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1. Introduction
Graph databases store data using nodes and labeled edges, emphasizing the relationships between data
points. With the ever-increasing volume of data in the world, the need for efficient data processing is
also growing.

Basic graph patterns are fundamental for querying graph databases, and they correspond to natural
join queries over the relational representation of the graph, which is one of the most studied and
important problems in database systems.

Traditionally, most database management systems have implemented pairwise join algorithms, which
turn out to be suboptimal in many cases and have prompted the development of newer approaches
such as multiway joins [11].

Atserias-Grohe-Marx [3] developed a method that given the sizes of input relations computes an upper
bound on the size of the query result, known as the AGM bound. This led to the definition of worst-
case optimality (wco): a join algorithm whose worst-case runtime meets the AGM bound [10].

The Ring [2] is a novel indexing scheme that allows worst-case optimal running time join queries and
uses significantly less space than most alternatives while still having competitive experimental query
times. Even though wco join algorithms meet the AGM bound given an input size, they may not be
optimal in every possible instance of such queries, which creates an opportunity for improvement
beyond this worst-case optimality. This thesis aims to combine the Ring with the classic Yannakakis
algorithm [13] in complex cyclic queries, which would enable query faster runtimes while maintaining
the space advantages the Ring offers over other alternatives.

2. Related work and concepts
The following are key concepts for understanding this thesis proposal.

2.1. AGM bound
Recently, Grohe-Marx [6] and Atserias-Grohe-Marx [3] derived an upper bound on the number of
solutions in natural join queries. If 𝑄 is a query and 𝐷 a database instance, the AGM bound refers to
the maximum number of tuples in the query evaluation 𝑄(𝐷′) for any 𝐷′ sharing the same size and
structure as 𝐷.

This limits the size of the output of a join query. For the well-known triangle query:

𝑄(𝑎, 𝑏, 𝑐) = 𝑅(𝑎, 𝑏) ⨝ 𝑆(𝑏, 𝑐) ⨝ 𝑇 (𝑐, 𝑎)

the AGM bound is √|𝑅| ⋅ |𝑆| ⋅ |𝑇 |. When |𝑅| = |𝑆| = |𝑇 | = 𝑛, we get a 𝑛32  bound. In general, for a
query 𝑄 we denote the AGM bound as 𝑄∗.

2.2. Worst-case optimality
A join algorithm is called worst-case optimal (wco) if it has running time 𝑂̃(𝑄∗), which is 𝑂(𝑄∗)
possibly multiplied with a polylogarithmic factor.

The NPRR algorithm [10], published in 2012, was the first wco algorithm. A popular wco algorithm is
Leapfrog-Triejoin [12], which improves on the results of NPRR.
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2.3. Yannakakis algorithm
The Yannakakis algorithm [13] computes the output of an acyclic join query, by creating a join tree and
performing two sweeps, one bottom-up and other top-down. In each sweep, semi-joins are performed,
in which each node constrains the following one. This guarantees an elimination of the tuples that
don’t participate in the final output, achieving a runtime of 𝑂(|input| + |output|). This is the best
asymptotic behavior possible, as the runtime will always be bounded by reading the input and printing
the output.

2.4. EmptyHeaded
EmptyHeaded [1] is a high-level graph processing engine with a novel query optimizer. Particularly, its
join queries are worst-case optimal, and in some cases outperform the AGM bound.

It computes a generalized hypertree decomposition (GHD) [4] of the query hypergraph, in which nodes
are attributes and hyperedges represent relations. Each node in the GHD represents a join which is
then computed with a worst-case optimal algorithm. The resulting graph is a tree, where the
Yannakakis algorithm can be used to obtain the final result.

This join algorithm runs in 𝑂(𝑁𝑤 + |output|), where 𝑤 is the width of the chosen GHD, and it can be
proven that it is less or equal than the exponent in the AGM bound. Finding the minimum width GHD
is NP-hard [5], which is why EmptyHeaded explores by brute force all the possible GHDs to find one
with minimum width. This is possible when the number of relations and attributes is small.

A problem with EmptyHeaded is that is has proven to be notoriously less space-efficient than other
alternatives [2].

2.5. The Ring
The Ring [2] is an indexing scheme that supports worst-case optimal running time join queries. It uses
less space than most alternatives, while still having nearly the best overall query times.

The Ring is implemented using a compact data structure called a wavelet tree [7,9], enabling the use of
a Leapfrog-Triejoin variant for wco joins.

The following plot shows a comparison between the classic Ring, C-Ring (a compressed variant in
exchange for runtime) and other popular indexing schemes.
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Figure 1: Index space and average query time on the Wikidata Graph Pattern Benchmark (WGPB)
proposed by Hogan et al. [8]. Obtained from the original Ring article [2].

3. Problem
The Ring has proven to be slower than alternatives such as EmptyHeaded in cyclic queries [2], while
greatly improving space efficiency and offering more stable times in some bad cases. This creates an
opportunity of improvement which this thesis aims to develop, improving the runtime of the Ring in
these cyclic queries while maintaining its other advantages.

The proposed strategy is to use some method to decompose the query graph into cycles, solve these
cycles using the Ring and in the remaining acyclic graph use the Yannakakis algorithm. Multiple
decomposition methods may be tested, such as finding the biconnected components or finding a
minimum width GHD, similarly to what EmptyHeaded does.

4. Research questions
• What method of decomposing the query graph offers better performance?
• Does this approach offer better runtime compared to the previous approach with the Ring?
• Does this approach offer better space and time trade-offs compared to other modern indexing

schemes such as EmptyHeaded?

5. Hypothesis
This approach of decomposing a query graph in cycles, solving the cycles using the Ring and then
computing the final answer in the resulting acyclic query using the Yannakakis algorithm offers better
runtime than the previous approach of solving the entire query using only the Ring and better space
efficiency than alternatives such as EmptyHeaded.
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6. Objectives
6.1. General objective
Advance the state-of-the-art on solving cyclic join queries using the Ring, beyond the asymptotic
worst-case optimal behavior it already presents.

6.2. Specific objectives
• Design, implement and test an implementation of the complete algorithm.
• Benchmark and compare this implementation with other approaches to solving complex join queries.

7. Methodology
The following is a preliminary sequence of steps to complete this work.

1. Study the source code of the Ring implementation in C++.
2. Simple implementation with the Ring that takes an already decomposed graph into a tree where

each node is a sub-query in the original graph, containing the cycles and solves those sub-queries.
3. Evaluate implementation alternatives of the Yannakakis algorithm.
4. Connect the previous algorithm with the Yannakakis algorithm to obtain a final output.
5. Study and evaluate alternatives for the graph decomposition, such as decomposing into biconnected

components or finding a minimum width GHD.
6. Implement a graph decomposition algorithm and connect it with the rest of the previously

developed algorithm.
7. Test and benchmark all the implementations.
8. Compare with other results, most importantly the original Ring results and EmptyHeaded.

All the implementations will be written in C++, for its efficiency, familiarity and ease of integration with
already implemented algorithms such as the Ring.

8. Expected results
The expected result of this work is a beyond wco optimal join algorithm that, when applied to a cyclic
query graph:
• Improves the runtime of the Ring, and
• offers similar or better runtimes to EmptyHeaded with much better space efficiency.

This work will be materialized in a publishable thesis and a publicly available, open-source
implementation that allows for further experimentation by other authors.
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