obtain ner bounds for acyclic queries or for queries with bounded treewidth. For example,
even though the AGM bound foRIA; B® Z S'B; C° is quadratic, one can use Yannakakis' algorithm
[44) to compute it in timeOLjR] + j§ + jR Z Sj°. This is commonly achieved by rst computing
glRPand g!S, intersecting them, and then using this join to Iter ouR andS. Unfortunately,
expressing this strategy directly in our Ilgdag framework, even if we push down the projections,

1JOINYIOINL g;1° ;1IOINL g; 19°
wherel = !ANPPROJECOR; fBgSPROJECT s; fBg®

would still give us a quadratic algorithm, even for queries with small output, because after extending
| it may take quadratic time to compute the join.

More generally, this also rules out the possibility to achieve optimal bounds for queries with
bounded treewidth or similar measures. We return to this point in the Conclusions.

5.3 Partial materialization of query results
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Fig. 11. A comparison betwe& Q*, andQ. ThequadtreeQ is obtained by pruning fronQ* the subtrees
explored by Algorithm 9 that did not produce an output tuple. Similarl@;is obtained fromQ by pruning

the subtrees of) for which, to produce an output tuple, Algorithm 9 does not traverse more thamternal

nodes before finding it. We call the subtrees meeting this property output-dense zones.

The algorithms we have described can generate the ou@uaif the formulaF explicitly, in the
same compressed quadtree format of the input relations, and as such they can be used compo-
sitionally. It is worth reminding that the output of a join query can be considerably larger than
the input relations, which is particularly relevant in the context of using little space for query
processing. In this section we show another advantage of using quadtrees for representing the
query results: Because the output is a function of the input relations, it can be not only represented
as a compressed quadtree, but atsaterialized only partiallyas long as one is willing to pay extra
time to navigate such output. This parameterizable materialization of the query output, where we
can trade space for traversal time, is inspired by a similar result by Deep and Koutris [10].

We compute a partial quadtree representati@nthat containsjQj  min?jQj; jQ*je ° nodes,
for any parameter 1 xed at query time, and allows us to traverse the result with delay
Ot  29ViF°log mint'; S, whereV1Fe is the time to computé/alue on F using Algorithm 7. The
time to produceQ is the same as for generating using Algorithm 9, that isQ%jQ*j 20V1F,

Our partial resuliQ'is a version of) where some subtrees are pruned. The quadtree representation
we use forQ is a slight extension of the one we have been using. In this case, leaves may have
Value 0,1, or¥2 A leaf node with valué~zmeans that the resulf has elements below that node but
these are not stored i@, and thus must be recomputed (see Figure 11 for an illustration). In terms
of the representation of Lemma 2.1, a leaf with valdés seen as an internal node with no children,

a con guration that cannot occur in the basic quadtrees but that the compact representation allows.

The key is that leaves with value %2in Q will be produced only when, in a DFS traversal of
Q" belowv, (1) the number of internal nodes 6" visited between any two consecutive internal
nodes ofQ is at most , and (2) the number of internal nodes & visited before the rst and
after the last internal node of, are at most «2. This then guarantees the promised delay when
rerunning the intersection algorithm to recover the values omitted belown Q.

To produceQ instead ofQ, we modify Algorithm 9 so that every recursive call may, after
computing the subtree of) below a noder in line 6, choose to return instead a leaf with valie
In case it returns a leaf, the algorithm accompanies it with the following numbers:

For a leaf withValue = 0, the numberc of internal nodes of* visited belowv (this is the
number of times it reached line 2 in further recursive calls).

For a leaf withValue = %5 the numbers andr of internal nodes ofQ* visited before the rst
internal node ofQ and after the last internal node @, respectively.

For a leaf withValue = 1, the numberd =r = 0.

ACM Trans. Datab. Syst., Vol. 37, No. 4, Article 111. Publication date: August 2018.



	Abstract
	1 Introduction
	2 Quadtrees
	3 Multi-way Joins using Qdags
	3.1 The triangle query: quadtrees vs qdags
	3.2 Qdags for relational data
	3.3 Join algorithm
	3.4 Better space and time on clustered datasets

	4 Extending Worst-Case Optimality to Boolean Queries
	4.1 Lqdags for relational formulas
	4.2 Evaluating JUC queries

	5 Full Relational Algebra on Lqdags
	5.1 Selection and -join
	5.2 Projection and derivatives
	5.3 Partial materialization of query results

	6 Engineering and Implementation
	6.1 Space-efficient qdags
	6.2 Implementing extensions
	6.3 Implementing multiway intersections
	6.4 Some special cases
	6.5 A parallel version

	7 Experimental Results
	7.1 The Wikidata SPARQL Benchmark
	7.2 Benchmark on SNAP Graphs

	8 Conclusions
	Acknowledgments
	References
	A Appendix: Comparison with the Conference Version
	B Appendix: A Non-compact Qdag Baseline
	C Appendix: Effect of Node Ordering on the Point Distributions
	D Appendix: Results on Wikidata with Complete Time Interval
	E Appendix: Full Details on the SNAP Benchmark
	E.1 Experimental setup
	E.2 Results


