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Clases de cátedraThe role of quantum program resource analysis
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Resource analysis is a particularly (more) relevant problem for quantum 
programs as it allows: 
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1. Validating the “effectivity” of the quantum computing model
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Clases de cátedraThe role of quantum program resource analysis
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Resource analysis is a particularly (more) relevant problem for quantum 
programs as it allows: 

2. Determining which quantum algorithms will be (shortly?) 
implementable in real quantum hardware



Clases de cátedraCurrent approach to quantum program resource analysis

1. Translate the (high-level) program into a (low-level) quantum circuit

�3

#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace

#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace

[Quipper, Scaffold, LIQUi|>]  



Clases de cátedraCurrent approach to quantum program resource analysis

1. Translate the (high-level) program into a (low-level) quantum circuit

�3

2. Read off the number of qubits and gates in the circuit

#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace

#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace

d1%

a1%

a2%

d2%

1

2

3

4

5

1:%CNOT(a1,d1)%

2:%CNOT(a2,a1)%

3:%CNOT(d2,a2)%

4:%CNOT(a2,a1)%

5:%CNOT(a1,d1)%

Instr% Target% Control% Timestamp(TS)% Entanglement%

1% a1% d1% 1% a1,d1% Inst#1%likely%causes%qubits%a1%and%d1%to%become%entangled%with%each%other.%%

2% a1%

a2%

d1%

a1%

1%

2%

a2,a1,d1% (a2,a1)%are%assumed%to%become%entangled.%Since%a1%is%assumed%to%be%entangled%with%

d1,%a2%is%also%assumed%to%be%entangled%with%d1%due%to%transiAvity.%

3% a1%

a2%

d2%

d1%

a1%

a2%

1%

2%

3%

d2,a2,a1,d1% d2%and%a2%are%assumed%to%become%entangled.%Previous%entanglements%of%a1%and%d1%

are%also%assumed%to%be%part%of%the%entanglement.%

4% a1%

a2%

d2%

%

d1%

a1,%a1%

a2%

%

1%

2,%4%

3%

d2,a1,d1% Instr#4%matches%the%set%of%(target,control)%qubits%from%Instr#2.%Control%qubit%a1%did%

not%undergo%state%changes%between%Amestamps%2%and%4,%i.e.%it%did%not%serve%as%a%

target%of%a%different%entanglement%between%TS%2&4.%Hence%an%uncomputaAon%occurs.%

Since%the%set%of%control%qubits%for%a2%becomes%empty,%it%is%assumed%to%be%restored%to%

its%iniAal%state,%therefore%it%is%removed%from%the%entangled%set.%

5% a1%

d2%

%

d1,d1%

%

%

1,%5%

3%

%

d2,d1% Inst#5%matches%Inst#1%qubits%(a1,d1).%Neither%a1%nor%d1%are%found%in%sets%of%control%

qubits%between%TS=1%and%TS=5.%Inst#5%is%recorded%as%disentanglement,%removing%a1%

from%the%table.%Final%entanglement%created%by%the%circuit%is%(d2,d1).%

Figure 8: Example entanglement analysis of a quantum circuit that operates on two data qubits d1 and d2, using two ancilla
qubits a1 and a2. The final set of entanglements realized by the circuit is (d1, d2).

ancillas in the list of final entanglements, a non-uncomputed
qubit warning is generated.

7.2 Resource Analysis
The high implementation cost of qubits and operations

underscores the importance of a program analysis which can
quickly calculate the number of resources consumed by that
program. This number can serve as an early comparison
of the resource requirements of di↵erent algorithms before
implementation on a physical device, as well as a form of
feedback to other parts of the compiler (e.g as discussed in
7.4). Qubits remain the most expensive resources in quan-
tum computing, but the number of gates also matters – more
gates increase the likelihood of error, thus requiring more er-
ror correction which in turn requires more qubits.

Resource analysis as a form of whole-program analysis can
also be carried out using pass-driven and instrumentation-
driven approaches, similar to what was discussed in Section
5. In this case, either an additional compiler pass would
count the number of qubits and operations on the LLVM-IR
code, or instrumentation would yield a program which upon
execution collects its own resources. The instrumentation-
driven approach again performs better for larger problems.

