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Abstract. The LZ-index is acompressed full-text self-indeble to represent a
text Ty, over an alphabet of size = O(polylog(u)) and withk-th order em-
pirical entropyHy(T), using 4iH,(T) 4+ o(ulogo) bits for anyk = o(log, u). It
can report all theocc occurrences of a pattefy _,in T in O(m3logo+ (m-+
occ) logu) worst case time. Its main drawback is the factor 4 in its space-
plexity, which makes it larger than other state-of-theadtdgrnatives. In this paper
we present two different approaches to reduce the spaceerwnt of LZ-index.
In both cases we achiev@ + €)uHy(T) 4+ o(ulog o) bits of space, for any con-
stante > 0, and we simultaneously improve the search timeétar logm+
(m+ occ)logu). Both indexes support displaying any subtext of length op-
timal O(¢/log,; u) time. In addition, we show how the space can be squeezed to
(1+ €)uH(T) +o(ulog o) to obtain a structure witd(n?) average search time
for m> 2log, u.

1 Introduction and Previous Work

Text searchings a classical problem in Computer Science. Given a sequeisyenbols
Ty (the text) over an alphabét of size g, and given another (short) sequerten
(thesearch patterhover 2, thefull-text search problensonsists in finding all thecc
occurrences o in T.

Applications of full-text searching include text datalsée general, which typi-
cally contain natural language texts, DNA or protein segeenMIDI pitch sequences,
program code, etc. A central goal of modern text databadespimvide fast access to
the text using as little space as possibYet, these goals are opposed: to provide fast
access we must build an index on the text, increasing theegeagirement. The main
motivation of using little space is to store the indexes ofVarge texts entirely in main
memory. This can compensate for significant CPU time to acitesn. In recent years
there has been much researchcompressed text databaséscusing on techniques to
represent the text and the index using little space, yet mmefficient text searching.
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A concept related to text compression is that ofkkte order empirical entropy of
a sequence of symbols, denoted byHy(T) [11]. The valueuHy(T) provides a lower
bound to the number of bits needed to compressing any compressor that encodes
each symbol considering only the contexkaymbols that precede it if. It holds that
O < Hk(T) < Hk—a(T) < --- < Ho(T) < logo (log means login this paper).

To provide fast access to the text using little space, theeatitrend is to useom-
pressed full-text self-indexeA self-indexallows one to search and retrieve any part of
the text without storing the text itself. fompressed inddaz one whose space require-
ment is proportional to the compressed text size. Then a pesaed full-text self-index
replacesthe text with a more space-efficient representation of itictvlat the same
time provides indexed access to the text. This is an unpested breakthrough in text
indexing and compression. Some works on compressed silkés are [19, 4, 8, 10, 5].

The LZ-index [17,16] is a compressed full-text self-indextbese lines, based on
the Ziv-Lempel [21] parsing of the text. If the text is parsetb n phrases by the LZ78
algorithm, then the LZ-index takesitbgn(1+ o(1)) bits of space, which is 4 times the
size of the compressed text, i.eiH(T) + o(ulogo) bits, for anyk = o(log, u) [9, 4].
The LZ-index answers queries ®(m?logo + (m+ ocg)logn) worst case time. The
index also replaces the text (that is, isdf-indeX: It can reproduce a text context of
length¢ around an occurrence found (and in fact any sequence ofgg)ia©(¢/logo)
time, or obtain the whole text in tim®(ulogo). The index is built inO(ulogo) time.

However, in practice the space requirement of LZ-indexletirely large compared
with competing schemes: 1.2—-1.6 times the text size verg+9 and 0.3-0.8 times
the text size o€S-Array[19] andFM-index[4], respectively. Yet, the LZ-index is faster
to report and to display the context of an occurrence. Faglalfing of text substrings
is very important in self-indexes, as the text is not avéddatherwise.

In this paper we study how to reduce the space requiremengZeahdex, using
two different approaches. The first onepavigational schemeapproach, consists in
reducing the redundancy among the different data strusthed conform the LZ-index.
These data structures allow us moving among data repréiserstdn this part we define
new data structures allowing the same navigation, yet iaduke original redundancy.
In the second approach we combine the balanced parentlegsesentation of Munro
and Raman [15] of the LZ78 trie with théow transfornof Ferragina et al. [3], whose
powerful operations are useful for the LZ-index search @ilgo.

