
Incongruity-sensitive access to highly compressed1

strings2

Ferdinando Cicalese #3

Department of Computer Science, University of Verona, Italy4

Travis Gagie #5

Faculty of Computer Science, Dalhousie University, Canada6

Zsuzsanna Lipták #7

Department of Computer Science, University of Verona, Italy8

Gonzalo Navarro #9

IMFD & Department of Computer Science, University of Chile, Chile10

Nicola Prezza #11

Department of Environmental Sciences, Informatics and Statistics, Ca’ Foscari University, Italy12

Cristian Urbina #13

Institute of Informatics, University of Warsaw, Poland14

Abstract15

Random access to highly compressed strings—represented by straight-line programs or Lempel-Ziv16

parses, for example—is a well-studied topic. Random access to such strings in strongly sublogarithmic17

time is impossible in the worst case, but previous authors have shown how to support faster access18

to specific characters and their neighbourhoods. In this paper we explore whether, since better19

compression can impede access, we can support faster access to less compressible substrings of20

highly compressed strings. We first show how, given a run-length compressed straight-line program21

(RLSLP) of size grl or a block tree of size L, we can build an O(grl)-space or an O(L)-space data22

structure, respectively, that supports access to any character in time logarithmic in the length of the23

longest repeated substring containing that character. That is, the more “incongruous” a character24

is with respect to the characters around, the faster we can support access to it. We then prove a25

similar but more powerful and sophisticated result for parsings in which phrases’ sources do not26

overlap much larger phrases, with the query time depending also on the number of phrases we must27

copy from their sources to obtain the queried character.28
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123:2 Incongruity-sensitive access to highly compressed strings

1 Introduction43

There has been a lot of work on supporting fast worst-case random access to highly compressed44

strings [1, 3, 4, 6, 7, 9, 10, 16, 21, 23, 24, 26, 28, 32, 34, 36] (see [22] for a recent discussion).45

For the purposes of this paper, “highly compressed” means stored in space that depends46

polynomially on a strong measure of compressibility — the size of the smallest straight-line47

program, the normalized substring complexity, or the size of the smallest string attractor,48

for example — and only polylogarithmically on the length of the string. We now know,49

for example, that we cannot support strongly worst-case sublogarithmic-time access to50

highly compressed strings [36], but also how to store a block tree [3, 26] for a string S[1 . . n]51

over an alphabet of size σ in optimal O
(

δ log n log σ
δ log n

)
⊆ O(δ log n) space, where δ is the52

normalized substring complexity [26], and support access in worst-case O(log(n/δ)) time.53

Other researchers have shown how to bookmark [15, 12] a character or put a dynamic54

finger [5] on it, such that queries regarding neighbouring characters can be answered in time55

logarithmic in their distance from the bookmark or finger.56

Worst-case bounds are only concerned with the characters hardest to reach, however, and57

bookmarks and fingers can be applied to arbitrary characters. It is natural to ask whether58

the standard representations of highly compressed strings—straight-line programs or LZ7759

parses, for example—treat all characters more or less equally or automatically make some60

characters easier to reach. In fact, over twenty years ago Gasieniec et al. [19, 18] showed how61

we can easily access characters at the ends of non-terminals’ expansions in a straight-line62

program, and Claude and Navarro [11] used this in their grammar-based indexes. More63

generally, though, if better compression tends to slow down random access, then perhaps it is64

easier to access characters in less compressible areas of a compressed string. Those areas are65

typically the most interesting ones when analyzing repetitive collections, for example they66

correspond to mutations or rare variants in genomes. In this paper we take a step toward67

demonstrating this by showing how some standard representations of highly compressible68

strings can be augmented—without asymptotically increasing their space usage—to support69

fast access to characters that are incongruous with respect to their neighbours, in the sense70

that the longest repeated substrings containing those characters are short.71

In Section 2 we review notation and definitions we need for working with straight-line72

programs (SLPs), run-length SLPs (RLSLPs), and parses. In Section 3 we first show how,73

given an RLSLP of size grl for S that is balanced in a “local” sense, we can build an O(grl)-74

space data structure that supports access to any character S[q] in time O(log ℓq), where ℓq is75

the length of the longest repeated substring containing S[q]; see Lemma 1. It follows that we76

can store S in O(δ log n log σ
δ log n ) space and support O(log ℓq)-time access (Corollary 2). We then77

extend our result to block trees (Corollary 3) and arbitrary RLSLPs (Corollary 5). We then78

prove a similar but more powerful and sophisticated result for parsings (Theorem 9): Given79

a parsing with t phrases in which any phrase’s source overlaps only phrases at most wO(1)
80

times larger, where w is the machine word size, we can store S in O(t) space and access81

S[q] in O(hq + logw ℓq) time, where the height hq of S[q] is the number of phrases we must82

copy from their sources to obtain S[q]. We conclude by showing in Lemma 14 that we can83

convert any bidirectional parse with b phrases into one with this constraint on source-phrase84

overlaps, at the cost of an O(logw(n/b))-factor increase in size but with no character’s height85

increasing. It follows that, given a bidirectional parsing with b phrases, we can build an86

O(b logw(n/b))-space data structure supporting O(hq + logw ℓq)-time access; see Corollary 15.87

Along the way, we obtain various results of independent interest, for example that RLSLPs88

can be made to have logarithmic height without asymptotically increasing their size and89
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retaining local balance (Theorem 4) and that linear-space data structures exist to compute90

predecessors in distance-sensitive time O(log logw ∆), where ∆ is the distance from the query91

to the answer (Theorem 13).92

2 Preliminaries93

We denote by [i, j] the integer interval {i, i + 1, . . . , j}, and [i, j) = [i, j − 1]. Let Σ =94

{a1, . . . , aσ} be a finite set of characters called the alphabet. A string is a sequence S[1 . . n] =95

S[1] · · ·S[n] of length |S| = n, where S[i] ∈ Σ for all i ∈ [1, n]. The unique string of length 0,96

called the empty string, is denoted ε. A substring of S[1 . . n] is any subsequence S[i . . j] =97

S[i] · · ·S[j], where i, j ∈ [1, n], and we let S[i . . j] = ε when i > j. If i = 1 then S[i . . j] is98

called a prefix, and analogously, if j = n then S[i . . j] is called a suffix. If S[1 . . n] and T [1 . . m]99

are strings, their concatenation is the string (S · T )[1 . . n + m] = S[1] · · ·S[n]T [1] · · ·T [m].100

We denote by Sk the concatenation of k copies of the string S. The normalized substring101

complexity of S, usually written δ, is the maximum over k of 1/k times the number of102

distinct k-tuples in S, that is, δ(S) = maxk∈[1,n] |{S[i . . i + k − 1] | i ∈ [1, n− k + 1]}|/k. To103

simplify notation, by log we will mean log2, and when writing logd x we will actually mean104

max(1, logd x) except where otherwise noted. We use the transdichotomous word RAM model105

of computation with words of size w ≥ log n, where n is the length of the uncompressed106

string.107

2.1 Grammars108

A straight-line program (SLP) is a context-free grammar (CFG) G = (V, Σ, R, I), where V is109

the set of nonterminals, Σ is an alphabet disjoint from V , R ⊆ V × (Σ∪V )∗ is the set of rules,110

and I ∈ V is the initial nonterminal. An SLP must have exactly one rule per nonterminal,111

be in Chomsky normal form (i.e., rules are of the form A→ BC or A→ a, for nonterminals112

A, B, C and terminal a), and have no cycles (i.e., for any nonterminal A, we can not reach113

nonterminal A again by following the rules). In such a case, G generates exactly one string.114

We call exp(A) the string nonterminal A expands to, that is, exp(A) = exp(B) · exp(C) if115

A → BC, and exp(A) = a if A → a. Further, we extend the function to exp(a) = a for116

terminals a. The string generated by G is then S[1 . . n] = exp(I).117

A generalization of SLPs called run-length SLP (RLSLP) allows rules of the form A→ Bk
118

for integer k > 2, meaning exp(A) = exp(B)k. The size of an SLP or RLSLP is defined as119

its number of rules and is usually called g or grl, respectively.120

The parse tree of an SLP G is a binary tree whose root is labeled with the start symbol121

of G, the leaves with terminal symbols (i.e., the symbols of S if read left to right), and every122

internal node labeled with a nonterminal A, whose rule is A→ BC, has two children, the left123

one labeled B and the right one labeled C. In case of RLSLPs, rules A→ Bk are represented124

as a node labeled A with k children labeled B. The parse tree always has exactly n leaves.125