This approach is slightly di↵erent in the case of resource
estimation — quantum operations are converted into incre-
ment operators that count the occurrences of each gate on a
per-module basis and add them recursively to their parent
modules. However, since quantum algorithms can contain
on the order of trillions of operations, it would be ine�cient
to traverse all operations individually. Memoization can be
used here too to exploit program modularity, but with the
goal of preventing repeated same-module calls; this speeds
resource analysis. This memoization requires the previously-
mentioned look-up table to be expanded into a hash table
that also records the counts of di↵erent resources. All hash
table entries are populated on the first execution of each
unique version of a quantum circuit module. For all sub-
sequent calls, if the module and its call parameters match
an entry in the table, the previously calculated results are
used, without recalculation. This is possible because proce-
dure calls in the Sca↵old language do not have side-e↵ects
on the number of resources within each procedure. Table 1
depicts an instance of this table for the example in Fig. 4.

7.3 Timing Analysis
Even if the compiler has no knowledge about a hard-

ware implementation’s resource constraints, high-level tim-

Table 1: Memoization hash-table for speeding up resource
analysis for the example in Fig. 4.

Resources
Module IntegerParam DoubleParam

Qubit X Z H T

main 0 0 2 400 27800 54300 55100
Oracle 0 0 0 1 76 137 140
Oracle 1 0 0 1 65 130 132
Oracle 2 0 0 1 64 142 142
Oracle 3 0 0 1 73 134 137

ing analysis can estimate the circuit’s critical path length by
reordering instructions in order to optimize the logical cir-
cuit’s length. For a given sequence of quantum instructions,
Sca↵CC performs a hierarchical critical path estimation,
which involves the scheduling of instructions with the as-
sumption of unbounded quantum resources. The no-cloning
theorem enforces a data dependency between quantum in-
structions when they share one or more operands (there is
no di↵erence between reads or writes, contrary to classical
computing.) Adhering to these dependencies, the critical
path timing analysis schedules operations by reordering in-
structions in as-soon-as-possible (ASAP) order.
Since the quantum program traces can be exceedingly

large, we take advantage of modularity to arrive at a critical
time estimate. The algorithm proceeds in postorder of the
call graph of the program, processing leaf modules before the
non-leaf ones. Algorithm 1 describes the analysis. It uses
a last timestep table to keep track of the latest timestep in
which a qubit was scheduled in an operation. Traversing in-
structions of a leaf module in program order, a last timestep
table lookup is performed for all operands of an instruction,
since each operand may represent a data dependency. This
instruction is then scheduled in the earliest timestep possi-
ble, resulting in an update in the last timestep data for its
operands. Once all instructions in a module are processed,
its last timestep data is stored, referencing each operand by
its argument number for modular analysis.
For a non-leaf module, the algorithm proceeds in a similar

manner, except that when a module invocation instruction
parameterized with qubit arguments is encountered, the ar-
guments are treated as its operands. The last timestep table
is examined to determine the earliest timestep the module
can be scheduled to start. The values from the last timestep
table of invoked module are added to that of the invok-
ing module, increasing the critical path length for the in-
struction’s operands by the pre-computed value. Once all
modules are processed, the schedule length obtained is the
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#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace
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#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace
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#define n 1000
module foo(qbit q[n])
{
for(int i=0;i<n;i++)
H(q[i]);

CNOT(q[n-1],q[0]);
}
module main()
{
qbit b[n];
foo(b);

}

(a) Sca↵old

qbit b[1000];
H ( b[0] );
H ( b[1] );
.
.
H ( b[999] );
CNOT ( b[999] , b[0] );

(b) QASM-F format

module foo ( qbit* q )
{
H ( q[0] );
H ( q[1] );
.
.
H ( q[999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(c) QASM-H format

module foo ( qbit* q )
{
H ( q[0:999] );
CNOT ( q[999] , q[0] );

}
module main ( )
{
qbit b[1000];
foo ( b );

}

(d) QASM-HL format

Figure 2: Code Snippets for QASM-F, QASM-H and
QASM-HL: Progressively more classical control is retained.
Note that Sca↵old does not contain pointers or allow their
manipulation, but QASM address representation for access-
ing memory resembles C syntax for ease of use with LLVM.

Hierarchical QASM with Loops (QASM-HL): Fur-
ther information about repeating quantum operations can
be retained within the QASM format, in the form of loops.
Quantum circuits show two prominent types of quantum op-
erations: The first type are operations that are applied to
a large set of qubits. These are used, for example, when
transforming qubits prepared in the ground state into ini-
tial superposition states. Due to the absence of qubit de-
pendencies, these operations are highly parallel and are im-
plemented simultaneously when the hardware technology al-
lows it. (For example one can use control technologies such
as microwave traps that a↵ect a large number of qubits at
the same time.) We denote these as forall loops.