Despite these approaches are very different, in both casashieveé2+ £)uH(T) +
o(ulogo) bits of space, for any constaat> 0, and we simultaneousliynprovethe
search time t@®(n?logm-+ (m+-occ) logn) (worst case). In both cases we also present
a version requiring1+ €)uH(T) 4+ o(ulogo) bits, and whose search time is, on av-
erage,O(?) if m> 2log,n. In all cases, the worst case time to display a context of
length? around any occurrence found is opting(l¢/ log, u).

Note that, just as LZ-index, our data structures are the oafypressed full-text
self-indexes of siz&(uHy(T)) able of spendin@®(logn) time per occurrence reported,
if 0 = O(polylog(u)). Other data structures achieving the same or better coifyplex
for reporting occurrences either are of s&uHy(T)) bits [19], or they achieve it for
constant-size alphabets [4], or for quite large alphaletsa( = ©(logn)) [7, Theo-
rem 4.1]. The case = O(polylog(u)), which represents moderate-size alphabets, is



very common in practice and does not fit in the above casesd@tarstructures are
not competitive against schemes requiring about the saaez4, 5] for counting the
number of occurrences & in T. Yet, in many practical situations, it is necessary to
report the occurrence positions as well as displaying th@itexts. In this aspect, LZ-
index is superior.

2 The LZ-index Data Structure

Assume that the text; , has been compressed using the LZ78 [21] algorithm into
n+ 1 phrase$T = By... By, such thaBy = € (the empty string)yk # ¢, By # B,; and
vk>1,3¢ <k, ce X, By =By-c. To ensure thaB, is not a prefix of anotheB;, we
append tol a special symbol “$% >, assumed to be smaller than any other symbol.
We say that is thephrase identifiecorresponding t@®;, 0 < i < n.

The following data structures conform the LZ-index [17,.16]

1. LZTrie: Is the trie formed by all the phrasBs...B,. Given the properties of LZ78
compression, this trie has exactiy- 1 nodes, each one corresponding to a string.

2. RevTrie s the trie formed by all the reverse strirgs. . . By,. In this trie there could
be internal nodes not representing any phrase. We call tiozkes ‘empty.

3. Node Is a mapping from phrase identifiers to their nodézTrie.

4. Range Is a data structure for two-dimensional searching in thecef0...n] x
[0...n]. We store the point§(revpogB; ), pogBy. 1)),k € 0...n—1}, whererevpos
is the lexicographic position ifiBj... Bf,} and posis the lexicographical position
in {Bo...Bn}. For each such point, the correspondinglue is stored.

Each of these four structures requirdegn(1+ o(1)) bits of space if they are repre-
sented succinctly, for example, using the balanced pagsisthepresentation [15] for
the tries. ForRange a data structure of Chazelle [2] permits two-dimensioaalge
searching in a grid ofi pairs of integers in the rang®...n] x [0...n], answering
queries inO((occ+ 1)logn) time, whereoccis the number of occurrences reported,
and requiringnlogn(1+ o(1)) bits. Asnlogu = uHx(T) 4+ O(knlogo) < ulogo for
anyk [9], the final size of the LZ-index isuH,(T) + o(ulogo) bits fork = o(log, u).
The succinct representation given in the original work [iflements (among others)
the operationgparentx) (which gets the parent of nodg andchild(x, a) (which gets
the child of nodex with labela € %) both inO(logo) time for LZTrie, andO(logo)
andO(hlogo) time respectively foRevTrie whereh is the depth of node in RevTrie
The operatiorancestofx,y), which is used to ask if nodeis an ancestor of nodg is
implemented inO(1) time both inLZTrie andRevTrie These operations are basically
based on rank/select operations on bit vectors. Given abiovB;_,, we define the
functionranky(B,i) (similarly rank;) as the number of Os (1s) occurring up to tké
position of B. The functionselecg(B,i) (similarly select) is defined as the position of
thei-th O (1) in B. These operations can be supported in constant time andinegu
n—+ o(n) bits [13], orHy(B) + o(n) bits [18].