Any symbol S[q] from an SLP or RLSLP can be extracted in time proportional to the126

height of its parse tree. We start aiming to extract exp(I)[q]. In general, to extract exp(A)[q],127

where A→ BC, we recursively extract exp(B)[q] if | exp(B)| ≥ q, and exp(C)[q − | exp(B)|]128

otherwise. For RLSLP rules A → Bk, we reduce exp(A)[q] to exp(B)[1 + ((q − 1) mod129

| exp(B)|)]. The recursion ends with exp(A)[1] = a when A→ a.130

We will also use the so-called grammar tree. This is obtained by pruning from the parse131

tree, for each nonterminal label A, all but one occurrence of nodes with label A. Pruning132

means converting those other internal nodes to leaves. For RLSLP rules A→ Bk, the internal133

grammar tree node labeled A has a left child labeled B (which can be pruned or not) and a134

ESA 2026
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special right child, labeled Bk−1, which is a leaf. It is easy to see that the grammar tree of135

an SLP or RLSLP has exactly 2g + 1 or 2grl + 1 nodes, respectively [30]. The grammar tree136

enables algorithms that run on the parse tree to use space O(g) or O(grl) instead of O(n).137

An SLP or RLSLP is balanced if it has height O(log n) and locally balanced [8, Def 4.2] if138

there is a constant c such that every nonterminal A has height at most c · log | exp(A)| in139

the parse tree. A balanced SLP or RLSLP therefore supports worst-case logarithmic-time140

access. With a locally balanced SLP or RSLP, moreover, when given any nonterminal A and141

a position q we can access exp(A)[q] in O(log | exp(A)|) time by recursively descending from142

A to a leaf in the parse tree.143

2.2 Parses144

In general, a parsing cuts S[1 . . n] into substrings called phrases, S = B1 · · ·Bt, each Bi145

being either explicit (and of length at most O(logσ n) and fitting into O(1) space) or a copy146

of another substring S[pi . . pi + |Bi| − 1], starting at some position pi ≠
∑i−1

j=1 |Bj |+ 1, called147

Bi’s source. It follows that the phrase containing S[q], if not explicit, has length at most148

ℓq, where ℓq is the length of the longest repeated substring containing S[q]. The number of149

phrases is called the parsing’s size. If a phrase’s sources are always to their left or always to150

their right then the parsing is called unidirectional, otherwise it is called bidirectional.151

Let x1, . . . , xt be the starting positions of the phrases B1, . . . , Bt, and xt+1 = n + 1. To152

access S from the parsing, we define f(q) = q if the phrase Bi that S[q] belongs to is explicit,153

and f(q) = pi + q − xi otherwise; note that S[q] = S[f(q)]. To obtain S[q], we apply f154

iteratively until we reach a character in an explicit phrase. If this never happens then S155

cannot be decoded from the parse.156

Recall that, given a set of integers x1 ≤ x2 ≤ . . . ≤ xk and an integer q, a predecessor157

query pred(q) returns the largest xi such that xi ≤ q. The height hq of S[q] is the number158

of times we must apply f to q before reaching a character in an explicit block, and S[q]’s159

referencing chain is q, f(q), . . . , fhq (q). We can thus extract S[q] in hq + 1 steps. If we use a160

predecessor data structure to find the phrase containing fk(q) for 0 ≤ k ≤ hq—that is, each161

Bi such that xi is the maximum value with xi ≤ fk(q)—then we can access S[q] in time162

O((hq + 1) log log n). We write simply h to denote the maximum height of any character in163

S.164

3 Incongruity-sensitive access with RLSLPs and block trees165

Suppose we are given a locally balanced SLP or RLSLP. The g′ leaves of its grammar166

tree naturally partition S into g′ substrings: let A1, . . . , Ag′ be the leaves’ labels, where167

Ai can be a terminal or a nonterminal (or, with RLSLPs, an iteration Bk−1). The ith168

substring of the partition is then exp(Ai), so S = exp(A1) · · · exp(Ag′). Let x1, . . . , xg′ be169

the starting positions of those substrings in S, and xg′+1 = n + 1, that is, x1 = 1 and170

xi+1 = xi + | exp(Ai)|.171

We build a predecessor data structure on the values xi for 1 ≤ i ≤ g′, storing with each172

xi the label Ai. This yields the following algorithm to extract S[q]:173

1. use a predecessor query to find the largest xi ≤ q;174

2. extract the (q − xi + 1)th symbol of exp(Ai).175

With a standard predecessor data structure the time for the predecessor query could176

dominate the O(log | exp(Ai)|) extraction time. We can avoid this, however, by using a177

distance-sensitive predecessor data structure [2, 13]. From now on we focus on RLSLPs,178
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which are more general. Recall that ℓq denotes the length of the longest repeated substring179

containing S[q].180

▶ Lemma 1. Let a locally balanced RLSLP of size grl generate S[1 . . n]. Then there exists a181

data structure of size O(grl) that can access any S[q] in time O(log ℓq).182

Proof. We define x1, . . . , xg′ as above and implement the 2-point algorithm above. For the183

first point, we use a linear-space distance-sensitive predecessor data structure [2, 13], which184

uses O(g′) = O(grl) space and provides query time loglogarithmic on the distance between185

the query q and its answer xi, that is, O(log log(q − xi + 1)) ⊆ O(log log(xi+1 − xi)); note186

xi+1 − xi = | exp(Ai)|.187

We note that no leaf of the grammar tree labeled by a nonterminal can contain a unique188

substring, because by definition there must be another internal node with the same label,189

thus generating the same substring. This also holds for leaves labeled Bk−1, as there are at190

least two occurrences of exp(B)k−1 in exp(A) = exp(B)k. It follows that xi+1 − xi ≤ ℓq and191

thus the predecessor data structure takes time O(log log ℓq).192

Point 2 takes time O(log(xi+1 − xi)) ⊆ O(log ℓq) because the RLSLP is locally balanced:193

each recursive step reduces the height of the current parse tree node by at least 1. ◀194

This is similar in flavor to how we can shorten AVL grammars to have height O(log(n/g))195

rather than O(log n) [32], and support O(log(n/g))-time access on them, but that technique196

does not yield incongruity-sensitive access bounds.197

Charikar et al.’s α-balanced grammars [7] and Rytter’s AVL grammars [32] are locally198

balanced, for example, so they can be used to support the faster access time. So are the199

RLSLPs of Christiansen et al. [8] and of Kociumaka et al. [25]. The O(δ log n log σ
δ log n ) space200

upper bound of the second one [25] yields the following result.201

▶ Corollary 2. Let S[1 . . n], over alphabet [1 . . σ], have normalized substring complexity δ.202

Then there is a structure of size O(δ log n log σ
δ log n ) that can access any S[q] in time O(log ℓq).203

The same idea can be applied to other compressed hierarchical representations not based204

on grammars. In particular, a block tree [3] on S is defined by hierarchically partitioning it205

into perfect halves until the leaves. Every node is called a block and represents a substring206

of S. We then prune every internal block of length m such that the substrings of length 2m207

starting with it and ending with it occur earlier in S (but not overlapping it; we say that208

a substring S[i . . j] overlaps a substring S[i′ . . j′] if [i, j] ∩ [i′, j′] ̸= ∅). Those pruned nodes209

become then leaves in the block tree, and store a pointer to their source, which are the (one210

or two) blocks of the same length covering the leftmost occurrence of the block’s content in211

S. A symbol S[q] is accessed recursively, by going down left or right from the internal nodes,212

or shifting to the source of leaves. Since we always go down after having shifted to a source,213

and child block lengths are half the length of the block, access takes time O(log n).214

The block tree satisfies almost the same conditions we have used to prove Lemma 1, if215

we replace grammar-tree leaves by block-tree leaves.216

▶ Corollary 3. Let S[1 . . n] be represented by a block tree of size L. Then there exists a data217

structure of size O(L) that can access any S[q] in time O(log ℓq).218

Proof. We define x1, . . . , xL as the starting position of the block tree leaves, and xL+1 = n+1.219

We build and use the same distance-sensitive predecessor data structure of the proof of220

Lemma 1, which uses O(L) space and finds the leaf containing S[q] in time O(log log m),221

where m = xi+1 − xi is the leaf length.222

ESA 2026



123:6 Incongruity-sensitive access to highly compressed strings

The string of the leaf that contains S[q] occurs earlier in S, since that leaf was created.223

It follows that ℓq ≥ m. The process of extracting S[q] from the position q− xi + 1 of the leaf224

takes time O(log m) = O(log ℓq). ◀225

By proper parameterization, the size of block trees can be bounded by O(δ log n log σ
δ log n ) [26,226