The second type of operations are serially repeated trans-
formations, typically used in quantum algorithms to con-
verge to a more precise solution. For example, Grover’s
Search Algorithm makes use of a repeated invert-and-reflect
operation that gradually increases the likelihood of measur-
ing the correct answer. In the physical implementation, the
control exercised for the sequence of operations within the
loop body can be synthesized once, and then reused. We
denote these as repeat loops.

In order to identify quantum forall and repeat loops in
high-level programs, we define a pure quantum block as a
basic block that conforms to the following criteria: 1. It
does not contain classical computation instructions such as
arithmetic or compare instructions; 2. It does not contain
function calls which have non-quantum data types as ar-
guments; 3. The qubit array variables depend directly on
the loop induction variable. Through static analysis of the
loops around the purely quantum blocks, we can obtain trip

counts to provide the number of repetitions for the repeat
loops, and loop values to provide the range of qubits that
are simultaneously operated upon in the forall loops. This
allows for e�cient optimizations and analyses.
QASM Code Size Comparison: Fig. 3 shows the re-

duction in code size when using QASM-HL over QASM-H.
A great advantage in code size is already obtained across all
benchmarks when using QASM-H as opposed to flat QASM.
Referring to this figure, QASM-HL output format greatly

helps code size for the Grovers and BWT algorithms, mak-
ing an exponential growth with problem parameters into a
linear one. The reason is that these algorithms make use
of repeat blocks with high iteration count, in a manner that
converges the quantum states to the correct results. As pro-
grams scale, the increased number of quantum operations
is captured within the repeat loop of QASM, keeping the
code sizes small. On the other hand, the TFP algorithm
has numerous forall blocks, but a relatively low number of
repeat blocks. As the problem size for this algorithm scales,
the trip counts of forall loops capture the increased num-
ber of qubits being operated upon, resulting in some code
improvement. For three of the benchmarks, not much ad-
vantage is gained when using QASM-HL over QASM-H. In
the GSE program, very few pure quantum loops and with
low trip counts exist, impeding the e↵ectiveness of loop re-
tention. In addition, a major part of the BF and CN circuits
are compiled using the CTQG sub-compiler, which outputs
a flat circuit format. Quantum loops constitute a very small
percentage of the non-CTQG part, resulting in only slight
code size improvements. Overall, QASM-HL’s advantage is
in making compilation tractable for more programs.
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Figure 3: Reduction in code size of QASM-HL compared to
QASM-H output, due to retention of quantum loops.

5. CODE GENERATION AND SCALING
Another important goal of Sca↵CC is to scale well with

increasing circuit sizes. As previously defined, QASM-HL
supports this by allowing modularity and repetitions in the
output code, which mitigates the size explosion that results
from flattening the whole circuit. However, with the excep-
tion of some loops, QASM-HL still requires per-module flat
code to enable e↵ective circuit synthesis. Therefore, many
classical control constructs, such as if-then-else condition-
als, non-quantum loops, parameterized modules, etc. must
be processed in the compiler. Sca↵old programs contain
the description of a quantum circuit and are thus special-
ized for a particular set of input parameters (or problem
sizes), yielding deeply analyzable programs. This fixed-trace
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Calculus à la weakest precondition for reasoning 
about the runtime of quantum programs

Clases de cátedraOur contribution

• Flexible:  accommodates multiple runtime models 
• Sensible:  accounts for execution probabilities 
• Expressive:  applies to programs with unbounded loops

Based on existing techniques for probabilistic programs  
[Kaminski, Katoen, Matheja & Olmedo - ESOP’16, LICS’16, JACM 65:5]
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The programming model (qGCL)

c ::= q := |b⟩ varaible initialization

q := U q unitary transformation

!M[q] = m → cm quantum case

while (M[q] = 1) do c quantum loop

skip no-op
c1; c2 sequential composition
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Core imperative language over quantum variables with classical control flow

c ::= q := |b⟩ varaible initialization

q := U q unitary transformation

!M[q] = m → cm quantum case

while (M[q] = 1) do c quantum loop

skip no-op
c1; c2 sequential composition
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Our approach to the runtime of quantum programs
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<latexit sha1_base64="USxHMK5VrNazeSmri03x7lUy2H0="></latexit><latexit sha1_base64="USxHMK5VrNazeSmri03x7lUy2H0="></latexit><latexit sha1_base64="USxHMK5VrNazeSmri03x7lUy2H0="></latexit><latexit sha1_base64="USxHMK5VrNazeSmri03x7lUy2H0="></latexit>
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<latexit sha1_base64="5xl8oL/M+hornVp1/SdiS5VAFw8="></latexit><latexit sha1_base64="stGKq6ZanNsSlQKDgyr9we96+T4="></latexit><latexit sha1_base64="stGKq6ZanNsSlQKDgyr9we96+T4="></latexit><latexit sha1_base64="i6zLAkVfSaMNNg4Adu9KipqgnLg="></latexit>