Let us consider now the search algorithm for a patierm, [16, 17]. We distinguish
three types of occurrences®in T, depending on the phrase layout:

3 According to [21],,/Ju< n< ﬁ; thus,nlogu < ulog o always holds.



1. the occurrence lies inside a single phrasé&here areocc, occurrences of this
type): Given the properties of LZ78, every phr&econtainingP is formed by
a shorter phrasB, concatenated to a symbal If P does not occur at the end of
By, thenB, containsP as well. We want to find the shortest possible phiBse
the LZ78 referencing chain fd8y that contains the occurrence Bf This phrase
B finishes with the strind®, hence it can be easily found by searching Rbrin
RevTriein O(nm?log o) time. Say we arrive at node Any nodev’ descending from
v in RevTrie(includingyv itself) corresponds to a phrase terminated viAthT hus
we traverse and report all the subtree of t8rie node corresponding to eagh
Occurrences of type 1 are locateddin?logo + ocg) time;

2. the occurrence spans two consecutive phraseBy andBy 1, such that a prefix
P1_i matches a suffix 0B, and the suffix®. 1. m matches a prefix 0By, 1 (there
areoco occurrences of this typelp. can be split at any position, so we have to try
them all. The idea is that, for every possible split, we deéocthe reverse pattern
prefix in RevTrieand for the pattern suffix inZTrie. Now we have two ranges, one
in the space of reversed strings (phrases finishing with teegart ofP) and one
in that of the normal strings (phrases starting with the sdquart ofP), and need
to find the phrase pairk, k+ 1) such thak is in the first range anl+ 1 is in the
second range. This is what the range searching data steusttar. Occurrences of
type 2 are located i®(m?logo + (m+ ocg) logn) time; and

3. the occurrence spans three or more phrase8y... B, such thaB. ; =By, ...
B/_1, PL_j—1 matches a suffix oBx andPj 1. m matches a prefix 0B, (there are
ocg occurrences of this type): For this part, the LZ78 algoritjuarantees that ev-
ery phrase represents a different string. Hence, theransst one phrase matching
R...j for each choice offandj. This fact severely limits the number of occurrences
of this class that may existces = O(mP). The idea is to identify maximal con-
catenations of phrasés,_j = B. .. B, contained in the pattern, and thus determine
whetherBy_1 finishes withPy ;1 andBy, starts withPj 1 n. If this is the case
we can report an occurrence. We first search for every pattésstring inLZTrie,
in O(m?logo) time. Then, theéd(nm?) maximal concatenations of phrases are ob-
tained inO(n? logm) worst case time an@(n?) time on average. Finally, each of
those maximal concatenations is verifiedifmlog o) time using operatioparent
for By. Overall, occurrences of type 3 are locate®iim®log o) time.

Note that each of thecc= occ, + 0c + ocg possible occurrences & lies ex-
actly in one of the three cases above. Overall, the totathe@me to report thecc
occurrences d® in T is O(m*log o + (m+ occ) logn). Finally, we can uncompress and
display the text of lengtli surrounding any occurrence reportedd(¢logo) (as long
as this context spans an integral number of phrases) tinteyacompress the whole
textT in O(ulogo) time.

3 LZ-index as a Navigation Scheme

In the practical implementation of LZ-index [17, 16], tRangedata structure is re-
placed byRNode which is a mapping from phrase identifiers to their nodR@vTrie
Now occurrences of type 2 are found as follows: For every iptessplit P;_; and



P11.m of P, assume the search fB} ; in RevTrieyields nodevrey, and the search for
P.1.min LZTrie yields nodevi,. Then, we check each phralsén the subtree ofyey
and report it ifNodgk + 1] descends fronvj,. Each such check takes constant time.
Yet, if the subtree ofy, has less elements, we do the opposite: Check phrases from
Viz IN Vrey, UsingRNode Unlike when usingRange now the time to solve occurrences
of type 2 is proportional to the smallest subtree size amafgndv,, which can be
arbitrarily larger than the number of occurrences reportédt is, by usindRNodewe
have no worst-case guarantees at search time. Howeveryénage search time for
occurrences of type 2 i©(n/a™?). This isO(1) for long patternsm > 2log, n. The
RNodedata structure requires(T) +o(ulogo) bits, and so this version of LZ-index
also requiresdH,(T) + o(ulogo) bits, for anyk = o(log,, u).

Both LZTrie and RevTrieuse originally thebalanced parenthesegpresentation
[15], in which every node, represented by a pair of openird) @dosing parentheses,
encloses its subtree. When we repl&amgeby RNodestructure, the result is actually
a “navigation” scheme that permits us moving back and fardimftrie nodes to the
correspondingreorder position$, both inLZTrie andRevTrie The phrase identifiers
are common to both tries and permit moving from one trie tootier.