Cor. VI.7], so we could prove Corollary 2 from Corollary 3. This could be useful because227

block trees can be smaller than RLSLPs on some texts.228

We now aim at locally balancing a grammar in order to extend Lemma 1 to every RLSLP.229

There have been several useful results about balancing SLPs and RLSLPs recently, but none230

that exactly fit our goal. Ganardi et al. [17] showed how, given an SLP of size g, we can build231

a balanced SLP of size O(g) of the same string. Navarro et al. [31] generalized this result to232

RLSLPs, but the resulting grammars might not be locally balanced: even if the parse tree233

has height O(log n), if the nonterminal Ai whose expansion we extract from in point (2) of234

our algorithm has height ω(log | exp(Ai)|), the extraction can take ω(log ℓq) time.235

Ganardi [16] showed it is generally impossible, given an SLP of size g for S, to build an236

SLP of size O(g) for S whose parse tree is weight-balanced (the sizes of any two siblings’237

subtrees are within constant factors of each other) or just height-balanced (the heights of any238

two siblings’ subtrees differ by at most a constant). Fortunately, just as all weight-balanced239

trees are height-balanced but not vice versa, all SLPs with height-balanced parse trees are240

locally balanced but not all locally balanced SLPs have height-balanced parse trees. Ganardi241

therefore left open the possibility of there always being a locally balanced SLP of size O(g)242

for S, and in fact he showed how we can build one.243

We now generalize Ganardi’s construction from SLPs to RLSLPs and prove the following244

theorem, which may be of independent interest, to extend Lemma 1 to arbitrary RLSLPs.245

▶ Theorem 4. Given an RLSLP for S with grl rules, in O(grl) time we can build a locally246

balanced RLSLP for S with O(grl) rules.247

▶ Corollary 5. Let an RLSLP of size grl generate S[1 . . n]. Then there exists a data structure248

of size O(grl) that can access any S[q] in time O(log ℓq).249

To prove Theorem 4, we show how to transform an RLSLP into a CFG (with run-length250

rules, which we call a RLCFG) that generates the same string and is contracting, that is, if251

B is a child of A, then | exp(B)| ≤ | exp(A)|/2. This property implies local balance. That252

contracting RLCFG is not yet an RLSLP because some right-hand sides have length more253

than two, but still bounded by a constant. Finally, we transform the contracting RLCFG254

again into an RLSLP by putting it into Chomsky normal form. This loses the contracting255

property but retains local balance (with an increased constant).256

We borrow some results from Ganardi’s work on constructing contracting CFGs [16], and257

show that (almost) the same ideas work to produce contracting RLCFGs.258

Consider a (RL)CFG G = (V, Σ, R, S). We call the variables, V ∪ Σ, the nonterminals259

and terminals of G. A variable B ∈ V is a heavy child of A ∈ V with rule A → u if B260

appears in u and | exp(B)| > | exp(A)|/2. A rule A→ u is contracting if u contains no heavy261

variables. Naturally, run-length variables and terminal symbols are considered contracting.262

If all rules in G are contracting, we call G contracting.263

A labeled tree T = (V, E, η) is a rooted tree where each edge e ∈ E is labeled by a string264

η(e). A prefix in T is the concatenation of the labels in any path starting from the root.265

The DAG of G = (V, Σ, R, S) is obtained from its grammar tree, by identifying every266

leaf labeled with a nonterminal A with the only internal node labeled A, and all the leaves267

labeled with a terminal symbol with a single node. The DAG contains exactly one node268

labeled with each variable; we will identify nodes and labels.269
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The heavy forest H = (V, EH) of G contains all edges (A, B) where B is a heavy child270

of A, and it is a subgraph of the DAG of G. Notice that the edges in H point towards the271

roots, that is, if (A, B) ∈ EH then A is a child of B in H. The ending points of those paths272

in EH (i.e., their lowest nodes in the DAG) are called roots. Isolated nodes, in particular all273

terminal and run-length variables of G, are also roots.274

Let us now assume G is an (RL)SLP. We define two labeling functions: The left label λ(e)275

of an edge e = (A, B) ∈ EH is the left light child of A (if it exists, ε otherwise) and the right276

label ρ(e) of e is the right light child of A (if it exists, ε otherwise). The connected components277

of (H, λ) and (H, ρ) are called the left labeled and right labeled heavy trees, which can be278

computed in linear time from G. If A0 is a variable in a heavy path A0, e1, A1, . . . , ek, Ak279

with root Ak, where k > 0, we can factorize A0 into the left labeling from A0 to Ak (which280

can be obtained by reversing the left labeling from the root Ak to A0), the root Ak, and the281

right labeling of the path from Ak to A0. Indeed, exp(A0) = exp(λ(e1)) exp(A1) exp(ρ(e1)),282

and in general, exp(Ai) = exp(λ(ei+1 . . . ek)) exp(Ak) exp(ρ(ek . . . ei+1)).283

In that way one can redefine every variable using SLPs that define all prefixes (from the284

roots) in the left-labeled and the right-labeled heavy trees.285

▶ Theorem 6 ([16, Thm. 6]). Given a labeled tree T with |T | edges and labels of length ≤ t,286

one can compute in linear time a contracting grammar with O(|T |) variables and right-hand287

sides of length O(t) defining all prefixes in T .288

As an example, let S = abracad(abra)7cabra. Let A, B, C, D, R be the variables generat-289

ing a, b, c, d, and r, respectively. Below, we exhibit an RLSLP that generates S.290

Rule exp(·) | exp(·)| Heavy child

A0 → A1A4 abracad(abra)7cabra 40 A1

A1 → A2A3 abracad(abra)7 35 A3

A2 → A5A6 abracad 7 A5

A3 → A7
5 (abra)7 28 None

A4 → CA5 cabra 5 A5

A5 → A7A8 abra 4 None
A6 → A9D cad 3 A9

A7 → AB ab 2 None
A8 → RA ra 2 None
A9 → CA ca 2 None

291

The heavy forest of this RLSLP is shown in Figure 1. Note how the labels in the edges have292

O(1) length, and the number of edges is no more than the number of variables of the RLSLP.293

The grammars obtained using Ganardi’s procedure are not necessarily in Chomsky normal294

form. Their procedure actually allows that rules in its input grammars are of different lengths.295

This allows accommodating our run-length rules. Run-length variables, if unfolded, would be296

roots in H under Ganardi’s original definition of contracting variables. Hence, the labeled297

trees HL = (H, λ) and HR = (H, ρ) have O(|G|) edges with labels of length at most 1. We298

obtain the following corollary.299

▶ Corollary 7. Let G be an RLSLP. One can build in O(|G|) time a contracting RLCFG GL300

of size O(|G|) and right-hand sides of length O(1) defining all prefixes in HL.301

Proof. We apply Theorem 6 to all connected components of HL. As the number of edges in302

HL is no more than |G|, and the length of the labels is at most 1, the claim holds. ◀303
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A0

A1 A2

A3

A4

A5

A6

A9

[ε, A4]

[A2, ε] [ε, A6] [C, ε] [ε, D]

Figure 1 Heavy forest of an RLSLP generating the string S = abracad(abra)7cabra (we omit
trees containing only one node). The edges are labeled with the left and right labels corresponding
to each non-root variable. We use bold circles to highlight root nodes.