set of  program states

!c" : S → R∞≥0
<latexit sha1_base64="+jxvnMTlKnXZbzQgIf3KkiKBCI8="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="aKDJCZR6ix9m3KRf0dmJcBpPARI="></latexit><latexit sha1_base64="uuZjBvCusk2nnP84FsxA9cASNJI="></latexit><latexit sha1_base64="uuZjBvCusk2nnP84FsxA9cASNJI="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit>
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<latexit sha1_base64="r0Q0Ozqbb10o6YqMBcpivMpYYj8="></latexit><latexit sha1_base64="Z08QhkmUZyvv4e+NzXq3a+jZSOs="></latexit><latexit sha1_base64="Z08QhkmUZyvv4e+NzXq3a+jZSOs="></latexit><latexit sha1_base64="uG3QV6JHWaQlArSLTMNaGsHcnbo="></latexit>

set of  program states

!c" : S → R∞≥0
<latexit sha1_base64="+jxvnMTlKnXZbzQgIf3KkiKBCI8="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="aKDJCZR6ix9m3KRf0dmJcBpPARI="></latexit><latexit sha1_base64="uuZjBvCusk2nnP84FsxA9cASNJI="></latexit><latexit sha1_base64="uuZjBvCusk2nnP84FsxA9cASNJI="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="NeWAtFzNz4+dgfrchwbhLLNxP4g="></latexit><latexit sha1_base64="AtYgy5dgWtyiEjyLo54kmkHGzSI="></latexit>
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Invariant-based reasoning for the runtime of loops

We can establish upper bounds for the runtime of loops using a notion 
of loop invariant:
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Clases de cátedraCase study: BB84 quantum key distribution algorithm

GOAL: securely create and distribute a shared (symmetric) key between two parties.4 Federico Olmedo and Alejandro Díaz-Caro

\\ initialize counter
k := |0i;
\\ while not reachedm bits
while (M[k] = 1) do

\\ �ip Alice’s and Bob’s coins
A := |++i; B := |+i;
\\ measure Alice’s coins
⇤ · MA[A] =

\\ measure Bob’s coin
|ebi ! ⇤ · MB [B]

\\ if Alice’s and Bob’s basis agree
\\ store bit b and increment counter
|ei ! k,Q := UPb [k,Q];

k := U�[k];
\\ if Alice’s and Bob’s basis disagree
\\ discard bit b
|¬ei ! skip

Here e,b in |ebi range over {0, 1}.
(a) Simplified BB84 algorithm

ert[cBB84](�� 0.0)
= ert[k B |0i](ert[while (Mm[k] = 1) do c](�� 0.0))
= ert[k B |0i]

⇣
lfp

�
F hMm [k ],c i
��0 .0

� ⌘
= ��. T[|0i] + lfp �F hMm [k],c i

��0 .0
� �
�[k 7! |0i]�

 ��. T[|0i]+ 
�� 0. T[Mm] + 2T

m’
h=�1

(m � h)tr(|hihh |"k� 0)
!

�
�[k 7! |0i]�

= ��. T[|0i] + T[Mm]

+ 2T
m’

h=�1
(m � h)tr� |hihh |"k ��[k 7! |0i]� �

= ��. T[|0i] + T[Mm] + 2mT

where T = T[Mm] + T[|++i] + T[|+i]+T[MA] +
T[MB ] + 1

2

⇣
1
2T[UP0 ] + 1

2T[UP1 ] + T[U�]
⌘
+ 1

2

(b) Expected runtime

Fig. 1. Program cBB84 encoding (a simplified version of) the BB84 key distribution algorithm together with
the derivation of its expected runtime.