Figure 1 (left) shows the navigation scheme. Dashed arrosvasymptotically “for
free” in terms of memory, since they are followed by applyiagk on the correspond-
ing parentheses structure. The other four arrows are irtfedbur main componentsin
the space usage of the index: Array of phrase identifietZifrie (ids) and inRevTrie
(rids), and array ofLZTrie nodes for each phraséld¢dg and RevTrienodes for each
phrase RNod@. The structure is symmetric and we can move from any poiratniyp
other.

dei . node in node in
node in node in LZT[ie RevTrie
LZTrie Node RNode RevTrie select | 1rank select | ! rank

| 1 H _ phrase )

rank! phrase ' rank 1, ids” _~identifier !

\ identifier ! - - hi

! | iy s o

\ - .. position in ids o position in
position in ids rids position in LZTrie — RevTrie
LZTrie RevTrie N  E A

Fig. 1. The original (left) and the reduced (right) navigation sttuies over index components.

The structure, however, is redundant, in the sense thatutmer of arrows is not
minimal. We start by defining the following reduced schenreLfo-index:

— LZTrie: The Lempel-Ziv trie, implemented with the following datagtures:
e parg_on andlets The tree shape dfZTrie according to theFuDS represen-
tation [1], which requires 2+ n[logo] + o(n) + O(loglogo) bits to support

4 In the parenthesis representation [15], the preorderipnsif a node is the number of opening
parenthesis before the one representing the node. Thisiiariky of the node position in the
bit sequence representing the parentheses, if bit 1 regse}e



the operationgparen{x), child(x, o), subtree sizincluding the root of the
subtree), andhode degreeall of them inO(1) time. It also supports the op-
erationchild(x,i) in constant time, which gets theh child of nodex. To get
this representation, we perform a preorder traversal ortrtagand for ev-
ery node reached we write its degree in unary using paresdgh{és example,
3reads (( () anditis writen ‘0001’), What we get is almost a balanced
parentheses representation (we only need to add a fictit{dwt the begin-
ning of the sequence). A node of degieeés represented by the position of
the first of the(d 4 1) parentheses corresponding to the node. Given a node in
this representation, say at positigrits preorder position can be computed by
rank; (par,i). Given a preorder positiop, the corresponding node is computed
by select(par, p) + 1. With this representation we can compute all the oper-
ations required by.ZTrie [17] in O(1) time, includingancestofx,y) °. The
symbols labeling the arcs of the trie are represented iitlgligVe denote by
lets(i) the symbol corresponding to the node at positetecy(par,i)+1 (i.e.,
the symbol with preorder positida, which is computed in constant time.
e idsy. n: The array of LZ78 phrase identifiers in preorder. We use ¢ipeasen-

tation of Munro et al. [14] foids such that the inverse permutatis ™! can
be computed iD(1/¢) time, requiring(1+ €)nlogn bits®.

— RevTrie The PATRICIAtree [12] of the reversed LZ78 phrases, which is imple-

mented with the following data structures

e rparg_oy andrlets: The RevTriestructure represented usingubs[1], com-
pressing empty unary paths and thus ensuning 2n nodes, because empty
non-unary nodes still exist. The space requiremeniis-2'[logo | +o(n') +
O(loglogo) bits to support the same functionalitiesl&&Trie.

e By y: A bit vector supportingank andselectqueries, and requiring’ (1 -+
0(1)) bits [13]. Thej-th bit of B is 1 iff the node with preorder positionin
rpar is not an empty node, otherwise the bitis 0. Given a posjtioTr par cor-
responding to &evTrienode, the corresponding bit Biis B[rank (rpar, p)].

e Ry n: A mapping fromRevTriepreorder positions th.ZTrie preorder posi-
tions defined aR[i] = ids~1(rids[i]). Ris implemented using the succinct data
structure for permutations of Munro et al. [14], requirifig+ €)nlogn bits
to represenR and computeR ! in O(1/¢) worst-case time. Given a posi-
tioni in rpar corresponding to &evTrienode, the correspondirfgvalue is
Rlrank; (B, ranky (rpar,i))].

e skipg, v: The PATRICIA tree skips of the nodes in preorder, using ¢ogi
bits per node and inserting empty unary nodes when the skipeels logl. In
this way, one out of log empty unary nodes could be explicitly represented.
In the worst case there af@(u) empty unary nodes, of whic®(u/logu)
are explicitly represented. This ad@§u/logu) to n’, which translates into

O(%ﬁ'ogm) = o(ulogo) bits overall.