An analogous result holds for HR. Now we are ready to prove Theorem 4.304

Proof of Theorem 4. Let G be an RLSLP generating a string S with size grl. We apply the305

construction of Corollary 7. For each non-root variable A of a connected component of H, let306

B be its root. Let XL ∈ GL and XR ∈ GR be variables generating the reversed left-labeled307

prefix and right-labeled prefix of the path from the root B to A. We observe that A derives308

the same string as XL ·B ·XR. To ensure A is locally contracting, we replace the right-hand309

side of the rule of A by the concatenation of the right-hand sides of the rules of XL, B, and310

XR. Because XL, B, and XR are contracting, the resulting rule for A is also contracting.311

Observe that the length of the new rule for A is O(1). The root variables (which includes312

run-length variables of G) are not modified. The size of this equivalent RLCFG G′ is O(grl),313

and all its rules are contracting, hence G′ is contracting. Because rules are constant size, we314

can apply standard techniques to transform the non-run-length rules of G′ into Chomsky315

normal form. This incurs only a constant increase in height, and so retains local balance. ◀316

4 Incongruity-sensitive access with parses317

We have actually already parsed S for Lemma 1, into S = exp(A1) · · · exp(Ag′), since each318

leaf in the grammar tree is either a terminal or a non-terminal that appears as an internal319

node elsewhere in the grammar tree. Indeed, we can view Lemma 1 as applying to a special320

kind of parse with two useful properties: first, each character S[q] has height hq at most321

logarithmic in the length of the phrase containing S[q]; second, sources’ boundaries align322

nicely with phrases’ boundaries in such a way that when extracting S[q] we need perform323

only one predecessor query, to find the phrase containing S[q]. Needless to say, most parsings324

do not have these properties.325

Typical parsings [27, 35] have good bounds on the number t of phrases, but do not provide326

upper bounds for the maximum height h other than t, and sometimes only the length n of327

the uncompressed string. For example, the original Lempel-Ziv parse [27] (whose parsing328

size is called z) and bidirectional macro schemes [35] (whose optimal parsing size is called329

b) can achieve less space than the smallest grammars and still recover S. It always holds330

δ ≤ b ≤ z ≤ 2g∗
rl ≤ 2g∗, where g∗ and g∗

rl are the sizes of the smallest SLP and RLSLP for S,331

respectively; the differences are asymptotically strict for some string families [29].332

Some parsings increase t in order to obtain better upper bounds on h [23, 24, 28, 1, 34],333
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but those with t ∈ O(γ log(n/γ)) do not achieve h = o(log(n/t)). Here γ, with δ ≤ γ ≤ b, is334

the size of the smallest string attractor for S [23], so the minimum number of characters in S335

we need to select such that at least one selected character appears in some occurrence of any336

substring of S. For example, we can have h = O(log n) with t = O(g∗
rl) with a unidirectional337

parsing [1], or h = O(log(n/γ)) with t = O(γ log(n/γ)) with a bidirectional parsing [23]. For338

some string families, these parsings can have t asymptotically smaller than the sizes of the339

smallest RLSLPs or block trees.340

Our main result in this section is to improve the access time for S[q] from our baseline of341

O((hq + 1) log log n) to O(hq + logw ℓq) for a class of “well-behaved” parses.342

▶ Definition 8. A parse S = B1 · · ·Bt is α-contracting if no source S[pi . . pi + |Bi| − 1]343

overlaps a phrase Bj with α|Bi|<|Bj | (i.e., Bj is strictly more than α times longer than Bi).344

Notice that a c-contracting parsing is also c′-contracting for any c′ ≥ c. Crucially, if a345

parse is α-contracting with α ≤ 1− ε for some positive constant ε, then h ∈ O(log n) and,346

moreover, hq ∈ O(log ℓq) for all q.347

While the parsings induced by RLSLPs and block trees are naturally 1-contracting and348

1/2-contracting, respectively, general parses are not even o(n)-contracting. We will be able,349

however, to provide efficient access to other α-contracting parses with α polynomial in the350

word size w ≥ log n, as long as the accessed characters have small height. This will turn out351

to be significantly more challenging.352

▶ Theorem 9. Let S[1 . . n] have an α-contracting parse of t phrases for any α ≤ wO(1). Then353

there exists a data structure of size O(t) that can access any S[q] in time O(hq + logw ℓq).354

This result encompasses those of Section 3, as those are all 1-contracting parsings with355

hq = O(log ℓq). It also applies to other α-contracting parsings not based on grammars.356

For example, Kempa and Prezza [23, Thm 3.12] describe a bidirectional parse of size357

t = O(γ log(n/γ)) where the sources only overlap phrases no longer than half the phrase’s358

size, implying α = 1/2 and hq = O(log ℓq), so they obtain O(log ℓq) access time.359

We begin the proof of Theorem 9 with a modified construction (based on a classic result360

due to Gilbert and Moore [20]) of Bille et al.’s [6] interval-biased search trees:361

▶ Lemma 10. Suppose we are given a partition of the interval [1, n) into s subintervals362

[x1 = 1, x2), [x2, x3), . . . , [xs−1, xs), [xs, xs+1 = n) .363

For any integer d ≥ 2, we can build a d-ary tree T storing keys x1, . . . , xs (regarded as364

sequences of d-ary digits) at its leaves, in which each xi has depth365 ⌊
logd

n

xi+1 − xi

⌋
+ 2 .366

Proof. For 1 ≤ i ≤ s, let βi be the string consisting of the first367 ⌊
logd

n

xi+1 − xi

⌋
+ 2368

digits to the right of the base-d point in the base-d representation of xi+xi+1
dn .369

Assume j > i (the other case is symmetric). Since xj+1 > xj ≥ xi+1, we have that370

xj + xj+1 > 2xj ≥ 2xi+1 = xi + xi+1 + (xi+1−xi). Thus, (xj + xj+1) differs from (xi + xi+1)371

by more than (xi+1 − xi) for all j ≠ i. Hence, xi+xi+1
dn differs from xj+xj+1

dn by more than372
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xi+1−xi

dn , so their base-d representations agree on fewer than logd
dn

xi+1−xi
= logd

n
xi+1−xi

+ 1373

digits to the right of their base-d points. It follows that βi is not a prefix of βj .374

We build the d-ary trie for β1, . . . , βs, ordering nodes’ children by the natural order375

induced by digits [0, d− 1], store x1, . . . , xs at the leaves, and discard the edge labels. ◀376

Next, we prove a lemma about the trie T used in our proof of Lemma 10, similar to Gagie377

et al.’s [14, Sec. 2] observation about the structure of parse trees of locally balanced SLPs:378

▶ Lemma 11. Given l and r with 1 ≤ l < r ≤ s, there exist d′ ≤ d nodes v1, . . . , vd′ at379

depths at least logd
n

xr+xr+1−xl−xl+1
in T whose subtrees together contain the lth through rth380

leaves. Furthermore, the lowest common ancestor u of the lth and rth leaves is such that (i)381

lca(va, vb) = u for all 1 ≤ a < b ≤ d′, and (ii) the path from u to va (both excluded) contains382

only nodes with out-degree equal to one for all 1 < a < d′.383

Proof. Recall that u is defined to be the lowest common ancestor of the lth and rth leaves.384

Let ul ̸= ur be the children of u being ancestors of the lth and rth leaves, respectively. The385

integer d′ ≤ d will be the number of siblings (children of u) between ul and ur, both included.386

See Figure 2 for an illustration.387

u

. . . . . .ul

v1

pl

wk

. . .

vk

pki
pkj pkt

ur

vd′

pr

Figure 2 Subtrees of the trie T of Lemma 10 with roots v1, . . . , vd′ at depth logd
n

xr+xr+1−xl−xl+1
,

containing the lth through rth leaves pl, . . . , pr of T (as explained in the proof of Lemma 11).

Finding v1388

We choose v1 to be the lowest node on the path from ul to the lth leaf such that v1 is an389

ancestor of the rightmost leaf in the subtree rooted in ul.390

Letting v be a trie node and c ∈ [0, d − 1] be a base-d digit, let us denote with v(c)391

the child of v by digit c. For the sake of a contradiction, assume v1’s depth is less than392

logd
n

xr+xr+1−xl−xl+1
. Consider the path label β of v1. Let y be the base-d digit corresponding393

to the child v1(y) of v1 being an ancestor of the rightmost leaf in the subtree rooted in ul.394

The numbers in [0, 1) whose base-d representations start with 0.βy form a range R of size395

|R| = d−(|β|+1). Since above we assume |β| < logd
n

xr+xr+1−xl−xl+1
, the size of R satisfies396

|R| = d−(|β|+1) > xr+xr+1−xl−xl+1
dn .397

First, observe that R must end after xl+xl+1
dn : this follows from the definition of v1, which398

implies that the path label of the lth leaf starts with βy′ for some y′ < y. Additionally, since399
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R cannot include xr+xr+1
dn — otherwise v1 would be an ancestor of the rth leaf, contrary to400

our choices of u and v1 — it must start before401

xr + xr+1

dn
− xr + xr+1 − xl − xl+1

dn
= xl + xl+1

dn
.402

This means that R includes xl+xl+1
dn , which implies that the base-d representation of xl+xl+1

dn403

starts with 0.βy, so both the lth leaf and the rightmost leaf in the subtree rooted in ul are404

in the subtree rooted in v1(y), contrary to our choice of v1: a contradiction. Therefore, we405

conclude that v1’s depth is at least logd
n

xr+xr+1−xl−xl+1
.406

Finding vd′407

The choice of vd′ is symmetric to that of v1. Recall that ur is the child of u being an ancestor408

of the rth leaf. We choose vd′ to be the lowest node on the path from ur to the rth leaf409

such that vd′ is an ancestor of the leftmost leaf in the subtree rooted in ur. A symmetric410

argument shows that vd′ ’s depth is also at least logd
n

xr+xr+1−xl−xl+1
.411

Finding v2, . . . , vd′−1412

If d′ > 2, we are left to show how to find nodes v2, . . . , vd′−1. Let wk, for k = 1, . . . , d′,413

denote the kth child of u starting from ul included (that is, ul = w1, w2 is the next sibling414

of w1, and so on until wd′ = ur). We define vk to be the deepest descendant of wk being415

an ancestor of all the leaves below wk. In other words, vk is the shallowest descendant of416

wk with at least two children, or the unique leaf below wk if no such descendant exists417