4 CASE STUDY
We demonstrate the applicability of our approach by formally analyzing the runtime of a simpli�ed
version of the BB84 quantum key distribution algorithm [1]. BB84 is a protocol to securely create
and distribute a shared (i.e. symmetric) key between two parties, say Alice and Bob. Assume the
key consists ofm bits. To begin with, Alice sendsm encoded bits to Bob. To determine each of these
bits, Alice �ips two quantum coins; the �rst coin determines whether the encoded bit will be 0 or
1; the second coin determines whether she will encode it using basis {|0i, |1i} or {|+i, |�i}. Then
Bob continues by measuring each of the received (encoded) bits. For each of them, he �ips a coin to
determine the basis (either {|0i, |1i} or {|+i, |�i}) he will use for the measurement. Finally, Alice
and Bob publish the basis they employed to respectively encode and measure each bit. Bits whose
respective basis coincide are kept as part of the resulting key; the remaining bits are discarded. The
process continues until completing them bits.
Here we abstract the basis exchange step. We assume that for each bit, Alice and Bob �ip their

coins, and immediately determine whether the basis used by Alice and Bob coincide, keeping or
discarding the bit at hand accordingly. The qGCL program cBB84 representing this algorithm is
depicted on Figure 1a. Variable k (over space C� ) keeps track of the number of completed key
bits; variable A and B (over space C4 and C2, respectively) represent the coin �ips of Alice and
Bob, respectively. Finally, variable Q stores (the successive bits of) the key. SetMm = {M�,M<}
measures counter k , distinguishing whether it reached m or not (M� =

Õ1
i=m |iihi | and M< =

I �M�). Set MA = {|00ih00|, |01ih01|, |10ih10|, |11ih11|} measures Alice’s coin outcomes yielding
the encoded bit and the employed basis. Finally, set MB = {|0ih0|, |1ih1|} measures Bob’s coin
outcome, yielding his employed basis. Unitary operatorUPb acts on variables k,Q setting the k-th
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4 CASE STUDY
We demonstrate the applicability of our approach by formally analyzing the runtime of a simpli�ed
version of the BB84 quantum key distribution algorithm [1]. BB84 is a protocol to securely create
and distribute a shared (i.e. symmetric) key between two parties, say Alice and Bob. Assume the
key consists ofm bits. To begin with, Alice sendsm encoded bits to Bob. To determine each of these
bits, Alice �ips two quantum coins; the �rst coin determines whether the encoded bit will be 0 or
1; the second coin determines whether she will encode it using basis {|0i, |1i} or {|+i, |�i}. Then
Bob continues by measuring each of the received (encoded) bits. For each of them, he �ips a coin to
determine the basis (either {|0i, |1i} or {|+i, |�i}) he will use for the measurement. Finally, Alice
and Bob publish the basis they employed to respectively encode and measure each bit. Bits whose
respective basis coincide are kept as part of the resulting key; the remaining bits are discarded. The
process continues until completing them bits.
Here we abstract the basis exchange step. We assume that for each bit, Alice and Bob �ip their

coins, and immediately determine whether the basis used by Alice and Bob coincide, keeping or
discarding the bit at hand accordingly. The qGCL program cBB84 representing this algorithm is
depicted on Figure 1a. Variable k (over space C� ) keeps track of the number of completed key
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Õ1
i=m |iihi | and M< =

I �M�). Set MA = {|00ih00|, |01ih01|, |10ih10|, |11ih11|} measures Alice’s coin outcomes yielding
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T [|0⟩] + 2T m + T [M] ∈ O(m)
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\\ if Alice’s and Bob’s basis disagree
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|¬ei ! skip

Here e,b in |ebi range over {0, 1}.
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Fig. 1. Program cBB84 encoding (a simplified version of) the BB84 key distribution algorithm together with
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4 CASE STUDY
We demonstrate the applicability of our approach by formally analyzing the runtime of a simpli�ed
version of the BB84 quantum key distribution algorithm [1]. BB84 is a protocol to securely create
and distribute a shared (i.e. symmetric) key between two parties, say Alice and Bob. Assume the
key consists ofm bits. To begin with, Alice sendsm encoded bits to Bob. To determine each of these
bits, Alice �ips two quantum coins; the �rst coin determines whether the encoded bit will be 0 or
1; the second coin determines whether she will encode it using basis {|0i, |1i} or {|+i, |�i}. Then
Bob continues by measuring each of the received (encoded) bits. For each of them, he �ips a coin to
determine the basis (either {|0i, |1i} or {|+i, |�i}) he will use for the measurement. Finally, Alice
and Bob publish the basis they employed to respectively encode and measure each bit. Bits whose
respective basis coincide are kept as part of the resulting key; the remaining bits are discarded. The
process continues until completing them bits.
Here we abstract the basis exchange step. We assume that for each bit, Alice and Bob �ip their

coins, and immediately determine whether the basis used by Alice and Bob coincide, keeping or
discarding the bit at hand accordingly. The qGCL program cBB84 representing this algorithm is
depicted on Figure 1a. Variable k (over space C� ) keeps track of the number of completed key
bits; variable A and B (over space C4 and C2, respectively) represent the coin �ips of Alice and
Bob, respectively. Finally, variable Q stores (the successive bits of) the key. SetMm = {M�,M<}
measures counter k , distinguishing whether it reached m or not (M� =