5 As ancestofx,y) = ranky (par,x) < ranky (par,y) < ranky ( par,x) -+ subtreesizgpar, x) — 1.
6 This data structure ensures that one finds the inverse aftewing the permutatiord(1/¢)
times.



In Fig. 1 (right) we show the resulting navigation schemee Blkarch algorithm
remains the same since we can map preorder positions to imoties new represen-
tation of the tries (and vice versa), and we can simulitg/i] = ids[R[i]], RNodéi] =
select(rpar,R1(ids™(i))) + 1, andNodéi] = select(par,ids~(i)) + 1, all of which
take constant time.

The space requirement(g+ €)nlogn+ 3nlogo + 2nloglogu+ 8n+ o(ulogo) =
(2+ €)nlogn+ o(ulogo) bits if logo = o(logu). As nlogu = uH(T) 4+ O(knlogo)
for any k [9], the space requirement {2 + €)uH«(T) + o(ulogo) bits, for anyk =
o(log, u). Thechild operation orRevTriecan now be computed i@(1) time, versus
theO(hlogo) time of the original LZ-index [17]. Hence, threcoccurrences dP can

be reported im(% + —swz) average time, for & & < 1.

Reducing Further.To simplify notation, given d&ZTrie node with preorder position
R[i], suppose that operatigrarentR[i]) gives the preorder position of its parent.

Definition 1. We define functiog as¢ (i) = R~(parentR]i])).

Thatis, letax (a € 2) be thei-th string inRevTrie Then,¢ (i) = j, where the-th string
in RevTrieis x. Thus¢ is asuffix linkfunction in RevTrie As xXRa must be d.ZTrie
phrase, by the LZ78 parsing it follows theft is also aLZTrie phrase and thusis a
RevTriephrase. Hence, every non-empty nod&evTriehas a suffix link.

Let us show how to compuf using only¢. We define array; n such that [i] =
lets(R]i]). AsL[i] is the first character of thieth string inRevTrie we have thaL[i] <
L[j] whenevei < j, andL can be divided inta runs of equal symbols. Thuiscan be
represented by an array of ologo bits and a bit vectokg of n+o(n) bits, such that
Lg[i] = 1iff L[i] #L[i—1], fori = 2...n, andLg[1] = O (this position belongs to the text
terminator “$”). For every such thalg[i] = 1, we store.’[rank;(Lg,i)] = L[i]. Hence,
L[i] can be computed ds[rank;(Lg,i)] in O(1) time. To simplify the notation assume
that, given aLZTrie positionR]i], operationchild(R]i],a) yields theLZTrie preorder
position belonging to the child (by symba) of the node corresponding Rji].

Lemma 1. Given0< i < n, the value ] can be computed by the following recurrence:

Rl = {ghild(R[qb(i)],L[i]) 1 £0

Proof. RO} = 0 holds from the fact that the preorder position correspogdéd the
empty string, both in.ZTrie andRevTrig is 0. To prove the other part we note thax if
is the parent irLZTrie of nodey with preorder positiorR]i], then the symbol labeling
the arc connecting to y is L[i]. That is,child(parentR[i]),L[i]) = R[i]. The lemma
follows from this fact and replacing(i) by its definition (Def. 1) in the recurrenced
As in the case of functio of Compressed Suffix Array®, 19], we can prove the
following lemma for thep function, which is the key to compress the mappig

Lemma 2. For every i< |, if lets(R[i]) = lets(R[j]), theng (i) < @ (]).

Proof. Let str; (i) denote the-th string in the lexicographically sorted set of reversed
strings. Note thastr, (i) < str () iff i < . If i < j andletgR[i]) = letgR[j]) (i.e.,



stry (i) andstr, (j) start with the same symbol, as their reverses end with the sgm-
bol), thenstr, (¢ (i) < strr (¢ (])) (asstr (¢ (i)) is str (i) without its first symbol), and

thuse (i) < ¢(j). 0
Corollary 1. Array ¢ can be partitioned into at most strictly increasing sequences.