(note vk = wk if and only if wk has at least two children). By the definitions of u and418

v1, . . . , vd′ , it is clear that the subtrees below v1, . . . , vd′ contain the lth through rth leaves.419

We are left to show that also nodes v2, . . . , vd′−1 are at depths at least logd
n

xr+xr+1−xl−xl+1
.420

Consider any such node vq, with q ∈ [2, d − 1]. If vq is a leaf, say, the tth leaf, then its421

depth is at least logd
n

xt+1−xt
, where xt ≥ xl+1 and xt+1 ≤ xr. Then, the depth of vq is at422

least logd
n

xt+1−xt
≥ logd

n
xr−xl+1

≥ logd
n

xr+xr+1−xl−xl+1
(the latter inequality comes from423

xr+1 − xl > 0).424

If vq is not a leaf, consider any two leaves below vq — let us call them the l′th and425

r′th leaves (with r′ > l′ without loss of generality). Since it must be l < l′ < r′ < r and,426

hence, xl < xl+1 ≤ xl′ < xl′+1 ≤ xr′ < xr′+1 ≤ xr < xr+1, we have xr′ +xr′+1
dn − xl′ +xl′+1

dn ≤427
xr+xr+1−xl−xl+1

dn , meaning that the lowest common ancestor of the l′th and r′th leaves is at428

depth at least logd
dn

xr+xr+1−xl−xl+1
> logd

n
xr+xr+1−xl−xl+1

. Since this holds for all pairs of429

leaves below vq and vq is the deepest node being an ancestor of all those leaves, we obtain430

that vq itself is at depth at least logd
n

xr+xr+1−xl−xl+1
. ◀431

The next lemma follows from Lemmas 10 and 11. From now until we have finished432

proving Theorem 9, by logd x we will really mean logd x rather than max(1, logd x) (as in433

the rest of the paper).434

▶ Lemma 12. Suppose we are given the tree T of Lemma 10 for the partition435

[x1 = 1, x2), [x2, x3), . . . , [xs−1, xs), [xs, xs+1 = n) ,436

and t arbitrary subintervals [y1, z1) . . . , [yt, zt) of [1, n), with n, x1, . . . , xs, y1, . . . , yt, z1, . . . , zt437

all integers. Then, we can build an O(t+s)-space data structure on top of T with which, given438

i and an integer q in [yi, zi), we can find j such that q is in [xj , xj+1) by traversing at most439

max
(

0, logd
zi−yi

xj+1−xj

)
+ O(1) edges of T and performing O(logw d) additional constant-time440

operations, where w is the memory word size (in bits).441
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Proof. For each subinterval [yi, zi), we store the index j′ of the smallest xj′ ≥ yi and the442

index j′′ of the largest xj′′ < zi. This way, if [xj , xj+1) is not completely contained, or it is443

the only range contained, in [yi, zi) then when given i and q we can find j with O(1) integer444

comparisons and no accesses to T .445

Otherwise, let l < r be such that [xl, xl+1), . . . , [xr, xr+1) are the ranges fully contained446

in [yi, zi). We store, associated with every interval [yi, zi), the three nodes v1, vd′ , and u of447

T identified in Lemma 11 for the values l and r. We additionally store the two children v′
448

and v′′ of u that are ancestors of v1 and vd′ , respectively (those were called ul and ur in the449

proof of Lemma 11). Further, for each node u of T with at least two children u1, . . . , ud′′ we450

build a fusion tree; for every such child up, the fusion tree stores the integer xa such that451

the leftmost leaf below up is associated with interval [xa, xa+1). Because T has s leaves and452

the fusion trees are built on the nodes with at least two children, those fusion trees use O(s)453

space in total.454

Given an integer q ∈ [yi, zi) and the node u associated with [yi, zi), the fusion tree of u455

returns in O(logw d) time the child up of u such that the jth leaf (i.e., the one such that456

q ∈ [xj , xj +1)) is below up. If up is equal to v′ or v′′, we replace it with v1 or vd′ , respectively.457

Otherwise, we replace up with the deepest descendant of up being an ancestor of all the458

leaves below up; such substitution can be performed in constant time by explicitly associating459

such a node to each up in T (again, using O(s) space overall). At this point, observe that up460

is precisely the node among v1, . . . , vd′ identified by Lemma 11 such that (i) the jth leaf is461

below up and (ii) the depth of up in T is at least logd
n

xr+xr+1−xl−xl+1
.462

Since up has depth at least463

logd

n

xr + xr+1 − xl − xl+1
464

= logd

n

(xr + xr+1)/2− (xl + xl+1)/2 − logd 2465

≥ logd

n

zi − yi
− 1466

and xj is at depth467 ⌊
logd

n

xj+1 − xj

⌋
+ 2,468

we can find the jth leaf of T by starting from up, traversing at most469

logd

n

xj+1 − xj
− logd

n

zi − yi
+ 3 = logd

zi − yi

xj+1 − xj
+ O(1)470

edges of T . ◀471

The last ingredient in our proof of Theorem 9 is the following result, proven in Appendix A,472

about linear-space distance-sensitive predecessor data structures. It improves the query time473

of Belazzougui et al.’s [2] and Ehrhardt’s [13] from O(log log ∆) to O(log logw ∆), where ∆ is474

the the distance between the query and its predecessor.475

▶ Theorem 13. Let X = {x1, . . . , xs} ⊆ [1, n]. We can build a data structure on X taking476

O(s) words of space and answering predecessor queries on X in O(log logw ∆) time, where477

w ≥ log n is the machine word size in bits and ∆ is the the distance between the query and478

its predecessor.479

Now we are finally in position to prove Theorem 9.480
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Proof of Theorem 9. Let x1, . . . , xt be the starting positions in S of the phrases, with481

xt+1 = n + 1. Further, let [yi, zi) be the source of the phrase [xi, xi+1) (if the phrase is482

explicit, this interval is omitted). We build the tree T of Lemma 10 on the values xi, and483

the additional data structure of Lemma 12 on top of T , with the intervals [yi, zi). Further,484

we build a distance-sensitive predecessor data structure on the values x1, . . . , xt according to485

Theorem 13. The procedure to access S[q] is then as follows:486

1. Find the predecessor xi of q with the data structure of Theorem 13.487

2. If the phrase [xi, xi+1) is the explicit string Bi, return Bi[q − xi + 1].488

3. Update q ← q − xi + yi, which belongs to [yi, zi).489

4. Given i and q, use Lemma 12 to find j such that q is in [xj , xj+1).490

5. Update i← j and return to point 2.491

The number of iterations of points 2–5 is at most hq. By Lemma 12, the number of edges of492

T traversed in point 4 is at most max
(

0, logd
zi−yi

xj+1−xj

)
+O(1) = max

(
0, logd

xi+1−xi

xj+1−xj

)
+O(1).493

Furthermore, Lemma 12 spends an additional time O(logw d) on top of that. We now show494

that the sum of traversed edges telescopes along the iterations.495

Let xi0 = xi for xi as obtained in point 1, and given xik
= xi in point 4, let xik+1 = xj .496

Then the number of edges traversed in T along the hq steps of the iteration is at most497

O(hq) +
hq−1∑
k=0

max
(

0, logd

xik+1 − xik

xik+1+1 − xik+1

)
.498

The sum would telescope, except that negative logarithms (i.e., when the source is longer than499

the phrase) introduce zeros in the sequence. Yet, since the parsing is α-contracting, it follows500

that logd
xik+1−xik

xik+1+1−xik+1
≥ − logd α. We can then bound all terms max

(
0, logd

xik+1−xik

xik+1+1−xik+1

)
501

≤ logd α + logd
xik+1−xik

xik+1+1−xik+1
, and upper bound the summation by502

O(hq) + hq logd α +
hq−1∑
k=0

logd

xik+1 − xik

xik+1+1 − xik+1

,503

which now does telescope to logd(xi0+1 − xi0) + O(hq(1 + logd α)).504

Let xs = xi0 and lq = xs+1−xs be the length of the block where q lies. We have just shown505

that the sum adds up to logd(xs+1 − xs) + O(hq(1 + logd α)) = O(hq(1 + logd α) + logd lq).506