Õ1
i=m |iihi | and M< =

I �M�). Set MA = {|00ih00|, |01ih01|, |10ih10|, |11ih11|} measures Alice’s coin outcomes yielding
the encoded bit and the employed basis. Finally, set MB = {|0ih0|, |1ih1|} measures Bob’s coin
outcome, yielding his employed basis. Unitary operatorUPb acts on variables k,Q setting the k-th

T [|0⟩] + 2T m + T [M] ∈ O(m)
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the encoded bit and the employed basis. Finally, set MB = {|0ih0|, |1ih1|} measures Bob’s coin
outcome, yielding his employed basis. Unitary operatorUPb acts on variables k,Q setting the k-th

T [|0⟩] + 2T m + T [M] ∈ O(m)
<latexit sha1_base64="+zJZgrCJxdM4kxeVLbmMrh9uOAw="></latexit><latexit sha1_base64="rxNQAxkbmd0K3EFMShLTRxUXE0M="></latexit><latexit sha1_base64="rxNQAxkbmd0K3EFMShLTRxUXE0M="></latexit><latexit sha1_base64="Hw4L9ME+LYxzaxTxEFLp+ULprOU="></latexit>

counter k 
initialization

loop 
body

�12



Clases de cátedraCase study: BB84 quantum key distribution algorithm

GOAL: securely create and distribute a shared (symmetric) key between two parties.

Average time required to generate a key of m bits:

4 Federico Olmedo and Alejandro Díaz-Caro

\\ initialize counter
k := |0i;
\\ while not reachedm bits
while (M[k] = 1) do

\\ �ip Alice’s and Bob’s coins
A := |++i; B := |+i;
\\ measure Alice’s coins
⇤ · MA[A] =

\\ measure Bob’s coin
|ebi ! ⇤ · MB [B]

\\ if Alice’s and Bob’s basis agree
\\ store bit b and increment counter
|ei ! k,Q := UPb [k,Q];

k := U�[k];
\\ if Alice’s and Bob’s basis disagree
\\ discard bit b
|¬ei ! skip

Here e,b in |ebi range over {0, 1}.
(a) Simplified BB84 algorithm

ert[cBB84](�� 0.0)
= ert[k B |0i](ert[while (Mm[k] = 1) do c](�� 0.0))
= ert[k B |0i]

⇣
lfp

�
F hMm [k ],c i
��0 .0

� ⌘
= ��. T[|0i] + lfp �F hMm [k],c i

��0 .0
� �
�[k 7! |0i]�

 ��. T[|0i]+ 
�� 0. T[Mm] + 2T

m’
h=�1

(m � h)tr(|hihh |"k� 0)
!

�
�[k 7! |0i]�

= ��. T[|0i] + T[Mm]

+ 2T
m’

h=�1
(m � h)tr� |hihh |"k ��[k 7! |0i]� �

= ��. T[|0i] + T[Mm] + 2mT

where T = T[Mm] + T[|++i] + T[|+i]+T[MA] +
T[MB ] + 1

2

⇣
1
2T[UP0 ] + 1

2T[UP1 ] + T[U�]
⌘
+ 1

2

(b) Expected runtime

Fig. 1. Program cBB84 encoding (a simplified version of) the BB84 key distribution algorithm together with
the derivation of its expected runtime.

4 CASE STUDY
We demonstrate the applicability of our approach by formally analyzing the runtime of a simpli�ed
version of the BB84 quantum key distribution algorithm [1]. BB84 is a protocol to securely create
and distribute a shared (i.e. symmetric) key between two parties, say Alice and Bob. Assume the
key consists ofm bits. To begin with, Alice sendsm encoded bits to Bob. To determine each of these
bits, Alice �ips two quantum coins; the �rst coin determines whether the encoded bit will be 0 or
1; the second coin determines whether she will encode it using basis {|0i, |1i} or {|+i, |�i}. Then
Bob continues by measuring each of the received (encoded) bits. For each of them, he �ips a coin to
determine the basis (either {|0i, |1i} or {|+i, |�i}) he will use for the measurement. Finally, Alice
and Bob publish the basis they employed to respectively encode and measure each bit. Bits whose
respective basis coincide are kept as part of the resulting key; the remaining bits are discarded. The
process continues until completing them bits.
Here we abstract the basis exchange step. We assume that for each bit, Alice and Bob �ip their
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2 Federico Olmedo and Alejandro Díaz-Caro