As a result, we replacR by ¢, Lg andL’, and use them to compute a given value
R[i]. According to Lemma 1, we can represgntising the idea of Sadakane [19], re-
quiringnHo(lets) + O(nloglogo) bits and allowing to accegs(i) in constant time, and
hence we replace thdogn-bit representation dR by thenHy(lets) + O(nloglogo) +
n+O(ologo) + o(n) bits representation aff, Lg andL’.

The time to comput®|i] is nowO(|str,(i)|), which actually corresponds to travers-
ing LZTrie from the root with the symbols ditr, (i) in reverse order. But we can store
en values ofR in an arrayR/, plus a bit vectoiRg of n+ o(n) bits indicating which
values ofR have been stored, ensuring tiRit] can be computed i®(1/¢) time and
requiringenlogn extra bits. To determine the values to be explicitly stored, for each
LZTrie leaf we traverse the upward path to the root, marking one o0{d/€) nodes,
and stopping the procedure for the current leaf when we réaehoot or when we
reach an already marked node. If the node to mark is at prepoddion j, then we set
Rs[R™%(j)] = 1. After we mark the positions dtto be stored, we scaRs sequentially
from left to right, and for every such thatRg[i] = 1, we setR[ranki(Rg,i)] = R[i].
Then, we fredR sinceR]i] can be computed by:

i1 [ enild(RI# ()], L[ranky(Le.)]) i Rali] =0
7= { R{ranky(Re.1)] if Rgli] = 1

Note that the same structure used to comfiite before freeingR can be used under
this scheme, with cosd(1/€?) (recall footnote 6).

Theorem 1. There exists a compressed full-text self-index requitihg £)uH(T) +
o(ulogo) bits of space, foo = O(polylog(u)), any k= o(log, u) and any constant
0 < € < 1, and able to report the occ occurrences of a pattefnPin a text T in
O(%‘ZZ + anﬂ) average time, which is @) if m > 2log, n. Also, it is able to display

a text substring of lengthin O(4(1+ #gog)) worst-case time.

The boundO(¢(1+ Wzoe) in the displaying time holds from the fact that we per-

form ¢ parentoperations, and we must p&(1/¢) to useids™! each time we pass to
display the next (previous) phrase, which in the (very) woese is don®(¢/log, ¢)
times. We still assume that tifesymbols displayed correspond to whole phrases.

We can get worst case guarantees in the search process Ing &gdige the two-
dimensional range search data structure defined in Sect@ocirrences of type 2 can
now be solved irD(m? + (m+ occ) logn) time.

Theorem 2. There exists a compressed full-text self-index requitiyg €)uH(T) +
o(ulogo) bits of space, foo = O(polylog(u)), any k= o(log, u) and any constant
0 < € < 1, and able to report the occ occurrences of a pattefn/Pin a text T in
O(m?(logm-+ %) + (m+ occ)logn+ %) = O(mPlogm-+ (m-+ occ) logn) worst-case
time. Also, itis able to display a text substring of lengih O(¢(1+ #ggé)) worst-case
time.



4 Using thexbw Transform to Represent LZTrie

A differentidea to reduce the space requirement of LZ-iridéx use thexbw transform
of Ferragina et al. [3] to represent th&Trie. This succinct representation supports the
operationsparent(x), child(x,i), andchild(x, a), all of them inO(1) time and using
2nlogo + O(n) bits of space. The representation also all@ubpath querigsa very
powerful operation which, given a strisgreturns all the nodessuch thasis a suffix
of the string represented ByWe represent LZ-index with the following data structures:

— Balanced parentheskegTrie: The trie of the Lempel-Ziv phrases, implemented by

e par: The balanced parentheses representation [16Z@fie. In order to index
the LZTrie leaves withxbw, we have to add a dummy child to each. In this
way, the trie has’ < 2n nodes. The space requirementisi4o(n) bits in the
worst case if we use the Munro and Raman representation\\slise the bit
0 to represent(* and 1 to represen) . In this way, the preorder position of a
node is computed by mnky query, and the node corresponding to a preorder
position by aselecg query, both inO(1) time.

e ids: The array of LZ78 phrase identifiers in preorder, represgtbly the data
structure of Munro et al. [14], such that we can compute therse permuta-
tionids~tin O(1/¢) time, requiring(1 + &)nlogn bits.