Each of those edge traversals can be done in constant time using perfect hashing to store the507

children of the nodes. The cost of point 1 is O(log logw(q − xs)) ⊆ O(log logw lq). Taking508

into account the additional time O(logw d) of each application of Lemma 12, the total cost509

becomes O(hq(1 + logd α + logw d) + logd lq + log logw lq). Choosing the arity of T as d = w510

and remembering that we assume α ≤ wO(1), this cost becomes O(hq + logw lq).511

Because of the parsing invariants, a non-explicit phrase must occur elsewhere in S;512

therefore we can bound lq ≤ ℓq. This proves the claimed time complexity.513

Both the predecessor data structure and the extra structures of Lemma 12 use O(t) space.514

The tree T , however, has t leaves but could have more internal nodes. To achieve the space515

bound of O(t), we compact T to obtain T ′, replacing by a single edge every maximal path in516

T with nodes having exactly 1 child each. (Note T ′ is still a d-ary search tree storing on each517

of its edges the smallest integer xi below it to guide search.) This process may eliminate518

the nodes v1 or vd′ of Lemma 11 but, if r′ and r′′ are their lowest ancestors in T with 2 or519

more children each, then we can still start from r′ and r′′ in T ′ and find the jth leaf of T ′
520

traversing the same amount of edges (or less). Note that, in T ′, we will not have the problem521

of handling unary paths we have discussed above. ◀522
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In future work we will explore how Theorem 9 can be applied. For example, we can prove523

the following lemma about converting bidirectional parses into somewhat larger contracting524

bidirectional parses.525

▶ Lemma 14. Let S[1 . . n] have a bidirectional parse of size b, and denote with hq the height526

of S[q] in such a parse. For any integer α > 1, we can build an α-contracting bidirectional527

parse of size O(b logα(n/b)) for S such that the height h′
q of any character S[q] in such a528

parse is no larger than that in the original parse: h′
q ≤ hq.529

Proof. First, we build the same string attractor Γ of [23] — of size O(b) — on the input530

parse: for every phrase S[i . . j], we insert i and j in Γ. Then, we additionally insert in Γ531

integers 1, n, and k · ⌈n/b⌉ in Γ for every k = 1, 2, . . . b− 1. As a result, Γ is a string attractor532

for S of size O(b) with the property that pairs of consecutive string attractor positions are533

within O(n/b) positions from each other. Let Γ = {x1 < · · · < xp} be the string attractor534

obtained in this way.535

We use a technique similar to the concentric exponential parsing [23, Thm 3.12] and build536

a bidirectional parse for S as follows. Repeat the following construction for every pair of537

consecutive positions xi < xi+1 in Γ. Let m = (xi + xi+1)/2. We make S[xi], S[xi+1], and538

S[m] explicit phrases. Then, we parse S[xi +1 . . m−1] left-to-right creating one (non-explicit)539

phrase of length α1, followed by one (non-explicit) phrase of length α2, and so on as long540

as the current phrase we are building is completely contained inside S[xi + 1 . . m− 1]. We541

repeat a symmetric procedure parsing right-to-left the substring S[m + 1 . . xi+1]. These two542

procedures may leave a region spanning S[m] not being covered by any phrase; we make that543

region a single phrase (observe that the length of this phrase is not necessarily a power of α).544

The above procedures create in total O(b logα(n/b)) phrases.545

Phrases’ sources are chosen as follows. Observe that, by construction, each phrase in the546

parse we just built is strictly contained in a phrase of the original parse. Given a phrase547

S[i . . j] in the parse we just built, we follow its source S[i′ . . j′] = S[i . . j] in the original548

parse. If S[i′ . . j′] spans an element of Γ then we stop; otherwise, we recursively repeat549

following sources until this becomes true (by definition of bidirectional parse, this procedure550

cannot loop forever). Let S[i′′ . . j′′] = S[i . . j] be the substring (containing an element of551

Γ) found in this way. We assign S[i′′ . . j′′] as source of S[i . . j]. Observe that this source552

assignment is such that: (1) the height h′
q of any S[q] in the new parse is no larger than553

that of the original parse: h′
q ≤ hq, and (2) the resulting parse is indeed a valid bidirectional554

parse (i.e., no loops of referencing chains are introduced). Both properties follow from the555

fact that we possibly just “short-cut” referencing chains of the original parse, making them556

(possibly) shorter.557

We now show that the source of every non-explicit phrase of length in [αt, αt+1) overlaps558

only phrases of length at most αt+1, implying that the parse is α-contracting. To see this, let559

S[i . . i+d−1] be such a source (d ∈ [αt, αt+1)), and let j ∈ [i . . i+d−1]∩Γ be any attractor560

element crossing it. Consider the source’s suffix S[j . . i + d− 1] (a symmetric argument holds561

for the prefix S[i . . j− 1]), and let λ = i + d− j ∈ [αt, αt+1) be its length. By construction of562

our parse, the leftmost phrase of length at least αt+2 in S[j . . n] cannot start before S[j + k],563

where k =
∑t+1

z=0 αz > αt+1. We conclude that S[j . . i + d− 1] ends before S[j + k], hence it564

can only overlap phrases of length at most αt+1. Our claim follows. ◀565

Setting α = w in Lemma 14, where w is the word size, and combining with Theorem 9,566

we obtain the following result.567

▶ Corollary 15. Let S[1 . . n] have a bidirectional parse of size b. On a machine word of word568

size w ≥ log n bits, we can store a data structure of O(b logw(n/b)) words supporting the569
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extraction of any S[q] in time O(hq + logw ℓq), where ℓq is the length of the longest repeated570

substring of S containing position q and hq the height of S[q] in the parse.571

5 Conclusions572

We have shown how access to highly-compressed strings S[1 . . n] can be sped up at their573

less compressible regions, which are arguably the most interesting ones in applications (e.g.,574

mutations or rare variants in genome collections, edits in versioned collections). Concretely,575

we chose ℓq, the length of the longest repeated substring containing S[q], as a measure of how576

compressible the area of S surrounding position q is. We proved that arbitrary run-length577

context-free grammars, as well as block trees, can be modified so as to access S[q] in time578

O(log ℓq) without asymptotically increasing their size. We extended this result to more579

general parses, proving that under some conditions on the dependency structure of the parse,580

one could access S[q] in time O(hq + logw ℓq), where hq is the length of the referencing chain581

to obtain S[q] through the parse and w is the size of the RAM machine word in bits. We582

showed how, for example, bidirectional macro schemes (the smallest known parses for highly583

compressible strings) of size b can be made to satisfy the needed condition by blowing up584

their size by a factor of O(logw(n/b)).585

Several interesting questions remain open. A first one is whether we could balance586

grammars, while retaining their asymptotic size, so that the height of the parse tree of587

any nonterminal A is not just O(log | exp(A)|) but O(logw | exp(A)|), where exp(A) is the588

string A expands to. This would enable accessing them in time O(logw ℓq) (which still589

does not break lower bounds [36]), closely matching our results on more general parses.590

Another challenge would be to make bidirectional macro schemes retain size O(b), without591

any asymptotic blowup, and make them accessible in time O(hq + logw ℓq). A very recent592

development [33] defines measure s, where γ ≤ s ≤ b is the size of the smallest Substring593

Equation System (SES) whose unique solution is S. While SES are in principle harder to594

decompress than bidirectional macro schemes, could we access S[q] in time O(hq logw ℓq)595

within space O(s logw(n/s)), for example? Finally, are there other alternatives to measure596

ℓq that better describe the less compressible areas of S? Are there other features that make597

some areas of highly compressible strings S easier to access than others?598
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A Proof of Theorem 13691