2 PROGRAMMING MODEL
Quantum computations are governed by the four postules of the quantum mechanics:

1) State space: the state of a system is given by a density matrix2 acting on a Hilbert space,
referred to as the system state space;

2) Evolution: if in a time lapse a system transitions from state � to state � 0, then � 0 = U �U †
for some unitary operatorU ;

3) Measurement: a measurement over a system is modeled by a set M = {Mm}m2M of
operators satisfying the normalization condition

Õ
m2M Mm

†Mm = I . The measurement
returns an outcome from set M and modi�es the system state according this outcome:
Outcomem 2 M occurs with probability Pr� [M=m] $ tr(Mm

†Mm�) and upon this outcome
the system transitions from state � to state � |M=m $ (Mm�Mm

†)/Pr� [M=m];
4) Composition: the state space of a system composed of several subsystems is the tensor

product of the state spaces of its components.
To describe quantum programs we use a core imperative language [8], coined qGCL. Programs

are de�ned over a set of quantum variables (ranged over by q). Variable types are interpreted as
Hilbert spaces. Here, we consider only variables of type Bool (interpreted as the 2-dimensional
Hilbert space C2 with basis {|0i, |1i}) and Int (interpreted as the in�nite-dimensional Hilbert space
C� with basis {|ii}i 2Z). Programs in qGCL adhere to the following syntax:

c ::= skip | q B |bi | q B U q | c1; c2 | ⇤ M[q] = m ! cm | while (M[q] = 1) do c
Most language constructs have similar meaning to their classical counterpart. skip corresponds to
a no-operation. q B |bi initializes variable q with density operator |bihb |, where |bi lies in the basis
of its type interpretation. q B U q updates the set of variables q according to the unitary operatorU .
c1; c2 represents the sequential composition of programs c1 and c2. ⇤ M[q] = m ! cm represents
the quantum counterpart of the traditional case statement; it performs a measurement M on
variables q, and according to the observed outcome, execution continues with the corresponding
branch. Finally, while (M[q] = 1) do c represents a loop, guarded by a binary measurement M on
q. Outcome 0 represents the loop termination and outcome 1 a further loop iteration.

The Hilbert state space Hc of a program c is given by (the class of unit vectors in) the tensor
product

À
q2Var(c) Hq of the Hilbert spaces associated to each of the variables in c . To properly

capture the semantics of c in case it is non-terminating3, we need to generalize the notion of density
matrix to that of partial densitymatrix4 [10]. Then, we interpret c as a transformer nco : PHc ! PHc

of partial density matrices, where PHc denotes the set of all partial density matrices over c state
space Hc . Transformer nco is de�ned by induction on the structure of c as follows:

nskipo(�) = �

nq B |bio(�) = �[q 7! |bi]
nq B U qo(�) = U "q�U "q†

nc1; c2o(�) = nc1o(nc2o(�))
n⇤ M[q] = m ! cmo(�) =

Õ
m Pr� [M=m] · ncmo(� |M=m)

nwhile (M[q] = 1) do co(�) = lfp
�
�hM,c i �

2A density matrix is a square positive matrix with trace 1.
3By non-terminating programs we mean programs that terminate with probability less than 1.
4Partial density matrices generalize density matrices by allowing traces less or equal than 1.

MmρMm
†

tr(Mm
†Mmρ)

<latexit sha1_base64="9Y8fgMZOnqKzy2kEuzKZnLKBYQA="></latexit><latexit sha1_base64="z83yWzA2pTeUWYrBW6ZNkALGUeI="></latexit><latexit sha1_base64="z83yWzA2pTeUWYrBW6ZNkALGUeI="></latexit><latexit sha1_base64="JmeiudNC6azeI52Ie3fgmMK8vGk="></latexit>

tr(Mm
†Mmρ)

<latexit sha1_base64="HLfQZQTMpFzQM+GoS2bFAnJ4nZg="></latexit><latexit sha1_base64="HLfQZQTMpFzQM+GoS2bFAnJ4nZg="></latexit><latexit sha1_base64="HLfQZQTMpFzQM+GoS2bFAnJ4nZg="></latexit><latexit sha1_base64="BGEKmUopZuhWr+0vLRVzl9QZhnw="></latexit>