— xbw LZTrie Thexbwrepresentation [3] of theZTrie, where the nodes are lexico-
graphically sorted according to their upward paths in thee We store

e Sy: The array of symbols labeling the arcs of the trie. In thestvoasd ZTrie
has 21 nodes (because of the dummy leaves we add), and then thysrarra
quires 2ilogo bits.

e Sast: A bit array such tha§,«[i] = 1 iff the corresponding node inZTrie is
the last child of its parent. The space requiremenhid 2- o(1)) bits.

— Pos a mapping fronxbw positions to the corresponding preorder positions. In the

worst case there arax3uch positions, and so the space requiremenisd 2n)
bits. We can reduce this spacedolog(2n) bits by storing in an arrafos one
out of O(1/¢) values ofPos such thaPosi] can be computed i®(1/¢) time. We
need a bit vectaPoss of 2n(1+0(1)) bits indicating which values dfoshave been
stored. Assume we need comp®egi|, for a givenxbwpositioni. If Poss[i] =1,
then such value is stored Bds[rank; (Poss, i)]. Otherwise, we simulate a preorder
traversal inxbw from node atbw positioni, until Poss[j] = 1, for axbwposition
j- Once thisj is found, we map to the preorder positifn= Pos[rank; (Poss, j)].
If dis the number of steps in preorder traversal fodmvpositioni to xbwposition
j, thenj —d is the preorder position corresponding to the nodgbat position
i. We also need to compuRos 1, which can be done i®(1/£?) time under this
scheme, requiringnlog(2n) extra bits if we use the representation of [14].

— Range A range searcltdata structure in which we store the polnbelonging to
phrase identifiek) at coordinatéx,y), wherex is thexbw position of phrase &nd
yis thepreorder position of phrasek 1. We use the data structure of Chazelle [2],
as for the original LZ-index. The space requirememtlign(1+ o(1)) bits.

The total space requirement(®+ €)nlogn(1+0(1)) + 2nlogo + (8+ €)n+ o(n)
bits, which is(2+ €)uHk(T) + o(ulogo) hits for logo = o(logu) and for anyk =
o(log, u).



We depict now the search algorithm for a patt€rof lengthm. For occurrences
of type 1, we perform a subpath query rto obtain the intervalxi,xo] in the xbw
of LZTrie corresponding to all the nodes whose phrase endsRvifor each position
i € [X1,%2], we can get the corresponding node in the parentheses eefatisn using
selecg(par,Podi]), and then we traverse the subtrees of these nodes and ribloet a
identifiers found, as done with the usual LZ-index.

To solve occurrences of type 2, for every possible parti#on andP 1., of P, we
traverse thecbwfrom the root, using operatiarhild(x, a) with the symbols 0P 1 m.
Once this is found, say abw positioni, we switch to the preorder tree (parentheses)
using selecg(par, Pogi]), to get the node;, whose subtree has the preorder interval
[y1,Y2] of all the nodes that start with 1. Next we perform a subpath query fér_;
in xbw, and get thecbwinterval[xy, xz] of all the nodes that finish with,_; (we have to
performrank; (Sast, % ), r € {1,2}, to avoid counting the same node multiple times, see
[3]). Then, we search thRangedata structure fojx; ... xz] x [y1...Y»] to get all phrase
identifiersk such that phraskefinishes withP;_; and phrasé&+ 1 starts withP .1 m.

For occurrences of type 3, one could do mostly as with tharmaid ZTrie (navi-
gating thexbwinstead), so as to find all the nodes equal to substringsinfO(m?)
time. Then, for each maximal concatenation of phrades= By;1...B/_1 we must
check that phrasB, starts withP; 1 m and that phras@ finishes withPy_j_;. The
first check can be done in constant time usihgl 1. As we have searched for all sub-
strings ofP in the trie, we know the preorder interval of descendants;pf _m, thus
we check whether the node at preorder posititsT*(¢) belongs to that interval. The
second check can also be done in constant time, by detergniriiatherk is in thexbw
interval of P_j_1 (that is,By finishes withPy_;_1). For this we neefos !, so that the
position isPos (ids™1(k)).

To display the text around an occurrence, weidse?! to find the preorder position
of the corresponding phrase, and then we paesnt on the parentheses to find the
symbols in the upward path. To know the symbol, we have toRese? to go to the
xbwposition and rea&,.