▶ Definition 16. Let X = {x1, . . . , xs} ⊆ [1, n] and let x0 = 0. For any q ∈ [1, n], the692

predecessor q− of q in X ∪ {0} is defined as q− = max{xi : i ∈ [0, s] ∧ xi ≤ q}. The strict693

predecessor of q in X ∪ {0} is max{xi : i ∈ [0, s] ∧ xi < q}. We denote as ∆ = q− q− the694

distance to q from its predecessor. A predecessor query on X finds such q− ∈ X ∪ {0} given695

q as input.696

Intuitively, to prove Theorem 13 we will build a w-ary z-fast trie (that is, a z-fast697

trie of arity w endowed with a fusion tree on each explicit node supporting constant-time698

predecessor queries on the outgoing edges of the node) on the base-w representations of699

the integers x1, . . . , xs. Classic fat binary search on this trie yields predecessor queries in700

time O(log logw n). In order to speed this up to O(log logw ∆), we generalize the exponential701

search of [2, 13] (designed on binary z-fast tries) to w-ary z-fast tries. The exponential search702

phase will precede classic fat binary search and will find, in k ∈ O(log logw ∆) steps, a trie703

node at height (distance from the leaves) 2k ∈ O(logw ∆), hence fat binary search from that704

node will find the predecessor of q in O(log 2k) ⊆ O(log logw ∆) time.705

In the following, for convenience we switch to base w when dealing with integers (this706

will avoid an excessive use of ceiling operations and will simplify notation), where w is the707

machine word size in bits. More precisely, we work with integers from [0, wH) (H digits708

in base w), for the smallest integer H being a power of two and satisfying H ≥ logw 2w.709

Observe that any q ∈ [0, wH) still fits in O(1) memory words, so this assumption is without710

loss of generality. We will moreover use string notation on the integers from [0, wH) (as well711

as standard integer notation). Given q ∈ [0, wH) and i ∈ [1, H], q[i] denotes the i-th most712

significant digit of q written in base w. In other words, q is treated as a string of length H713

over alphabet [0, w).714

Given X = {x1, . . . , xs} ⊆ [1, wH), we denote by pref (X) the set containing all prefixes715

of strings in X.716

Consider the w-ary trie containing x1, . . . , xs (seen as strings of length H over alphabet717

[0, w)). Letting λ(u) ∈ pref (X) denote the label from the root to trie node u, u is explicit if718

and only if either |λ(u)| = H or if λ(u) · a and λ(u) · b belong to pref (X) for two distinct719

a, b ∈ [0, w). We path-compress this trie and denote by Z the resulting trie; nodes of Z720

correspond to the explicit nodes of the original trie and edges of Z are labeled with sequences721

of digits from [0, w).722

In the following, for brevity, when saying that edge e (of trie Z) is labeled xi[l, r], we also723

mean that the string read from the root of Z to the end of e is xi[1, r].724

We identify one canonical position f(l, r) inside each edge labeled xi[l, r] of the path-725

compressed trie Z, as follows:726

▶ Definition 17. The 2-fattest number f(l, r) in a given interval [l, r] (1 ≤ l ≤ r ≤ w) is727

the number f(l, r) ∈ [l, r] whose binary representation has the largest number of trailing zeros728

among all numbers in [l, r].729

It is not hard to see that the 2-fattest number in any given interval is unique, because for730

any pair of integers i < j whose binary representation has k trailing zeros, there always exists731

a third integer z with i < z < j whose binary representation has k + 1 zeros. Intuitively (as732

we will see later), this particular choice of canonical position has the additional advantage of733

enabling a binary search strategy on the trie’s height.734

Based on the above definition, we define the handle of an edge as follows.735
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9 844 2276

497 508 1871 2040

527 531

1410

1379 1381 1382 1385

0012
13 2314 40 5

6431

10 24 5

2 6

1 53

0 2 3 6

312 643

Figure 3 Example of the compacted trie Z with word size w = 7 and H = 4 ≥ log7 27 ≈ 2.48
for the set X = {9, 497, 508, 527, 531, 844, 1379, 1381, 1382, 1385, 1410, 1871, 2040, 2276}. In the leaf
nodes there are the values of X. The concatenation of the labels from the root to a leaf node is the
representation in base w of the value in that node.

▶ Definition 18 (handle). Let e be a trie edge labeled with xi[l, r]. The handle he of e is the736

string he = xi[1, f(l, r)].737

The next ingredient towards defining our data structure is a map storing information738

about children of nodes in Z.739

▶ Definition 19. Let e be a trie edge labeled with xi[l, r]. The (partial) function Ce : [0, w)→740

[0, w)∗ stores, for each c ∈ [0, w) such that xi[1, r] · c ∈ pref (X), the string Ce(c) = xi′ [1, r′]741

prefixed by xi[1, r] · c such that there exists a trie edge labeled xi′ [r + 1, r′] for some i′, r′. We742

denote with Cε the additional special case where xi[1, r = 0] = ε is the empty string.743

In other words, the domain of Ce corresponds to the characters that can extend edge e in744

the trie. For each such character c, the map Ce stores the label Ce(c) of the path starting745

in the trie’s root and ending at the end of edge e′ that is a child of edge e and whose label746

starts with c. The particular case Cε corresponds to the trie’s root: Cε(c) is the label of the747

edge exiting the root and whose label starts with character c.748

Finally, our structure will associate the following additional information with the trie’s749

edges.750

▶ Definition 20. Let xi[l, r] be the label of an edge of Z. Then:751

x−
i,r is the strict predecessor in X ∪ {0} of the smallest y ∈ X being prefixed by xi[1, r];752

x+
i,r : [0, w) ∪ {ε} → X is the (partial) function associating with every c ∈ [0, w) ∪ {ε} the753

largest number x+
i,r(c) ∈ X that is prefixed by xi[1, r] · c (if no such number exists, then754

the map is not defined on c).755

The w-ary z-fast trie of x1, . . . , xs is a function Z defined as follows.756

▶ Definition 21 (w-ary z-fast trie). The w-ary z-fast trie of x1, . . . , xs is the (partial) function757

Z defined as follows. For every edge e of Z labeled with xi[l, r] (for some i, l, r), we define758

Z(he) = (r, Ce, x−
i,r, x+

i,r), where he = xi[1, f(l, r)] is the handle of e.759

Note that xi[1, r] = x+
i,r(ε)[1, r], so below we take for granted that such a string can be760

retrieved in constant time from Z(he).761

We implement Z using perfect hashing. Observe that membership in the domain of762

Z can be determined in O(1) time since Z(he) can be used to obtain xi[1, r], which is an763
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extension of he. Functions Ce and x+
i,r are returned in Z(he) as pointers (so retrieving Z(he)764

takes constant time), and are implemented using a fusion tree with constant-time predecessor765

queries over their domains.766

Function Z is defined on O(s) distinct arguments he (one for each trie’s edge), hence767

integers r and x−
i,r returned in Z(he) = (r, Ce, x−

i,r, x+
i,r) use overall O(s) words of space.768

Similarly, Ce is defined on ne distinct arguments, where ne is the number of one-character769

right-extensions of xi[1, r] (xi[l, r] being the label of edge e) yielding an element of pref (X);770

for each such argument c, Ce(c) ∈ [0, w)≤H and therefore it can be packed in O(1) machine771

words. Being also those right-extensions in bijection with the trie’s edges, we conclude that772

all those functions Ce use O(s) space overall. The same reasoning holds for functions x+
i,j .773

Overall, the w-ary z-fast trie for X uses O(s) words of space.774

The structure of Definition 21 can be used to solve predecessor queries in O(log logw u)775

time (u = wH). In the following subsection we prove a more general result that will allow us776

achieving distance-sensitive time O(log logw ∆).777

A.1 Extending to obtain distance-sensitive times778

In order to support distance-sensitive predecessor queries, we augment the z-fast trie of779

Definition 21 with one additional data structure.780

▶ Definition 22. Given q ∈ [0, wH) and k ∈ [0, log H], we denote by qk the string q[1, H]781

devoid of its suffix of length 2k − 1, that is, qk = q[1, H − 2k + 1].782

Note that, in Definition 22, it holds k ∈ O(log H) = O(log logw u), where u = wH is the783

universe size, and qk is a prefix of q that gets shorter as k increases. In particular, q0 = q784

and qlog H = q[1]. As said above, qk will be treated equivalently as an integer formed by785

the H − 2k + 1 most significant digits of q in base w (this will allow us to perform integer786

subtractions on it).787

▶ Definition 23. Let H : [0, w)∗ → [0, w)∗ be the (partial) function defined as follows. For788

each k ∈ [0, log H] and each q ∈ X, H(qk) = |he| is the length of the longest handle he that789

is a prefix of qk. If no such edge e exists, then H(qk) = 0.790

We store H with perfect hashing. Observe that k in Definition 23 satisfies k ∈ O(log H) =791

O(log logw 2w) ⊆ O(log w), therefore H is defined on O(s log w) distinct arguments. Similarly,792