λX. λρ′. Prρ′ [M=0] · ρ′|M=0 +X
(
Prρ′ [M=1] · !c"(ρ′|M=1)

)
<latexit sha1_base64="Piwti4uKLKcZRdMvDmwpbEWjGbo="></latexit><latexit sha1_base64="hgwPOqTMCaew+eyKZWWW56Yjrx4="></latexit><latexit sha1_base64="hgwPOqTMCaew+eyKZWWW56Yjrx4="></latexit><latexit sha1_base64="ALmW6/3iiOVgoE4AQb0wXL9J4SI="></latexit>



Clases de cátedraFull definition of ert transformer

Runtime Analysis of �antum Programs 3

In the second rule, the resulting state �[q 7! |bi] is de�ned asÕi 2{0,1} (|bihi |)"q�(|iihb |)"q if type(q) =
Bool and as

Õ
i 2Z (|bihi |)"q�(|iihb |)"q if type(q) = Int, where A"q is the canonical extension of the

matrix A acting on q to the dimension of �. In the third rule, U denotes an unitary operator
over

À
q2q Hq . Finally, in the last rule �hM,c i(X ) $ �� 0. Pr�0[M=0] · � 0 |M=0 + X

�
Pr�0[M=1] ·

nco(� 0 |M=1)
�
.

3 PROGRAM RUNTIMES
Runtime model. Observe that the presence of measurements endows programs with a probabilistic
behaviour: programs admit multiple executions, each occurring with a given probability. Here,
we focus on the expected or average runtime of programs, which refers to the weighted sum of
the runtime of their individual executions, where each execution is weighted according to its
probability. In turn, to model the runtime of an individual program execution we asume that a
skip statement consumes 1 unit of time and parametrize the runtime speci�cation of the quantum
operations by means of a function T[·]: a variable initialization with vector |bi takes T[|bi] units of
time, a state update induced by a unitary operatorU takes T[U ] units of time and a measurement
M (together with the modi�cation it induces on the program state) takes T[M] units of time.

Runtime transformer ert. To formally capture the expected runtime of programs we use a contin-
uation passing style, materialized by transformer ert. If c is a program with state space Hc and
we let T = PHc ! R1�0, then ert[c] : T! T , and acts as follows: Assume that t : T represents the
runtime of the program following c , i.e. its continuation. Then ert[c](t) : T represents the runtime
of c plus its continuation. Here, both ert[c](t) and t have type T (rather than simply R1�0) because
the runtime of programs (in particular, of c and its continuation) depends on the particular partial
density matrix in PHc from which their execution is started. Finally, observe that to recover the
runtime of a plain program c , it su�ces to set the runtime of its continuation to 0. Symbolically,
ert[c](�� 0. 0)(�) gives the runtime of c when executed from initial partial density matrix �.

The fundamental appeal of this continuation-based approach to model the runtime of programs
is that transforer ert admits a simple and elegant de�nition by induction on the program structure:

ert[skip](t) = �� . 1 + t(�)
ert[q B |bi](t) = �� . T[|bi] + t ��[q 7! |bi]�
ert[q B U q](t) = �� . T[U ] + t

⇣
U "q�U "q†

⌘
ert[c1; c2](t) = ert[c1](ert[c2](t))
ert[⇤ M[q] = m ! cm](t) = �� . T[M] +Õm Pr� [M=m] · ert[cm](t)

�
� |M=m

�
ert[while (M[q] = 1) do c](t) = lfp

�
F hM[q],c i
t

�
Here, F hM[q],c i

t (t 0) $ ��. T[M] + Pr� [M=1] · ert[c](t 0)(� |M=1) + Pr� [M=0] · t(� |M=0) and its
least �xed point lfp

�
F hM[q],c i
t

�
is taken w.r.t. the pointwise order over T, i.e. t1 � t2 if t1(�)  t2(�)

for every �.

Invariant-based reasoning. Reasoning about the runtime of loop-free programs is rather straightfor-
ward following the rules above. On the contrary, reasoning about the runtime of loopy programs
requieres determining the least �xed point of transformers, which is not a simple task. Nevertheless,
if we are interested in establishing upper bounds —rather than exact values— for the runtime of
loopy programs, we can employ an invariant-based argument. Concretely,

F hM,c i
t (I ) � I =) ert[while (M = 1) do c](t) � I . (1)

The results follows from a direct application of Park’s Theorem [12], exploiting ert continuity.

λt ′. λρ. T [M] + Prρ[M=1] · ert[c ](t ′)(ρ|M=1) + Prρ[M=0] · t(ρ|M=0)
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