For the search time, occurrences of type 1 @(sh+occ/¢), type 2 cosO(n? +
m/& + m(occ+ logn)), and type 3 cosO(m?(logm+ 5—12)). Thus, we have achieved

Theorem 2 again with radically different means. The disiplgyime isO(¢/&?), but
it can also becom®(¢(1+ TEGE)) if we store the array of symbols in the balanced

parentheselsZTrie, which add(ulogo) bits of space. We can get a version requiring
(14 €)uHc(T) + o(ulogao) bits andO(n?) average reporting time (if > 2log, n) (as

in Theorem 1) if we solve occurrences of type 2 by using a o similar to that
used to solve occurrences of type 3, dropgRamnge

5 Displaying Text Substrings

LZ-index is able to report occurrences in the forflabffsed, wherek is the phrase

in which the occurrence starts anffsetis the distance between the beginning of the
occurrence and the end of the phrase. However, we can regmutrences akext posi-
tionsby adding a bit vectov; _, that marks the phrase beginnings. Theank; (V,i) is

the phrase numbebelongs to, andelect(V, j) is the text position of thg-th phrase.



SuchV can be represented wity (V) +0(u) < nlog(u/n)+o(u) < nloglogu+o(u) =
o(ulogo) bits [18]. We can also add, to both proposed indexes, an tiper@r dis-
playing a subtexT; ;.1 for any given position, in optimalO(¢/log, u) time.

A compressed data structure [20] to display any text sutgstsf length®(log,, u)
in constant time, turns out to have similarities with LZ-@xdWe take advantage of this
similarity to plug it within our index, with some modificatis, and obtain improved
time to display text substrings. They proposed auxiliariaddructures ob(ulogo)
bits to LZTrie to support this operation efficiently. Given a positioaf the text, we
first find the phrase including the positioby usingrank; (V,i), then find the node of
LZTrie that corresponds to the phrase usigig L. Then displaying a phrase is equiva-
lent to outputting the path going from the node to the rodtffrie. The auxiliary data
structure, of sizeéd(nlogo) = o(ulogo) bits, permits outputting the path by chunks
of ©(log, u) symbols inO(1) time per chunk. In addition, we can now display not
only whole phrases, but any text substring within this caxity. The reason is that
any prefix of a phrase is also a phrase, and it can be found stamoirtime by using a
level-ancestor query [6] on tHeZTrie.

We modify this method to plug into our indexes. In their omigi method [20], if
more than one consecutive phrases have length lesglthgyu)/2 each, their phrase
identifiers are not stored. Instead the substring of theitektiding those phrases are
stored without compression. This guarantees efficientalyspy operation without in-
creasing the space requirement. However this will caus@tblelem that we cannot
find patterns including those phrases. Therefore in our fivadiion we store both the
phrases themselves and their phrase identifiers. The sglgariithm remains as before.
To decode short phrases we can just output the explicithgdtsubstring including the
phrases. For each phrase with length at nflost,; u)/2, we store a substring of length
logu containing the phrase. Because there are at @0gl) such phrases, we can store
the substrings i©(,/ulogu) = o(u) bits. These auxiliary data structures work as long
as we can convert each phrase identifier into a preorderigrogit LZtrie in constant
time. Hence they can be applied to all the data structuresétichs 3 and 4.

Theorem 3. The indexes of Theorem 1 and Theorem 2 (and those of Sectiamn b
adapted to display a text substring of lendgthurrounding any text position in optimal

E .
O(m) worst case-time.

6 Conclusions

We have studied the reduction of the space requirement aftlgx, using two different
approaches: navigational schemend thexbw representation of the LZ78 trit the
first approach, we replace the original LZ-index data stmes by new ones allowing
the same functionalities, but with reduced redundancyérsecond approach, the main
ideais to combine the balanced parentheses [15] reprdiserdéthe LZ78 trie with the
xbwtransform [3]. With either approach we achig\et £)uHi(T) + o(ulogo) bits of
space to index text;, for o = O(polylog(u)), anyk = o(log,, u) and any constarst>

0, which is around half the original space. Moreover, thgiogl time to report thecc
occurrences of a pattePa_, in T isimprovedto O(m?logm-+ (m+occ) logn). We also



define an index requiringl + £)uHy(T) + o(ulog @) bits and withO(n?) average case
time if m > 2log, n. The time to display a context of lengétaround any text position
is also improved to the optim&(¢/log, n), removing in addition some restrictions of
the original structure.
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