H(qk) = |he| ≤ H ∈ O(logw 2w), therefore it can be packed in O(log w) bits. We conclude793

that H can be stored in O(s(log w)2) ⊆ O(sw) bits, or O(s) words.794

▶ Lemma 24. Functions Z and H take O(s) words of space and allow determining in O(1)795

time whether p ∈ pref (X), for any p ∈ [0, w)H−2k+1 and k ∈ [0, log H].796

Proof. Let p ∈ [0, w)H−2k+1, with k ∈ [0, log H]. We consider two cases.797

(1) H(p) = 0. If p ∈ pref (X), then p must prefix the label xi[1, r] of one of the edges798

exiting from the trie’s root, for some i, r. To check that this is the case, we get the label799

xi[1, r] = Cε(p[1]) of that (candidate) edge. If |p| > r then p /∈ pref (X). Otherwise,800

p ∈ pref (X) if and only if xi[1, |p|] = p.801

(2) H(p) > 0. We know the length |he| = H(p) of the handle of some edge e labeled802

with xi[l, r] maximizing r and such that he prefixes p — up to collisions in the perfect hash803

representing H, which we now show how to detect. If |he| > |p| then this is indeed a hash804

collision and p /∈ pref (X). Otherwise, we compute he = p[1, |he|] in constant time and get805

Z(he) = (r, Ce, x−
i,r, x+

i,r), also in constant time. If |p| ≤ r, then we check in constant time806
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that p = xi[1, |p|] (recall that Z(he) allows us retrieving xi[1, r]); this test succeeds if and807

only if p ∈ pref (X). Otherwise (|p| > r), let c = p[r + 1]. We compute in constant time808

Ce(c) = xi′ [1, r′], which at this point must be an extension of p if p does indeed belong to809

pref (X). We check in constant time that p = xi′ [1, |p|]; this test succeeds if and only if810

p ∈ pref (X). ◀811

Running Lemma 24 for k = 0, 1, 2, . . . corresponds to running an exponential search812

for the longest prefix of q matching an element in pref (X), obtaining the following result.813

Searching also for qk − 1 will be needed later to solve predecessor queries.814

▶ Corollary 25 (exponential search). Let X = {x1, . . . , xs} ⊆ [1, wH). We can build a data815

structure on X taking O(s) words of space that, given any q ∈ [1, wH), returns the pair (k, q′)816

defined as follows. Letting Pk = {qk, qk − 1} ∩ (pref (X)∪ {0}), k is the smallest integer from817

[0, log H] such that Pk ̸= ∅, and q′ = max Pk. If no such integer k exists, it returns (−1,−1).818

This query is answered in O(1 + k) time.819

In Corollary 25, note that we allow qk (or qk−1) to prefix also 0. This means that we820

stop looking for the smallest k even if qk (or qk−1) prefixes 0 but no other element in X.821

Additionally, observe that it is implicit that if qk = 0, then qk − 1 = −1 does not belong to822

pref (X) ∪ {0} (this avoids treating that particular case separately). Observe that Corollary823

25 finds k by linear search on k (that is, k = 0, 1, 2, . . . ). This is enough to reach the desired824

running times for predecessor queries, as we will prove that k ∈ O(log logw ∆).825

▶ Lemma 26 (w-ary z-fast trie with hints). Let X = {x1, . . . , xs} ⊆ [1, wH). There exists826

a data structure on X taking O(s) words of space supporting the following query. Given827

q ∈ [1, wH) and the smallest k ∈ [0, log H] (we call k the hint) such that qk ∈ pref (X), find828

the predecessor q− of q in X ∪ {0}. This query is solved in O(1 + k) time.829

Proof. We know that there exists an integer q′ ∈ X prefixed by qk = q[1, H − 2k + 1]. If830

k = 0 then q = qk ∈ X, hence we just return q and we are done, so in the following we831

assume k > 0.832

We show how to use classic fat binary search on the z-fast trie to find the longest handle833

of length in [H − 2k + 2, H − 1] that is a prefix of q (note that we can exclude length H since834

k > 0) in the claimed running time. A first observation is that (since H is excluded from835

that interval) the binary representation of any number in [H − 2k + 2, H − 1] has no more836

than k trailing zeros. This enables finding the answer by O(1 + k) steps of fat binary search837

as follows. We check, using map Z, whether q[1, f(H − 2k + 2, H − 1)] is a handle. If the838

answer is positive, then we recurse in interval [f(H − 2k + 2, H − 1) + 1, H − 1]. Otherwise,839

we recurse in interval [H − 2k + 2, f(H − 2k + 2, H − 1) − 1]. Since each recursive step840

removes the 2-fattest number from the interval, it also decreases the number of trailing zeros841

of the 2-fattest number in the interval by one unit. We conclude that this procedure finds842

the longest handle y prefixing q in O(1 + k) time.843

Let ℓ = lcp(q, X) ∈ [0, w)<H denote the longest prefix of q belonging to pref (X). From844

the handle y found in the previous step, using map Z one can get in constant time (1) the845

label xi[1, r] ending at the end of trie edge e labeled with xi[l, r] (for some i, l, r) such that846

l ≤ |ℓ| ≤ r and ℓ = xi[1, |ℓ|], as well as (2) dictionary Ce, (3) value x−
i,r and (4) function x+

i,r.847

In other words, by reading ℓ from the trie’s root we end up inside edge e. We distinguish848

three cases.849

(1) If xi[1, r] < q[1, r], then q− is the largest number in X being prefixed by xi[1, r], that850

is, x+
i,r(ε).851

(2) If xi[1, r] > q[1, r], then q− = x−
i,r.852
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(3) Finally, it could be xi[1, r] = q[1, r], meaning that ℓ matches until the end of edge e.853

In that case, let c = q[r + 1] be the mismatching character (note that c is well-defined since854

r = |ℓ| < H). We find the predecessor c− of c among the characters in the domain of Ce,855

that is, characters extending edge e = xi[l, r] in the trie. This operation takes constant time,856

since Ce is represented with a fusion tree. If such c− exists, then q− = x+
i,r(c−). Otherwise, c857

is smaller than all those characters and q− is again x−
i,r as in case (2). ◀858

A.2 Putting everything together859

Given q ∈ [1, wH), we apply Corollary 25 and find, in time O(1 + k), the smallest value k860

such that either qk or qk − 1 prefixes some integer in X ∪ {0}, while (if k > 0) both qk−1 and861

qk−1 − 1 do not. We prove that such a value k is distance-sensitive.862

▶ Lemma 27. Let k be the value identified by Corollary 25. Then, k ∈ O(log logw ∆).863

Proof. If k = 0 then the claim is trivially true, so we assume k > 0. Observe that by the864

definition of k it must be Pk−1 = {qk−1, qk−1 − 1} ∩ (pref (X)∪ {0}) = ∅, hence in particular865

qk−1 > 0 and qk−1 − 1 ̸= 0 hold. This allows us to conclude that qk−1 − 1 > 0.866

Integers prefixed by either qk−1 or qk−1 − 1 form a contiguous integer range R = R1 ∪R2867

where R1 = [(qk−1−1)·w2k−1−1, qk−1 ·w2k−1−1) and R2 = [qk−1 ·w2k−1−1, (qk−1+1)·w2k−1−1)868

are disjoint: R1 ∩ R2 = ∅. Since no element in X ∪ {0} is prefixed by neither qk−1 nor869

qk−1 − 1, we have that (A) R ∩ (X ∪ {0}) = ∅. Moreover, since q is prefixed by qk−1, then870

(B) q ∈ R2. Observations (A) and (B) imply that q− comes strictly before the left bound of871

R1, that is, q− < (qk−1 − 1) · w2k−1−1. Then, ∆ = q − q− > |R1| = w2k−1−1. This implies872

k < 1 + log(1 + logw ∆) ∈ O(log logw ∆). ◀873

Let k be the value identified by Corollary 25. We distinguish two cases.874

(1) If qk − 1 prefixes some integer in X ∪ {0} but qk does not (in particular, qk − 1 ≥ 0),875

then q− is the largest integer in X ∪ {0} being prefixed by qk − 1. We find such a value as876

follows. We check if qk − 1 ∈ pref (X) using Lemma 24. If qk − 1 does not prefix any integer877

in X, then q− = 0 and we are done. Otherwise, using maps H and Z we identify in constant878

time the edge e labeled with xi[l, r] such that xi[1, r] is prefixed by qk − 1 but xi[1, l − 1] is879

not, as well as its associated map x+
i,r. Then, q− = x+

i,r(ε).880

(2) Otherwise, qk prefixes some integer in X ∪ {0}. If qk /∈ pref (X) (a property we can881

check using Lemma 24), then q− = 0. Otherwise, we can apply Lemma 26 on query q with882

hint k and find q− in O(1 + k) time.883

Overall, finding q− takes O(1 + k) time. By Lemma 27, this is O(1 + k) = O(log logw ∆).884

This proves Theorem 13.885
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